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PRINCIPALITY OF CURVES ON SANDWICHED SINGULARITIES

JESUS FERNANDEZ-SANCHEZ

ABSTRACT. Given a surface X obtained by blowing up a complete m-primary ideal in
the local ring of a point on a non-singular surface S, we determine the Picard group of
X and the divisor class groups of its singularities. Given a curve C on X, we obtain
various criteria for C to be locally principal at these singularities. Our criteria are
stated in terms of the projection of C' onto S. A minimal system of local generators of
the defining ideal of C' is produced, as well as a formula for their number.

1. Introduction

Sandwiched singularities are normal surface singularities which birationally domi-
nate a non-singular surface. They are rational surface singularities and among them
are included all cyclic quotients and minimal surface singularities. Any sandwiched
surface singularity can be obtained by blowing up a complete m-primary ideal in a
regular local ring (R, m). From an algebraic point of view, they are the normal bira-
tional extensions of some regular local ring of dimension two. The original interest
in sandwiched singularities comes from the problem of how to resolve singularities by
using normalized Nash transformations. In [17], Spivakovsky examines sandwiched
surface singularities and gives an affirmative answer to this question for the case of
surface singularities by studying sandwiched surface singularities. Since then, sand-
wiched singularities have been studied as a as a useful testing ground for the Nash
problem of arcs in [13, 16] and from the point of view of deformation theory in [6]
and [10].

A sandwiched surface X is a surface obtained by blowing up a complete ideal I in
a regular local ring Og o of a non-singular surface S. In this paper we address the
question of the local principality of curves (effective Weil divisors) near the (sand-
wiched) singularities of X. Criteria for the principality of effective divisors on X are
given in terms of their projection onto S in relation to the infinitely near base points
of I. As a consequence, the Picard group of X and the divisor class group of any
singularity of X are determined. Our motivation comes from the study of the divisor
class group of rational surface singularities in general (see [14, 5]). A criterion for
the existence of a local equation defining a given curve near the singularities of X is
presented as well. Its interest lies in the fact that it makes it possible to check easily
the local principality of curves using the combinatorial properties of the associated
Enriques diagrams. We give a procedure for determining minimal sets of generators of
the ideals of curves at the singularities of X and provide an easy formula to compute
their number. Our approach is based on the point of view of [9, 1] and makes use of
the theory of infinitely near points as revised and developed in [4].

Received by the editors September 5, 2008.
AMS 2000 Subject Classification 14J17; 32S05; 14C22.

11



12 JESUS FERNANDEZ-SANCHEZ

The paper is organized as follows: concepts and facts about infinitely near points
and their connection with sandwiched singularities are reviewed in Section 2. Section
3 deals with the existence of global equations for curves on X. The main result is
Theorem 3.1, which describes the Picard group of X. Then, we provide different
criteria to check whether a given curve on X is a Cartier divisor or not. In addition,
the divisor class group of any sandwiched singularity is described in Corollary 3.8.
Section 4 is devoted to the technical preparation for Section 5: it introduces a variation
of Enriques’s unloading procedure. Then, in the last section of the paper and given
a curve C on X, this procedure gives rise to a weighted cluster R¢ from which we
are able to check the local principality of C' (Theorem 5.3) and obtain a formula
for the minimal number of generators of the ideal of C' near the singularities of X
(Proposition 5.6). Previously, in Proposition 5.2, the sheaf of ideals of any curve C
on X is described in terms of the base points of the ideal I blown up to obtain X
and the projection of C' on S. A method to determine a minimal set of generators of
these ideals is also given in this section.

2. Preliminaries and Notation

Throughout this work the base field is the field C of complex numbers. A curve
will be an effective Weil divisor on a surface. A standard reference for some of the
material treated here is the book by Casas-Alvero [4] and the reader is referred to
it for definitions and basic facts concerning the theory of clusters of infinitely near
points. Let (R, m) be a regular local two-dimensional C-algebra. Write S = Spec(R)
and Np for the set of points infinitely near or equal to O. A cluster of points of
S with origin O is a finite subset K of N such that for any p € K, K contains
all points preceding p. By assigning integral multiplicities ¥ = {v,} to the points
of K, we get a weighted cluster K = (K, v), with the multiplicities v called the virtual
multiplicities of K. We write p — ¢ if p is proximate to ¢. Once an admissible order
has been fixed on K, we can take K as a set of indices (see §4.3 of [4]). The proximity
relations between the points of K are then codified by means of the proximity matriz
Py introduced in [7]. This matrix is a K x K square matrix defined by taking the
entry in the p-th row and g¢-th column as

1 ifp=ygq;
(2.1) —1 if p is proximate to g;
0 otherwise.
The quantity
K

a—p
is called the excess of I at p. The cluster K is consistent if it has no negative excesses.
Consistent clusters are characterized as those clusters whose virtual multiplicities are
realized effectively by some curve on S. If K is consistent, we say that p is a dicritical
point of K if pp’C > 0 and we write K4 and K for the set of dicritical and non-dicritical
points of K, respectively.

Let I denote the semigroup of complete m-primary ideals in R. If K is a weighted
cluster, the equations of all the curves going through it define an ideal Hy € I (see [4]
8.3). Any ideal J € I has a cluster of base points associated to it, denoted by BP(J),
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which consists of the points shared by, and the multiplicities of, the curves defined by
generic elements of J. The maps J — BP(J) and K — Hy are reciprocal bijections
between I and the set of consistent clusters with no points of virtual multiplicity zero
(see [4] 8.4.11 for details). If p € Np, we denote by I, the (simple) ideal generated
by the equations of the branches going through p and by K(p) the weighted cluster
corresponding to it under the above bijection. If K = (K, v) is consistent, the excess
of K at p equals the power of I, in the Zariski factorization of I. Thus K can be
written in a unique way as

K= prlC(p) (see 8.4.5 of [4]).

Otherwise, if IC is not consistent, we have a decomposition of K as
(2.2) K=Kt-K~

where K = 37 pfK(p) and K~ = 37 p, K(p) are consistent clusters (o™ and o~
being the positive and negative parts of a: o = a™ — a™). We call (2.2) the excess
decomposition of IC.

If £: f =0is acurve on S and e, () is the multiplicity of ¢ at u, we have the
proximity equality:

(2.3) ep(&) = Z eq(&)  for every p € No.

q—p

If rg : Sx¢ — S is the composition of the blowing-ups of all the points in some
cluster K with an admissible order, write { E, } ek for the irreducible components of
the exceptional divisor of mx and

(2.4) A =—PLPg

for the associated intersection matriz of {E,}perx (4.5.5 of [4]). For any p € K,
denote by v,(§) the value of f relative to the divisorial valuation associated with
E, If v = (vp)perx and e = (ep)pek are the vectors of values and multiplicities,
respectively, we have

(2.5) v(€) = Py e(€).

We also write v,(I) = minger{v,(f)} and &, = 3 g v4(Ip)Ey. We denote by 1,
the K-vector having all its entries equal to 0 but the corresponding to p which is 1.
Use | - | for the intersection number on Sk and [, ]o for intersection multiplicity at
O. Write EK for the strict transform of £ on Si. We have the projection formula for
7 |(mr)* (&) - D|sx, = £, (7K )«(D)]o for any curve D on Sk.

Sandwiched singularities. Take, once and for all, a complete m-primary ideal I in
(R,m) and write K = (K, v) for the cluster of base points of I, L = BP(I). Write
m: X = Bl;(S) — S for the blowing-up of I, that is, X = Proj(B;R) where

BIR=RoI®ol*®...
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The singularities of X are sandwiched and we have a commutative diagram

SKLX

N

S

where the morphism ¢, given by the universal property of the blowing-up, is the
minimal resolution of the singularities of X (Remark 1.4 of [17]). Recall that there
is a bijection between the set of simple ideals {I,},cx, in the (Zariski) factorization
of I and the set of irreducible components of 7=1(O) ([17] Corollary 1.5; see also [14]
Proposition 21.3). We write {L,},exc, for the set of these components. For p € K4,
write

(2.6) Ly = Z Vg(Ip)Lg.
qEK 4

For every singularity @ € X, write Tg = {p € K | p.(E,) = Q} so that {E}},er, is
the set of the exceptional components of Sk contracting to @.

Every curve C on X can be written in a unique way as C = 1 + L, where 7 is
a curve on S and L = }° . npLy, (with n, € Z>o) is the exceptional part of C.
Notice that 7 is just the projection of C' by 7 and that 7 is empty if and only if C' has
exceptional support. It is possible to associate to C' a Q-Cartier exceptional divisor
D¢ on Sk, defined by the condition

(2.7) D¢ - Bpls,e = —|C°% - Epls,, VpeK

where CS¥ is the strict transform of C on Sk (see II (b) of [15]). On the other hand,
if D is a divisor on Sk such that |D - E,| = 0 for every p € K, then D is the total
transform of some Cartier divisor on X (see the proof of Theorem 4 of [2]). Because
of this, we have

Lemma 2.1. C is Cartier if and only if Do is a Weil divisor on Sk .

PROOF. Since Sk is a non-singular surface, if D¢ is a Weil divisor on Sk, then it
is also a Cartier divisor, so is CS% + D¢. The discussion above together with (2.7)
shows that CSx + D¢ is the total transform of some Cartier divisor on X. This
Cartier divisor is necessarily C'. The converse is immediate. [

If £ is a curve on S, write {N and &* for the strict and total transforms of £ on X,
so that &* = € + Le where Le = Zpe,c+ vp(€)Ly. Analogously, if J € I, we write
Ly = 4ex, va(J)Lq. If ( is another curve on S sharing no branches with &, from
the projection formula for mx and (2.7), it is straightforward to show the projection
formula for 7: [£,{]o = [€* - C|x and

(2.8) |€* - Lplx =0 for every p € K.

Throughout this paper, we adopt the following convention: curves on S are repre-
sented by greek letters, while curves on X or Sk are represented by capital latin
letters.
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3. Principality of curves on sandwiched surfaces

First, we study the Picard group of X and provide a criterium to check whether the
strict transform on X of a curve on S is a Cartier divisor. Our first result states that
the Picard group of X is the free abelian group generated by the divisors {£,},cx,
introduced in (2.6).

Theorem 3.1. Pic(X) ~ P ZL,y.

PeEK

In order to prove Theorem 3.1, we need the following lemma.

Lemma 3.2. (a) The set {E}pek is a basis of the Q-vector space generated by
{Ep}pex- The matriz of the change of basis from {Ep}per to {Epltpek is
—A.

(b) The set {Ly}ueck, is a basis of the Q-vector space generated by { Ly }uer., -

PROOF. (a) Notice that the matrix A = —P}. Pk is negative definite since Pk is
unimodular. By applying (2.7) to a generic curve through IC(p), we obtain that
A(vg(Ip))gerx = —1,. Thus AE, = —E, and the claim follows.

(b) It is enough to show that the {£,},cx, are linearly independent. Assume that
there exist rational numbers {a, }yex, such that ZUEIC+ ay Ly, = 0. By multiplying
by an integer, we can assume that a, € Z for every u € K. Let 7, be a generic curve
going through K(u) and missing all points after v in K, and write

>t =0-G
ue 4

where (1 = >, atv, and (o = >, a;7,. Then, by assumption, we have L, =
YpabtL, and Le, = > a, L, are equal. By taking total transforms on Sk, we
reach a contradiction with (a). O

PrOOF OF THEOREM 3.1. It is enough to show that any effective Cartier divisor C
is linearly equivalent to some divisor in ZLy,. Let C =1+ L be a curve on
X. Then, we have

(3.1) 0 =C (L, L)

so it is clear that C is linearly equivalent to £, — L. According to Lemma 2.1, we
have that £, — L is Cartier if and only if its total transform on Sk

(3.2) " (L, — L) = Z byE, for some by € Q
geK

pER

is a Weil divisor, that is, b, € Z for every ¢ € K. On the other hand, by (b) of Lemma
3.2, we can write £, — L = ) ay Ly, for some rational numbers {a,}. Now,
©*(Ly) = &, and so,

ue 4

e (Ly— L) = Z auy
uek 4
is the expression of ¢*(L, — L) in the basis {&,},ex. By (a) of Lemma 3.2, (ay)uerx =
—A(by)ueck. Since the matrix A is unimodular, we infer that C' is Cartier if and only
if all the a,, are integers. [J
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The proof of Theorem 3.1 has given further information which is worth keeping for
future reference.

Corollary 3.3. The curve C = 1+ L is a Cartier divisor on X if and only if
Ly—L € @,ec, ZLu. In this case, if Ly — L =3 . aply, then a, = |C- Ly|x
for every p € K.

PROOF. The first claim follows trivially from (3.1). For the second, let 7, be a generic
curve going through IC(p). By using the projection formula (2.8) applied to v,, it is
immediate to see that

(33) |£p . Lq‘X = _5p,q for p,qe IC-‘r

where Jp, 4 is the Kronecker delta. Now, if C'is Cartier and £, — L = }_  a,L,, the
projection formula (2.8) and (3.3) say that ay = |C' - Ly|x. O

Corollary 3.4. Let n be a curve on S. Then, 1 is a Cartier divisor on X if and
only if there exists some curve 0’ on S such that L,y = L, and 77’ goes through no
singularity of X. Moreover, if 11 goes through some singularity of X, say Q, then
vu(n) > vy (') for all u € Tg.

To prove Corollary 3.4, we need the following lemma, which is stated separately
for future reference. For each p € K, we write 0] = 3_ o €q(n).

Lemma 3.5. If € is a curve on S, then |§K - Eplse = 05. In particular, if £ is

a generic curve going through some cluster T = (K, 1), then E goes through some
singularity Q € X if and only if there exists some p € Tg such that pz; > 0.

PROOF. By the projection formula applied to 7, we have
(3.4) €5 Byls, = —1,A0(6),

where 1; is the transpose of the vector 1, defined in page 3. By (2.4), we know that
A = — P! Px. From (2.5), we infer that |EK'EP|5K =ep(&) = 2 yex gp €a(§) and we
apply (2.3). The second claim follows easily from the fact that under the assumption
above, we have Gf, = pg for every pe K. O

PrROOF OF COROLLARY 3.4. From Corollary 3.3, we know that 7 is Cartier if and
only if £, = EpEIC+ apL,, where every a, = |77- L, | x is a non-negative integer. In this
case, let  be a generic curve going through the cluster ZpEIC+ apKC(p). Then, we have

Ly = L, and by Lemma 3.5, it is clear that 77’ does not go through any singularity
of X. The converse follows easily from Corollary 3.3, too. Now, let n : ¢ = 0 and
n' : g = 0 be equations for n and 7/, respectively. Since £, = L,, it follows that 7 is
defined locally near @ by g/¢’ = 0. Since 7] goes through @, we have v, (g/g") > 0 for
every u € Ty. The claim follows. [
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Divisor class group of sandwiched singularities. Our next goal is to determine
the divisor class group (Weil divisors modulo linear equivalence) of an open affine set
containing the singularities of X. From this, we will obtain the divisor class group of
any sandwiched singularity. To this aim, let a be a generic element of I. Then, we

can write
1 Py
J— P
a= II a,...ap

where each a; is a generic element of I,. Write V,, for the open affine set of X defined
by a # 0, that is, if T = (fo,..., fn), then

Va = Spec R[fo/a, ..., fu/al.

Observe that from the genericity of a, it follows that V, contains all the singularities

of X. Write Lj, for the restriction of L, to V, and L' = €D, ¢, ZLj,. Then we have

Proposition 3.6. CI(V,) ~ L'/ @®,cx, ZL,.

Proor. Write L = @, ZL, and U = X \7~'(O). Then, the restriction C1(X) —
Cl(U) induces an exact sequence

0—-L—ClX)—CLU)—0

the injection on the left as there are no principal exceptional divisors on X. By
restriction to V,, this induces another exact sequence

L' % ClV,) — CUU) — 0,

where U’ = V, \ 771(O). On the other hand, the birational morphism 7 induces an
isomorphism U ~ S\ {O} and from this, we have C1(U) = 0 as it equals the Picard
group of the regular local ring R (in particular, C1(X) ~ L). Since U’ C U, we infer
that C1(U’) = 0. Now, the kernel of 1) is just EBpeK+ Z.L,,, where L}, is the restriction
of £, to V,. Indeed, since V, contains the singularities of X, if Zp bpL;, is principal
on V,, then Zp by L, must be locally principal on X and by virtue of Theorem 3.1,
we see that Kery) C @, e,
equation a, = 0. The claim follows. O

ZL;,. Of course, £}, is principal on V,, defined by the

Example 3.7. (cf. Example 6.5.2 of [11]) Take R = C{z,y} and I = (x,y?) € L
Let X = BI;(S) and take V, the open affine subset of X defined by = # 0. Then,
V, is just an affine quadric cone defined by the equation zz — y? = 0. The cluster
K = BP(I) has two points: p; = O and ps in the direction of = 0 over the first
neighbourhood of p;. The Enriques diagram of K is shown in Figure 1 (Enriques
diagrams are explained in [8] Book IV Chapter 1, and also in [4] §3.9). We have
Ly, = 2L,, and by virtue of Proposition 3.6, C1(V,) ~ Z/2Z and it is generated by
the germ of the exceptional divisor Lj, . Finally notice that Lj, is just a ruling on V.

From an algebraic point of view, a sandwiched singularity O dominating R is just
a normal birational extension of the regular ring R (see [12]). From the above results,
the divisor class group of any sandwiched singularity can be determined. Let I € 1
be an ideal such that O lies on the surface X obtained by blowing up I. By Corollary
1.14 of [17], the ideal I can be chosen so that O is the only singularity on X (i.e.
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y=0
=0
/;2
p1=0
K =BP(I)

FIGURE 1. Birational projection of the affine quadric cone on a
non-singular surface S in Example 3.7. In the square, the Enriques
diagram of K is shown.

there is only one singular point @ € X and O ~ Ox o and the strict transforms
of the exceptional components {L,},cx, on the minimal resolution of (X, Q) have
self-intersection —1). As above, write K = BP(I) and K for the dicritical points of
K. With the notation already introduced, Proposition 3.6 implies that

Corollary 3.8. Cl(Ox,q) ~ L'/ @ i, ZL,,-
Remark 3.9. Recall that the only normal birational extensions of R being factorial are
those which are already regular ([12]; Theorems 20.1 and 25.1 of [14]). In particular,

we have

L' = @ L, << Cl(Oxq)=0 < Oxyg is regular.
pPEL 4

Example 3.10. (Divisor class group of primitive singularities) Primitive singularities
are those singularities that can be obtained by blowing up a simple complete ideal
(Definition I.3.1 of [17]). Let I, be a simple ideal where p is a free point and let X =
Bly,(S) be the surface obtained by blowing-up I,,. Write @ for the only singularity
in X. Then, Corollary 3.8 gives that

Cl(O)QQ) ~ Z/K:(p)zz,

where K(p)? is the intersection multiplicity at O of two curves defined by generic
elements of I,.
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4. Unloading relative to a curve

Given a curven : f = 0 on S, this section is devoted to introducing a variation of the
unloading procedure for clusters which takes into account the points and multiplicities
of n (cf. 4.6 of [4]). This process will be used in the next section to check whether a
given curve on the sandwiched surface X is principal near the singularities.

Let P be a weighted cluster whose points are contained in K, so that by adding
points with virtual multiplicity zero (if necessary) we can write P = (K, o). Write
(P) for the vector of virtual values of P, that is (see (2.5))

o(P) = Pxlo.

Notice that P is consistent if and only if T(P) = v(Hp). We associate to P a sheaf
of ideals on X by taking

Hp ={g € BiR | v(g) =20(P)}.
It is worth noting that if the base points of some ideal J € I are contained in K, then
(4.1) JOx ={g € BiR |v(9) = v(J)} = Hpp)-
Next, we introduce two variations of the notion of consistency of clusters:

1. A cluster P = (K, p) is Ko-consistent if ,0(7; > 0 for every point ¢ € Ky. We
have

Lemma 4.1. If P is Ky-consistent, then Hp = Hp+Ox (Lp-).

PRrROOF. Take the excess decomposition of P as in (2.2): P = PT — P~. Since both
P+ and P~ are consistent, we have ¥(P) = v(Hp+) — v(Hp-). Then,

HpOx(=Lp-) = {g9€BiR|v(g) 2v(P)+v(Hp-)} =

{9€ BiR | v(g) > v(Hp+)} = Hps Ox
where the last equality follows from (4.1). From this, the claim follows. O

2. We say that 7 = (K, 7) is (Ko, n)-consistent if ppT > @) for every point p € Kp.

In what follows, we describe what we call an n-unloading step: it applies to any
(Ko, n)-nonconsistent cluster 7 to give a (Ko, n)-consistent cluster 7 with (f)NHzr =
(fHn Hz.

n-unloading. Assume that there is some point p € Ky such that pg < 6. Define
n as the least integer greater than or equal to (6} — pg) /(m, + 1), where m,, is the
number of points in K proximate to p. In this case, n-unloading the multiplicity on
p consists of defining a new cluster 7’ = (K, 7’) by the rules

I
T, = Tp+n

/ .
Ty Tg—nifqg—p
T, = T, otherwise.

Notice that usual unloading is recovered by taking n equal to the empty germ.
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T 7’
P2 3 0
/»-- /—o Po
Pe—>1 22— 1
1 R P1
n-unloading
1 1
T .
1 ] 1
(a) (b)

FIGURE 2. Enriques diagrams illustrating the n-unloading proce-
dure. White dots represent points of the curve n which are not in
K. (a) The Enriques diagrams of 7 and 7’ in Example 4.2. (b)
The Enriques diagrams of /', 7 and the cluster obtained from 7 by
performing n-unloading on K in Example 4.5.

Example 4.2. Take n : y?> — 23 = 0 in Example 3.7. Write 7 = (K,7) with
Tpy, = Tp, = 1. Figure 2(a) shows the Enriques diagram of 7. The cluster 7 fails to
be (K, n)-consistent because the excess at p; is —2. By applying n-unloading on p;
we obtain the cluster 7', which is (Ko, n)-consistent.

Observe that in general, Hy+ C Hy. However, we have
Lemma 4.3. (f)NHr = (f)"NH7.
PRrROOF. Write T and ¥ = ¥ + nl, for the vector of virtual values of 7 and 7,
respectively. By definition, we have Hy = {g € B;R | v(g) > v} and Hy» = {g €
BrR | v(g) > 7'}. Clearly, Hy» C Hr and (f) NHy C (f) NHz. To prove the other
inclusion, let g € (f) NHz. Then, g = fh for some h € By R and we must show that

g € Hy, ie. that v(g) > 7. Write A = (ayp,q)p,qck for the intersection matrix of
{Ep}per. Then, from (2.4) and (2.5) it is straightforward to show that

(4.2) Z vg(f)ap,g = —0)  for every p € K.
qeK

On the other hand, from the equality ¢*(h) = hE + > qex Vg(h)Ey and the fact that
lo*(h) - Ep|ls, =0, we have
(4.3) Y vg(Mapg = (g7 (h) = h5) - Eyls, <0.

qeK
From (4.2) and (4.3), it follows that >_ x v4(g)ap,q < —0]). Since g € Hr, we have
> gtp Va(9)0p.q = D2, Vgtp g From these inequalities, we obtain

(vp(9) — Vp)ap,p < —0) — Z Vgp,q = —0) + PZ—~

qeK

Since ap,, = —m, — 1, it follows that v,(g) — v, > (67 — pZ)/(mp + 1). Now, the

definition of n gives that v,(g) — v, > n and hence, v,(g) > v, +n = v,. O

The following proposition shows that after a finite sequence of n-unloading steps
as above a (K, n)-consistent cluster is obtained. Notice that this happens no matter
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which point of K is chosen to unload at each step. Hence, the procedure does not
need a special strategy.

Proposition 4.4. Assume that T is not (Ko, n)-consistent. Put Ty =T and as long
as T;—1 is not (Kg, n)-consistent, define T; from T;_1 by n-unloading on a suitable point
of Ko. Then, there is some m such that T,, is (Ko,n)-consistent and (f) N Hr =

PROOF. Write v’ for the system of virtual values of 7;. Then, we know that v* > v*~1.
On the other hand, take any g € (f) N H7. By using induction and Lemma 4.3, we
have g € (f) N ‘Hz, for any i, so v(g) > v'. Therefore, the increasing sequence of
values v’ must be finite as they are bounded above by v(g). Since (K,n)-unloading
can be applied as long as there is some point ¢ € Ky with pZ' < 07, this shows that

after a finite number of steps, we reach some cluster 7, such that pg— > 07 for all
qec Ko. O

Example 4.5. Take a cluster C with proximities and multiplicities as in the Enriques
diagram on the left of Figure 2(b). The dicritical points of I are p2, p4 and ps. Take a
curve 1) composed of three branches: two generic branches through ps and one generic
branch p7. Define 7 = (K, 7) with 7, = 0 for every p € K. The cluster obtained by
performing n-unloading on 7 is shown on the right of Figure 2(b).

5. Local principality of curves on sandwiched singularities

Let C be an effective Weil divisor on X. Write as above C =7+ L wheren : f =0
is a curve on S (which may be empty) and L =3 . nyLy, where {n,}yck, are
non-negative integers. From the procedure introduced in the preceding section, we
will obtain a Kjy-consistent cluster R¢ and a curve £ on S. While the excesses of
R will provide information about the local principality of C' on X (Theorem 5.3),
the multiplicities of {¢ will give the minimal number of generators of the ideal of C
at the singular points of X (Proposition 5.6).

To this aim, we begin by defining an auxiliary cluster 7¢: write n = (np)pex With
n, =01if p ¢ K1 and take
(5.1) Tc = (K, 1) with 7 = Pxn
i.e., the multiplicities of 7o are taken so that ©(7¢) = n. By virtue of Proposition
4.4, after finitely many n-unloading steps on 7¢, we reach a cluster 7o = (K, 7T) such
that:

1. pgc > 6] for every p € Ko
2. ()N Hz, =(f) QH%.
Moreover, since no unloading is performed on K, we also have
3. ip(%) =n, for each p € K.
Now, define the cluster R¢ by taking
Re = (K,r) withr=7—e(n).

Lemma 5.1. (a) Re is Ko-consistent;

(b) (f)mHTc :fHRC
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PROOF. (a) If p € Ky, (2.3) and the definition of 7¢: imply that pre = pgg — 67> 0.

(b) Assume that g = fu € Hy,. We know that (f) N'Hz. = (f) N Hz and so,
g € Hz. Thus we have v(g) > B(7¢) = v(n) + B(Re). Since v(g) = v(n) + v(w), it
follows that v(u) > T(R¢) and u € Hg,,. For the converse, assume that g = fu with
u € Hr. Then, v(u) > 5(R¢) and v(g) > v(7¢). Now, g € (f) N He =(f)NHr.
O

Proposition 5.2. The sheaf fHr, is the sheaf of ideals of C.

PROOF. According to (b) of Lemma 5.1, we have fHz. = (f)N'Hz,. Now, the sheaf
of ideals of the strict transform of C on X is (f) N BrR = ,,5, (f) N I". Hence,

the sheaf (f) N Hyz, is locally given by the sections g containing 77 and such that
vu(g) > ny, for uw € K. This is just the sheaf of ideals of C. O

Notice that although R may not be consistent, by virtue of (a) in Lemma 5.1 the
negative excesses (if any) appear only at points of K. Thus, we can write (see (2.2))

Ro =RE—Rg

where both RY, and R are consistent clusters and the only dicritical points of R
are in K. We now show that from the excesses of R¢ it is possible to deduce whether
the curve C' is locally principal near any singularity @ € X.

Theorem 5.3. Let QQ be a singularity of X. The following are equivalent:
1. C is principal near Q;
2. the excess of Rc at any point of Tq is zero;
3. if £c is a generic curve going through RJCC, then £ does not go through Q.

PRrROOF. Let £& and (¢ be generic curves going through RJCC and R, respectively.
First of all, we claim that C + §~C is a Cartier divisor on X. To show this, recall
that n, = 9,(Tc) = Tp(Re) + vp(n). Write Lr. = Y, e, Dg(Re)Lg, so that
L =L, +Lr.. Now, we can write

qEK 4

C = N+Ly+Lre=0"+&—¢6)+ (Go = &),
and locally near @), we have the following equality of germs
(5.2) C+éc=n"+&—-(

because 6; goes through no singularity of X (see 3.5). This proves the claim. Now,
we prove the equivalence between 1. and 3. From (5.2), we know that C' is principal
near @ if and only if £~ is. This shows that if {& goes not through @, then C' is
principal near . For the converse, assume that C' is locally principal near @ and
that the germ of ¢ at @ is not empty. The idea is to construct a new curve § going
through RJCC such that its strict transform on X does not go through Q). From this, we
will obtain a contradiction. Let wh = 0 be an equation for (¢ on S, where v : h =0
is composed of the branches of £- whose strict transforms on X go through @ and
w = 0 is composed of the remaining branches (if any). By construction, the germ of

the strict transform of v at @ equals the germ of £¢, and so, v is a Cartier divisor.
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By Corollary 3.4, there is a curve 4’ : i/ = 0 on S whose strict transform on X goes
through no singularity of X and v, (h') = v, (h) if u € K4 while

(5.3) vu (W) <wvyu(h) ifueTg.

Take the curve

&6 wh' = 0.
Then Le = L. and n* + (§¢)* — L¢o is a Cartier divisor on X containing C.
According to Proposition 5.2, it follows that if ¢ = 0 is an equation for (c, then
f(wh'/g) € fHR.,sowh'/g € Hr,. From this, wh' € Hpy and vy (wh') > vu(HRJE).
On the other hand, if u € T, an easy computation shows that v, (wh') = ”u(HRg) -
vy (h) 4+ vy (R') and so, vy, (k) < v, (h') which contradicts (5.3).

Now, to prove the equivalence between 2. and 3., notice that by virtue of Lemma
3.5, we have that E; goes through @ if and only if Rg has positive excess at some
point of T. The claim follows from the fact that the excesses of R¢ and RJCC are the
same at the points of Tg. O

In practice, the easiest way of checking whether a curve C is principal near some
singularity @ of X is to use the Enriques diagrams to n-unload the multiplicities of the
cluster 7¢ (see Figure 2). Then, substract the multiplicities of  from Z¢ to obtain
Rc. By virtue of Theorem 5.3, C' is locally principal near @ if and only if the excess
of R¢ at every point of T is zero. We illustrate this with two examples.

Example 5.4. In Example 3.7, the strict transform of n : y?> — 23 = 0 on X goes
through the singularity and it is locally principal. Indeed, if we take C' = 7}, then R,
is empty and R, = K.

Example 5.5. Take I € I with cluster of base points K as in Example 4.5. The
surface X = BI;(S) has three exceptional components: L,,,L,, and L,,, and two
singularities: Q1 with Ty, = {ps} and Q2 with Ty, = {p1, ps, ps,p7}. Define Cy = 1.
The Enriques diagram on the center and the right of Figure 2(b) shows the multiplic-
ities of 7¢, and ’?;2 , respectively. The Enriques diagrams of R¢, is shown on Figure
3. We see that the excess of R, at ps is zero, while the excesses at pi1,ps, ps, P4
are 2,0,0,1, respectively. It follows that Cy is locally principal at (1, but not at
Q2 (see Theorem 5.3). Now, take the curve Cy = 7+ 2L, + L,,. In this case, the
multiplicities for 7¢, are taken as 7,, =2, 7, = =2, 7,y = 1 and 7, = 0 if p € K.
After performing n-unloading on the points of Ky and substracting the multiplicities
of n, we obtain R¢, as on the right of Figure 3. Since there are no dicritical points
of R¢, on Ty, nor Tgy,, the curve Cs is a Cartier divisor.

Local systems of generators for the ideals of curves. As a consequence of the
results proved above, we determine the minimal number of generators of the ideal of
a curve C' in the local ring of any singularity of X. Keeping the notations as above,
we have seen in Lemma 4.1 that

Hre = RE Ox (ﬁRg )



24 JESUS FERNANDEZ-SANCHEZ

FIGURE 3. The Enriques diagrams of R¢, and R¢, in Example 5.5.

Proposition 5.6. The germ of C at Q can be defined by 1+multg (EE) local equations.
Moreover, this is the minimal number of generators of the ideal of C' at Q.

PRrROOF. First of all, write I = I'(X, MqIOx) € I, where Mg, is the sheaf of ideals
of @Q. By Theorem 3.5 of [9], we know I has codimension one in I. We have that
I0x = Ox(—L;) and by Theorem 3.5 of [9], IoOx = MgOx(—Ly). From this
and Proposition 5.2, it follows that if J- denotes the sheaf of ideals of C' on X, then
Jo = (fI)Hr(Lr) and Jc Mg = (fIg)Hro(Lr). Now, it is straightforward to see
that the minimal number of generators of the stalk of J¢ at @ is given by

. Jc.o L I _
dime (et ) = dime (7o) + Ut Talo — . lo =
= 1+ [HRJCr,IQ]O — [HRJé,I]O
where [J1, J2]o means the intersection multiplicity of curves defined by generic ele-
ments of J; and Jo. By applying the projection formula for 7, we have [HRg, Iglo =
|EE . (C}; + L7)|x and similarly, [HRJCr,I]O = |EE . (51 + L1)|x, where (7, and (; are
curves defined by generic elements of I and I, respectively. By the genericity of (7, we
have |[{c - (r|x = 0. The claim follows from the fact that (g, is a generic hypersurface
section through (X, Q) so that [HRngQ]O - [HRgvﬂO = |€c - (1o |x = multg (o).
O

Observe that from Proposition 5.6, we recover the fact, already proved earlier, that
C is locally principal near @ if and only if £ goes not through ). A minimal system
of generators for the ideal of C' near ) can now be easily determined by using the
procedure suggested in [3] in the following way. Take a sequence of adjacent ideals
(i.e. any two consecutive ideals have codimension one) as follows

Jo=1THgs 25 2.2 Iy = IgHg:
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where

m =1+ [l Hrslo —[I, Hgtlo-
Pick for ¢ = 1,...,m, an element g; in J; and not in J;;1. Then, the classes of
90,91, - - -, gm—1 are a minimal system of generators of IHRg /IQHRJé. Now, in the

proof of Proposition 5.6, we have seen that Jo = (fI)Hgr.(Lr). To obtain a minimal
system of generators of J¢ locally at @ it is enough to consider

(f.%) & fgm1>

at at’7 at

where a and ¢ are generic elements of I and HRJ& , respectively.

Example 5.7. Take n: y = 0 in Example 3.7 and keep the notation used there. The
curve C' = 7] is not locally principal near @ as the cluster R has positive excess at
p1. We have I = m? and that the classes of {z% — zy, zy} generate IHR, /IQHRg'
Notice that HRE = I. Thus, we can take a =t = x as a generic element of I and also
of HRE' Applying the procedure explained above, we have that {y(x — y)/z,y?/x}
is a minimal system of generators of J¢ near Q.
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