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DOUBLE AFFINE HECKE ALGEBRAS FOR THE SPIN
SYMMETRIC GROUP

WEIQIANG WANG

ABSTRACT. We introduce a new class (in two versions, $° and fj*) of rational double
affine Hecke algebras (DaHa) associated to the spin symmetric group. We establish the
basic properties of the algebras, such as PBW and Dunkl representation, and connections
to Nazarov’s degenerate affine Hecke-Clifford algebra and to a new degenerate affine
Hecke algebra introduced here. We formulate a Morita equivalence between the two
versions of rational DaHa’s. The trigonometric generalization of the above constructions
is also formulated and its relation to the rational counterpart is established.

1. Introduction

1.1. The double affine Hecke algebras (DaHa) introduced by Cherednik [2] are inti-
mately related to K. Saito’s elliptic root systems [12] and the Dunkl operators [4],
and they have numerous connections and applications to Macdonald polynomials, in-
tegrable systems, and (quantum) affine algebras, etc. The DaHa affords three variants
of degeneration: rational, trigonometric, and elliptic. The rational DaHa, which goes
back as a special case to Drinfeld [3], has been actively studied in recent years by
many authors (see Etingof-Ginzburg [5] and the review of Rouquier [11] for extensive
references).

The question addressed here is whether or not a reasonable notion of DaHa’s
associated to the spin symmetric group of Schur [13] exists. For Coxeter groups,
there is a standard procedure to construct the associated Hecke algebras. The spin
symmetric group is not a reflection group, and so a priori it is not clear whether such
a DaHa should exist and, if it exists, how its characteristic feature looks like.

In this paper we provide a natural construction of rational and trigonometric
DaHa’s, denoted by H¢ and $~, associated to the spin symmetric group, which not
only exhibits new phenomenon but also suggests for further natural generalization.
These new algebras afford favorable properties similar to the usual DaHa (see [5] and
Suzuki [15]). Instead of constructing directly the DaHa for the spin symmetric group,
our idea is to start with a construction of DaHa for a certain double cover of the hy-
peroctahedral group, which then by some Morita equivalence leads to a construction
of the DaHa for the spin symmetric group. The twisted group algebra of this double
covering group is a semidirect product C, x CS,, between the group algebra of the
symmetric group .S, and a Clifford algebra €,, in n generators.
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1.2. We introduce in Section 2 the rational double affine Hecke-Clifford algebra
(DaHCa) $° with parameter u and show that $° has a standard PBW basis. In
particular, ¢ admits a triangular decomposition with the middle part being the al-
gebra €, x CS,,. In contrast to the usual rational DaHa, the symmetry between the
two halves of polynomial generators for $° has to be broken. We further provide a
realization of .6‘ in terms of Dunkl operators.

A degenerate affine Hecke-Clifford algebra $¢ was introduced by Nazarov [9] for
studying the Young symmetrizer for the spin symmetric group (cf. Brundan-Kleshchev
[1, 7] for recent development on representations of ¢ and see [3] and Lusztig [8] for
the usual degenerate/graded affine Hecke algebras). We show that the DaHa $H° con-
tains a family of subalgebras isomorphic to £, analogous to the usual DaHa setup
(cf. [2, 5]).

We then introduce the rational spin double affine Hecke algebra (sDaHa) 9~ as-
sociated to the spin symmetric group and parameter u. The PBW theorem for H
provides the following isomorphism of vector spaces

- %6[51,7571]@@5; ®(C[yl;-~-7yn]7

where CS;, is the spin symmetric group algebra. A key new feature is that the
generators y;’s commute with each other but the &;’s anti-commute with each other
(cf. Definition 3.1). We also introduce a (new) degenerate spin affine Hecke algebra
$~. The results for 55 and $H~ in Section 3 are parallel to those for Sﬁc and H° in
Section 2.

In Section 4 we establish an explicit isomorphism of super algebras

H =€ @H.

In this case, the superalgebras H¢ and §H~ are said to be Morita super-equivalent
(cf. [7, 13.2] for a justification of the terminology). We also establish another Morita
super-equivalence between $H¢ and $~ by exhibiting an superalgebra isomorphism
H° =€, ®H ™. Such isomorphisms provide a conceptual explanation and easy proofs
for the results in Section 3 parallel to Section 2. Without such a connection to .‘7)‘
even the definition of 5’) is by no means obvious. A finite-dimensional version of such
isomorphisms, discovered independently in Sergeev [14] and Yamaguchi [16], explained
for the well-known fact that the representation theory of the spin symmetric group
is (essentially) equivalent to that of the algebra €, x S,. The three isomorphisms in
the finite, affine, and double affine setups are compatible with each other.

We finally introduce the trigonometric DaHCa ﬁ;r and the trigonometric sDaHa
f);. We construct explicitly a superalgebra isomorphism

95, 2C, @9,

We further establish the precise connections between our rational and trigonometric
DaHa’s, following Suzuki [15] in the usual DaHa setup. This is developed in Section 5.

1.3. This paper is a first step of a program in which we attempt to develop a new
theory of spin Hecke algebras. The new features of the constructions in this paper will
be instrumental in telling us how to relax the usual setup (cf. [3, 5] and Ram-Shepler
[10] for the degenerate case) in order to define appropriate spin (degenerate/double)
affine Hecke algebras more generally. The algebras $¢ and H~ have large centers, and
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are expected to have rich finite-dimensional representation theory (compare [5] and
Gordon [6]).

2. The rational double affine Hecke-Clifford algebras

2.1. The symmetric group S,. Recall that the symmetric group .S,, is generated
by s; (1 <i<mn—1) subject to the relations:

885 = SjSi, |Z — ]| >1
(2.1) sf =1, 8;8+18 = Si+18iSit1-
Let s;; denote the transposition of ¢ and j in the symmetric group S,.

2.2. The rational DaHCa.

Definition 2.1. Let u € C. The rational double affine Hecke-Clifford algebra (or
simply, DaHCa) ¢ is the C-algebra generated by x;,y;, ¢;(1 < ¢ < n) and S, subject
to the following relations:

TiT; = X%y, Yil¥5 = YjYi, (Vi, j)

0T = Tgi0,  0Yi = Yoi0 (0 € Sp)
(2.2) Ty = —XiCy, CiYi = YiCi,
Cj(Ei = SUZ'C]'7 iji = inj, (Z 7é ])
(2.3) oci =cpi0 (0 €8,), =1, cic; = —cje; (1 #7)
(2.4) lyj,zi] = u(l+cje)sy, (i#7)
(2.5) [vi,zi] = —u Z(l + ¢kC;) Ski-
ki

Denote by €, or C(cy,...,c,), the Clifford algebra generated by cy,...,c,. The
rational DaHCa $¢ is a super (i.e. Zy-graded) algebra with |¢;| = 1 and || = |y;| =
|sij| = 0. Unlike the usual rational DaHa, the symmetry between z’s and y’s is broken
in the definition of §¢, cf. (2.2).

For u = 0, we have 5'5‘2:0 = (Clz, y|®C,, ) #Sy, where the tilde refers to the unusual

sign in (2.2). The .‘7)|‘1 _, clearly has the PBW property, i.e. the '6\Cu:o has a linear
basis {gﬁggagi}, where 0 € S, a,b € Z7, € € {0,1}"™ and 2% denotes the monomials

2§ .- z8 ete. The algebras §¢ are isomorphic for all u # 0.

Theorem 2.2. The PBW property holds for $°. That is, the multiplication of the
subalgebra gives rise to an isomorphism of vector spaces:

Clay,..., 20 ® CS, @ Cp @ Cly, . .., yn] — H°.

Proof. This can be proved in a similar way as in [5, Proof of Th. 1.3, pp.256-7] (and
see loc. cit. for earlier works on PBW algebras), with one crucial modification. Set
V = C?" with the standard coordinates {z;,y;}, and note that K = G, x CS, is
a semisimple algebra. The new key observation is that E :=V ®c K s naturally a
K-bimodule even though K does not act on V. The right action of K is via the right
multiplication g : v ® a — v ® (ag). The S,, acts on the left by 0 : v® a — v ® (0a),
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while C,, acts by ¢; : 2 ® a > (—1)%2; ® (¢;a) and ¢; : y; ® a — y; ® (c;a). The rest
of the proof is the same as in loc. cit. O

Remark 2.3. The observation in the above proof, when applied to more general pairs
(V, K), leads to a generalization of Drinfeld’s setup [3]. The proof above also shows

that $H°¢ is the only ‘quadratic’ deformation of .‘?)“uzo with PBW property. Note the
special feature of $¢ that an additional term ¢ - 1 which appeared in the symplectic

reflection algebra [5] is not allowed in (2.5) by the conjugation invariance with respect
to ¢;.

Remark 2.4. Introducing an additional central element z such that 22 =1 to H°, we
can define a modified algebra H™od with relations

CiCj = ZC;jCy, C;X; = ZI;C;

replacing the corresponding relations in (2.3) and (2.2). Then $™°4/(z + 1) = §¢.
On the other hand, $™°4/(z — 1) is isomorphic to the ordinary rational DaHa (cf.
[5]) associated to the reflection group Zj x S, with specialized parameters. A similar
remark applies to the algebra $~ introduced in Section 3.

Below we always assume that u # 0 unless otherwise specified.

2.3. Degenerate affine Hecke-Clifford algebra. The degenerate affine Hecke-
Clifford algebra was introduced by Nazarov (also called affine Sergeev algebra in [9]).
It is the algebra 9 generated by a;,¢;(i = 1,...,n) and S,, subject to the relations
(2.1), (2.3) and the following relations:

a;s; = sia; (j#4,i+1),
aiy18; — sia; = 1 —cipi¢,
(2.6) Cia; = —QiCq,
aia; = a;a;, Cja; = G4Cy, (Z # j)-

Our convention ¢? = 1 is consistent with [7], not with [9]. The §° is a superalgebra
with ¢; being odd and a; being even for each 7. For 1 <7 < n, set

M; = Z(l — CiCk)Ski,
k<i

The M;’s are the Jucys-Murphy elements introduced in [9] and they satisfy
(2.7) M;M; = M;M;, (¥i,j).

Proposition 2.5. [9]

(1) The algebra $H¢ admits the PBW property. That is, the multiplication of the
subalgebras induces a vector space isomorphism

Cla, ..., an) ® CS, ® €, — §°.

(2) There exists a unique algebra homomorphism $H¢ — C, x CS,,, which restricts
to the identity map on the subalgebra C, x CS, of H¢, and sends a; to 0.
Moreover, this homomorphism sends each a; to M; (1 <i<mn).

(3) The even center of the algebra $¢ is Cla2, ..., a2]%".
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The intertwining elements
¢i = si(a? —al 1) + (ai + aig1) + cicipr(ai — aig1), 1<i<n-—1
were introduced in [9] (cf. [7, Chapter 14]).
Proposition 2.6. [9] The intertwining elements ¢;’s satisfy
(2512 = 2“12 + 2az2+1 - (‘%‘2 - a12+1)2
Gidit10i = Git10idit1

by = @i (li—jl>1).

2.4. The affine Hecke-Clifford subalgebra of 5")‘ Set
2 = u_lyixi + M;.

Lemma 2.7. For alli,j and each a € C, the following identities hold:

(28) [Zi, Zj] = 0,
(2.9) [, 2] = [25,2:] =0,
(2.10) [ax; + 2z, ax; + 2] = 0.

Proof. We may assume ¢ < j. Then, by (2.7), we have
ulzi,z] = uw yims, yag) + lyiws, M)
= u " (yilzs, yiles +yjlyi, xjlas) + [yici, sij — cjcisij)
—vi(8ij — cic;sij) T + y;(sij + icisig)Ti

+(yixi — yj5)si; — (Y + yj25)cicis5 = 0.

To prove (2.9) for i < j, we calculate that

[i, 23] — [z, 2]
[

= u g, yileg 4 [, 80 — cjeisi] — u o, vl

xi7u_1ijj + M;] - [Ij,u_lyixi]

= (cicjsij — sig)xj + (T — 35)si5 — (Ti + x5)cicisij + (sij + cicjsig)zi = 0.
Now (2.10) follows from (2.8) and (2.9). O
We remark that [y;, z;] — [y;, 2] #0 (i # j).
Lemma 2.8. The following identities hold:
Cizi = —2iCi, Cizj = zi¢; (1 F£ 7).

Proof. Recall z; = u=ty;x; + M;. It is known [9] that the Jucys-Murphy elements
satisfy ¢, M; = —M;c;, and ¢; M; = M;c; for i # j. Clearly, ¢;(y;xi) = —(yiz;)ci, and
¢ (yix;) = (yixi)c; for i # j. Now the lemma follows. O

Lemma 2.9. The following identities hold:
Ziv18i — 8iz; = 1 —cipic,

(OéJ?H_l + Zi—i—l)si - si(ozxi + Zi) = 1—-citi16.
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Proof. The second identity follows from the first one and the equation z;115; = s;2;.
Note that
zig18i — iz = (Wi + Miga)s; — si(u” g + M)
= M8 —siM; =1 —cip164.
This proves the first identity. O

The next theorem follows now from Lemmas 2.7, 2.8, and 2.9.

Theorem 2.10. Fiz o € C. The subalgebra ofs'%;‘ generated by ¢;, ax;+2z; (1 <i<mn)
and Sy, is isomorphic to the degenerate affine Hecke-Clifford algebra $H°.

2.5. The Dunkl operator for $°. The PBW Theorem 2.2 provides the triangular
decomposition of §°:

H° = Clz] ® (€, x CS,) @ Cly]

where C|z] is the short-hand for C[z1, ..., x,], etc. Denote by 9¢ the subalgebra of He
generated by €, x CS,, and z1,...,z,. The subalgebra §; is similarly defined. Take
any G, x CS,,-module W, and extend it to an $5-module with the trivial action of
z;’s. Consider the induced $H-module Indﬁc W, which as a vector space is isomorphic
to Clyi, ..., yn] ® W. Denote the action by o. The most interesting S, X C,-module
is the so-called basic spin module L,, = C(cq,.. cn) of S, X €y, (where C,, acts by
left multlphcatlon and S, acts by permuting the ¢;’s), and the induced $H-module
Indﬁc n is then identified as Clyi,...,yn] ® C(c1,...,cyn). Given operators h and g,
. b stands for g~'h throughout the paper.

Theorem 2.11. Given a C,, x CS,,-module W, the action of x; on Clyy,...,y,] @ W
is realized as “Dunkl operator” as follows. For any polynomial f = f(y) and w € W,
we have

zio(f@w)= UZ A =su)(f) ® (1 — cic)spi(w).

= v
Proof. We calculate that
o(few) = |z flow+ fr;ow=[z;, flow.
Now the theorem follows from Lemma 2.12 (2) below. O

Lemma 2.12. (1) Fora €N and i # j, we have

y‘,l —y‘,l
[zi,y5] = —Uﬁ(l = €iCj)Sij
J
[zi,yi] = UZ i yk (1 — cick)Ski-
Py Yi — Yk

(2) Let f(y) be any polynomial in yy,...,yn. Then,

_ . (1 — ki) f(y) e )ses
[zwf(y)] - kz;éz Vi — Uk (1 7 k) ki-
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Proof. (1) is proved by induction on a using [z, y§] = [z, y;hl]yj + y?il[xi, ;).

(2) Tt suffices to check for every monomial f. We first prove the case when f =
I y}” using the first identity in (1). Then we combine with the second identity in
(1) to prove for a general monomial f involving powers of y;. O

Note that the symmetry between z’s and y’s in our algebra $¢ is broken. We
compute below the Dunkl operator for y;.

Lemma 2.13. Fora € N and 1 <i # j <n, we have

¢ —xf xd — (—xg)®
k
lyi,xi] = u E (— “Ski + — CiSkiCi
oy Tk — T4 T+
a _ .a a __ (7 _)a
“ T — af z§ T
[y, 28] = wu Sii +Uu—Lt———"—¢;8;:C4.
J J J
Ij — Xy Ij =+ i
Proof. Follows by induction on a. O

We can identify C[zq,- - ,z,] ® W with the induced $°-module Indﬁ;VV7 where
W is a CS,, x €,,-module and is then extended to an $;-module trivially.

Proposition 2.14. The action of y; on Clx1,- - ,2,] ® W is given as follows. For
any polynomial f(x) and w € W, we have

<f‘9’“'(f) ® spi(w) + el @ Sik(w)) .

Tp — T; T+ x4

yi°(f®w)zz

ki

Proof. First note that y; commutes with all ¢;’s. So we are reduced to the case f =1
and w being a monomial. This follows by induction from Lemma 2.13. (]

2.6. The center of $°. Denote by Z(A) the even center of a superalgebra A, which
consists of all the even central elements in A.

Proposition 2.15. (1) For u = 0, the even center Z(f)lcuzo) of the superalgebra
]Asn

c ; 2 2.
‘6|u:0 5 (C[xlﬂ"wxnvyla"'vyn

25 o
zj’s and y;’s.

(2) We have Clz?,...,22]% C Z(9°) and Cly1, ..., yn)°" C 2(H°), Vu € C.

, where A denotes the diagonal action on

Proof. (1) is clear.
(2) By Lemma 2.12 (1), for each ¢ we have that

[z yf +-+yp] =0, Vk>1.

By definition of ¢, y¥ + - - -+ y* commutes with CS,, x C,. So y¥ +---+ ¢ € 2(9°)

for all k, and thus Clyy,...,yn]"" C 2(H°). We have (C[x%, 22]5 C 2(9°), by

) n

arguing similarly using Lemma 2.13 and the definition of H°. O

Example 2.16. For n = 2, 23y; + 23y2 — (21 + 22)s12 — c1(21 + 22)s12¢1 € 2(9°).
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3. The rational spin double affine Hecke algebras

The results in this section are presented in a way parallel to Section 2, but with all
proofs omitted except for the PBW theorem. They can be either proved in the same
way as for their counterparts in Section 2, or follow directly from the counterparts in
Section 2 via the isomorphisms to be established in Section 4.

3.1. The spin symmetric group algebra. The symmetric group S5, affords a
double cover S, nontrivial for n > 4, according to Schur [13] (cf. [7]):

1 — Z2—>§n—>5n — 1.

Denote Zo = {1,2z}. The spin symmetric group algebra CS, = C[S,]/(z + 1) is

generated by t¢;,i =1,--- ;n — 1 subject to the following relations:
=1, titiv1ts = tipititita,
(3.1) tit; = —tits,  |i—j| > 1.

The algebra CS,; is naturally a superalgebra by declaring ¢; for every ¢ to be odd.
Define the “transpositions” of odd parity, for 1 <1i < j <mn,

[i,5] = =[j:d] = (1) " Hyn - tiatitinn ot
which satisfies the following relations:
i+l =t [i,4°=1
tili, 4t = —[i + 1, 7], for j #d,i+ 1.
Define the odd Jucys-Murphy elements
M=y kg, (1<j<n)
k<j

We have [14] (also see [7, Chapter 13])

[Mi,MJ‘]+ = MM; +M;M; =0, (Z #* j)
As usual, we have denoted that [a,b]; = ab + ba.
3.2. The rational sDaHa.

Definition 3.1. Let u € C. The rational spin double affine Hecke algebra (sDaHa)
is the algebra $~ generated by &;,y;(1 < i <n) and ¢,(1 < i <n— 1), subject to the
relations (3.1) for ¢; and the following relations:
&&= —&&is  vivs = Yivi, (0 F4),
ti&i = —&iv1ti, LY = Yirats,
ti&i = —&itj,  tiyi=yit;, (@ #5,j+1),

[yivgj] = u[i,j], (17&])’
&l = wy [i,k].
ki

Denote by C[¢1, ..., &,] the algebra generated by &1, ..., &, subject to the relations
§i§5 = —&;& for i # j. Clearly, it has a linear basis £*, where a € Z7.
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Theorem 3.2. The PBW property holds for $~. That is, the multiplication of the
subalgebras gives rise to an isomorphism of vector spaces:

6[5177571] ®(CS; ®(C[y17ayn] iﬁ_

Proof. Tt follows readily from the definition that $~ is spanned by the elements
éﬁagé, where o runs over a basis for CS, and a,b € Z'. Recall the homomorphism
¥ in Theorem 4.2. The images \Il(égogb) in explicit formulas are clearly all linearly
independent in f)c by the PBW Theorem 2.2 for 53‘ Thus, all the elements éﬁagb are

linearly independent in H. O

Remark 3.3. Note the subtle signs in the definition of $~. The algebra His naturally
a superalgebra with y; being even and &;,t; being odd for each i. The algebras 9
are all isomorphic for different u # 0.

Below we assume that u # 0 unless otherwise specified.

3.3. The degenerate spin affine Hecke algebra. The degenerate spin affine
Hecke algebra is the algebra $~ generated by b;(1 < i < n) and t;(1 <i < n—1),
subject to the relations (3.1) for ¢; and the following relations:

bibj = —bjbi, (i# )
biyiti = —tibi+1,
tjbi = —bit]‘, (’L 7é 3,7+ 1).

The algebra $~ has a superalgebra structure with both b; and ¢; being odd elements
for every i. Note that the algebra $~ contains C[by, ..., b,] and CS, as subalgebras.

Proposition 3.4. (1) The algebra $H~ admits the PBW property. That is, the
multiplication of the subalgebras induces a vector space isomorphism

Clby,...,bn] ®CS; — H~.

(2) There exists a unique algebra homomorphism $H~ — CS,,, which extends the
identity map on the subalgebra CS;, of H~ and sends by to 0. Moreover, this
homomorphism sends each b; to M; (1 < i <n).

(3) The even center of the superalgebra $~ is C[b%,... b2]%.

We define the (odd) intertwining elements in $7:
Vi =107 — b7 y) — (b —biy1), 1<i<n-—1

Proposition 3.5. The intertwining elements ;s satisfy that

P o= b7 — (b b))’
Yiviv1¥i = Yip1¥itip
Yiy; = —pb (li—j| > 1)
Yiby = —=bjy (j#4,i+1)

Yiby = —bip1s, Yibiv1 = —bits.
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3.4. The spin affine Hecke subalgebra of . Let
3ii=u Tyl + M.
Lemma 3.6. Fori # j, the following identities hold:

Gi-a5l+ = 0,
&3]+ + [&h3il+ = 0,
[a& + 31,06 +3;]+ = 0, VaeC.
Lemma 3.7. The following identities hold:
(a€iv1 +3iv)ti = —ti(a&i+3:)+1, VaeC.

Theorem 3.8. Fiz o € C. The subalgebra of H~ generated by a& +3; (1 < i< n)
and CS;; is isomorphic to the degenerate spin affine Hecke algebra $~.

3.5. The Dunkl operators for $~. Denote by e the subalgebra of 9 gener-
ated by CS, and &;,...,&,. Take any CS, -module W, and extend it to an ¢ -

module with the trivial action of &;’s. Consider the induced .ﬁ.’:)_—module Indii W =
€
(C[y17~ .. 7yn] & W.

Theorem 3.9. The action of & € H~ on Clyy,...,yn] @ W is realized as “Dunkl
operator” as follows. For any polynomial f = f(y) and w € W, we have

Lo(f@w) ZUZW®[k,i](w).

ki
3.6. The center of § .
Proposition 3.10. (1) For u = 0, the even center Z(‘%IZ=0) of the superalgebra
5.’.);:0 is C[€2, ..., €25y, ., yn]™°", where A denotes the diagonal action on

the sz s and y;’s.
(2) For anyu € C, C[&2,...,£2])% C 2(9H7) and Clyt,---,yn)® C 2(5H7).

Example 3.11. For n = 2, £2y; + E3ya + 2(&1 — &)t € 2(H7).

4. The algebra isomorphisms

The results in this section use earlier notations but their proofs will be independent
of Section 3. Note that the multiplication in a tensor product € ® $~ of two super
algebras € and $§~ has a suitable sign convention:

(@ @) (c®b) = (—1)ld(c @ b'D).
We shall write a typical element in €® $~ as ¢b rather than ¢®b, and use short-hand
notationsc=c® 1,b=1®b.
Theorem 4.1. There exists a superalgebra isomorphism:
R M= Cn ®5’)7,

1
Ci = Gy @ =V =20b;, s 752(01 = Ciy1)ti.



SPIN DOUBLE AFFINE HECKE ALGEBRAS 1081

The inverse map is given by

V¢ — ¢, by — —cia;, t; —

\/_72 ﬁ(cl+1 —C'L)Sl.

Proof. Clearly Cf, T are inverses to each other, once we show that they are algebra
homomorphisms. Note that G, x CS,, is a subalgebra of $H° and ¢ extends the
isomorphism established in [14, 16]

dfin. e, xCS, — €,CS,.

This takes care of all the defining relations for the images of ® or W of the generators
which do not involve a; or b; (the verification of these relations can be done directly
without difficulty). Among the defining relations involving b;, the most complicated
one is W(b;y1t; + t;b;) = 1, which is equivalent to the following identity in ¢

1 1
—F=CiQ; = 1.

1
——Cit1Qi11 * ——=(Cit1 — ¢i)s; + ——=(Cit1 — C;)Si -
\/7 -2 B \/7 —2< i ) F —2( 1 ) \/7 -2

This can be checked directly using the defining relations (2.6) of H¢. The verification
of the remaining relations is similar, and will be skipped. O

An argument similar to the above implies the following isomorphism theorem.
Theorem 4.2. There exists a superalgebra isomorphism:

o H = C,RH,

1
Yi = Uiy € Gy T V=26, 8i \/_—Q(Cz — Ciy1)t;.

The inverse map 1is given by

Uy =y, ¢ ey § W i ti— \/%—Z(Ciﬂ —Ci)$;.
Remark 4.3. (1) Recall the intertwining elements ¢; and v; from Sections 2 and

3. The isomorphism ® sends ¢; to —v/=2(¢; — ¢i41)Y; for every i.

(2) Recall from Propositions 2.10 and 3.8 that ax; + z; (resp. a&; + 3;) are the
‘polynomial’ generators of a degenerate affine Hecke algebra isomorphic to H°¢
(resp. $7). The ® sends awx; + z; to v/—2¢;(a&; + 3;) for each i. This is
compatible with the fact that P sends a; to /—2¢;b;.

(3) Note also that ® or ® sends the JM element M; to v/—2¢;M;, which amounts
to checking the identity @(ﬁ(q —ck)sik) = [k, 1].

5. The trigonometric version of DaHCa and sDaHa

5.1. The trigonometric DaHCa. We start with the following definition.
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Definition 5.1. The trigonometric double affine Hecke-Clifford algebra is the algebra

H¢  generated by et €Y, ¢; (1 <i<mn)and S,, subject to the following relations:
tr y DA A ) J
2 . .
¢ =1, cic; = —cjci (i #j)
ele” =1, efie = ee,
Giv%V = GJVGZ»V, cje =eic;  (Vi,j),
gefi = efaia-’ 0C; = Cyi0 (a’ & Sn);
v v v v C
Ci€i = =€ Ciy cje =€ ¢c; (i #]),
v v v Vo s
€15 — sie] =u(l —ciqy16:), € s5i = sie] (j#i,i+1),
v 677 — eski(n)
Vel = — _ o )
[e),€"] u E sgn(k — 1) ST w ey (1 — cick)Ski-

The algebra §§, admits a natural superalgebra structure with ¢; being odd and all
other generators being even. Note that the subalgebra generated by e (1 <1i < n),
denoted by C[P], is identified with the group algebra of the weight lattice of type
GL,; the subalgebra generated by e (1 <i <n) and S, is identified with the group
algebra of the extended affine Weyl group of type GL,; for u # 0, the subalgebra
generated by u=teY,c; (1 < i < n) and S, is identified with the degenerate affine
Hecke-Clifford algebra (cf. Sect. 2.3).

Theorem 5.2. (1) There exists a unique superalgebras homomorphism ¢ : H —
95,., which extends the identity map on the subalgebra C, x CS,, such that
Wy)) = e
z;)) = e “ <€;/ — UZ(I — Cz‘Ck)Skz’> .
k<i

Moreover, 1 is injective.
(2) The homomorphism ¢ extends to an algebra isomorphism
Cly*] @cpy H° — 95,
The inverse j is an extension of the identity map on C, x CS,, such that
i) = v,
Je) = wimitud (1—cicy)s.
k<i
Proof. The j and (the extended) ¢ are clearly inverses to each other, once we show
that they are algebra homomorphisms.
Recall from (2.4) that uz; = ysx; +u ), (1 — cicp)ski. Let us verify
el e]) = Liled), (e%)] = [uzi, yi]-
By a long but straightforward computation we have that
[uzi,y;] = —uyi(l—cicj)sij, (1 <j),
[uzi, y;] —uy;(1 —cicj)sij, (i >]),

UZ yi(1 — cicr)spi + uZ(l — CiCk)SkiYi-

k>i k<i
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By another direct computation, we see that the commutator [e),e%] are given by

exactly the right-hand side of [uz;,y;] above with y; therein replaced by e, for ¢ < j,
1=7j,0r1i>j.

The verification of other relations is easier and will be skipped. O

Remark 5.3. Theorem 5.2 and Theorem 5.6 below are analogous to the relation be-
tween the usual rational DaHa and trigonometric DaHa due to Suzuki [15].

Proposition 5.4. The PBW property holds for ﬁ;r That is, the multiplication of
the subalgebras gives rise to an isomorphism of vector spaces:

C[P]® CS, ® €, @ CleY,...,ex] — $,.

Proof. Clearly the multiplication homomorphism is surjective.

The injectivity of this homomorphism follows from Theorem 5.2 (2) and the PBW
property for §°¢ (and thus for (C[gi] ®cly] .‘7)‘) More explicitly, j sends €Y to y;z;
plus lower terms. Via j and with such lower terms ignored, any linear relation among
eV*octy? is translated to the same relation among (yz)%octy?. But we know the latter
are all linearly independent. o a O

5.2. The trigonometric sDaHa.

Definition 5.5. The trigonometric spin double affine Hecke algebra is the algebra
9, generated by etei ¢ (1 <i<mn)andt;(l <i<n-—1),subject to the relations
(3.1) for ¢; and the following relations:

e“le” =1, e‘iei = ee,
t;et = e“iti;, tie9 = eSit; (] #4104+ 1),
Gip1ts + G = u, Gti = —t:¢; (J # 4,0+ 1),
GG = —GG (1 #7),
el — eski(n)
N — . o :
[Gie"] = u%sgn(k (R e  premre | LIS

Note that the algebra 5".); is naturally a superalgebra by declaring e*¢ to be even
and (; and t; to be odd for every i. For uw # 0, the subalgebra generated by (;
(1 <i<n)and CS, is identified with the degenerate spin affine Hecke algebra £~
(cf. Sect. 3.3).

Theorem 5.6. (1) There exists a unique homomorphism of superalgebras v~ :
H™ — 9y, which extends the identity map on the subalgebra CS, such that

€

U (yi) = e

(&) = e (Ci —UZ[’WO :
k<i
Moreover, 1~ 1s injective.

(2) The v~ extends to an algebra isomorphism:

C[Qi] Qc[y) 9 = fJ;



1084 WEIQIANG WANG

The inverse map j~ is an extension of the identity map on CS, such that
j_(€6i) = Vi,
JTG) = wi&uy [kl
k<i

Proof. Follows from Theorem 4.2 and Theorem 5.2; or one argues directly as for
Theorem 5.2. (|

Theorem 5.6 and the PBW Theorem 3.2 for $~ immediately imply the following.

Corollary 5.7. The PBW property holds for ﬁt_T That is, the multiplication of the
subalgebras gives rise to an isomorphism of vector spaces:

C[P]® CSy ®ClCr, - -5 Cn] — iy

5.3. An algebra isomorphism. The following theorem can be established by a
direct computation.

Theorem 5.8. There exists a superalgebra isomorphism:
ot H: = e, ®5;7

e e ¢ gy € V=20, 80

1
ﬁ(ci - Ci+1)ti.
The inverse map is given by

€4 €4

Vv
e e, ¢ g, G Ci€; , ti—

1 1 ( )
- = (eirq —ci)s,.
= VE R
Notes added. This first paper on spin Hecke algebras was posted in arXiv:

math.RT /0608074, 2006. The results of this paper have been generalized and extended
in different directions since then in a series of papers [17, 18, 19, 20, 21].
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