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MOVING CURVES AND SESHADRI CONSTANTS

ANDREAS LEOPOLD KNUTSEN, WIOLETTA SYZDEK, AND TOMASZ SZEMBERG

ABSTRACT. We study families of curves covering a projective surface and give lower
bounds on the self-intersection of the members of such families, improving results of Ein-
Lazarsfeld and Xu. We apply the obtained inequalities to get new insights on Seshadri
constants and geometry of surfaces.

1. Introduction

Throughout this paper we work over the field C of complex numbers.

Let S be a smooth projective surface and Cy = {(Cy, zy) | w € U} be a nontrivial
family of pointed irreducible and reduced curves in S such that mult,,K C, > m for
some integer m > 1.

Ein and Lazarsfeld showed in [4], that the self-intersection of each member of the
family is bounded from below

C%2>m(m—1).

For m = 1 this recovers a well known fact, that a curve with negative self-intersection
cannot move in a family.
For m > 2 Xu [14, Lemma 1] gives a better bound of

C%2>m(m—1)+1.

Recall that the gonality gon(X) of a smooth curve X is defined as the minimal
degree of a covering X — P'. Our new bound is the following:

Theorem A. Let S be a smooth projective surface. Suppose Cy = {(Cy,zy) |u € U}
is a family of pointed curves as above parametrized by a 2-dimensional subset U C
Hilb(S) and C is a general member of this family. Let C be its normalization. Then

C? > m(m —1) + gon(C).

The assumption that U is 2-dimensional is of course essential as there are surfaces
fibred by curves of arbitrarily high gonality, which have self-intersection 0. Note,
that implicitly this assumption is made also in [14, Lemma 1], as a reduced curve is
singular only in a finite number of points.

An important point is that gon(é’) can be bounded below in terms of the geometry
of the surface. We will do this in Lemma 3.2 below. Note for instance that clearly
gon(C) > 2 if § is irrational, so that this already improves Xu’s bound.

Bounds as in Theorem A lead to interesting geometrical constrains on Seshadri
constants on surfaces. We show in this direction the following result, which gener-
alizes [12, Theorem 3.2]. The precise definition of the integer pg appearing in the
statement is given in (9) in section 5. For instance, pg > 2 if S is irrational and
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s > 3 if |Kg| is birational.
Note. After this work was completed, we learned that Theorem A was proved inde-
pendently by Bastianelli. [2]

Theorem B. Let S be a smooth projective surface and L a big and nef line bundle
on S such that for all x € S

(1) c(Liz) < /(1 - 4%5) VI2.

Then S is fibered by Seshadri curves.

2. Deformation theory and self-intersection of moving curves

In this section we will prove Theorem A.

Let C C S be a reduced and irreducible curve on a smooth surface. Let p, =
h'(O¢) denote the arithmetic genus of C. Let C be the normalization of C. Then
pg = h'(Og) = h%(wg) is the geometric genus of C.

We have an exact sequence of coherent sheaves on S (cf. [11, (1.4)])

OHTCHTS‘C 4>Né/34>07

defining the equisingular normal sheaf N, /s of C'in S. Tts sections parametrize
first-order deformations of C' in S that are locally trivial [11, § 4.7.1], or equisingular.

Let f: C — S be the natural morphism from the normalization of C' to S. Then
we have a short exact sequence

2) 0—=T5 2 pTs — =N 0,

defining the normal sheaf Ny to f (cf. [11, § 3.4.3]). Its sections parametrize first-
order deformations of the morphism f, that is, first-order deformations of C' that are
equigeneric (i.e., of constant geometric genus).

Let T' C Ny be the torsion subsheaf and let N'y := N /T. Then N; is an invertible
sheaf on C and we have Ni~N;aT.

On C we also have a natural exact sequence

0 OC f*OCNv T 0,

where 7 is a torsion sheaf supported on Sing C. This yields an exact sequence

0 C/s fNg—=NEg®T ——0

(cf. [11, (3.53)]). It follows that

(3) h(NGys) < hO(Np) < hO(N).

Geometrically, this means that the first-order equisingular deformations are part of
the first-order equigeneric deformations.
Now we are in the position to prove a slightly more precise version of Theorem A.
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Theorem 2.1. LetCy = {(Cy, z,) | uw € U}, whereU C Hilb(S), be a two-dimensional
irreducible flat family of pointed, reduced and irreducible curves on a smooth projective
surface S such that mult,, K C, > m for all w € U and such that the gonality of the
normalization of the general curve is £. Then

(4) C2 > m(m—1) +L.

Moreover, if equality holds, then, for general w € U, Cy is smooth outside x,, and
has an ordinary m-tuple point at x,,.

Proof. Let C be a general member of the family and let z be the marked point on C.
Let C be the normalization of C and let f : C'— S be the natural morphism. From
(2) and the definition of 'y above we have

(5) pe(C) =1+ %(KS -C + deg(N7) + length T').

Since a point of multiplicity m causes the geometric genus of an irreducible curve to
drop at least by (Z‘) with respect to the arithmetic genus, we must have

(6) PalC) 2 (m

)+ plC) = gmm = 1)+ p,(C),

so that
(7) C? =2(pa(C) — 1) — Kg - C > m(m —1) +2(py(C) — 1) — Kg - C.
By our assumptions, h®(N, /) = 2, so that h° (N;) > 2 by (3). Considering then the

morphism C' — P! defined by a 2-dimensional linear subspace of H°(N\), one has
deg(NF) > ¢. Combining (5) and (7) we thus obtain

C? = 2(pa(C) —py(C)) +deg(Nf) +length T > m(m — 1) + deg(N ) > m(m —1) +£.
This proves (4). If equality holds in (4), then clearly we must have lengthT = 0 in
(5) and equality in (6) and the last statement follows. O

In particular, we immediately see that C2 > m(m — 1) + 2 if S is irrational.

Remark 2.2. If Kg-C, <0, then from (7) one also obtains that either

() C2 = m(m—1) = Ks - Cy; or
(ii) C2=m(m—1) — Kg - Cy — 2, py(Cy) = 0 (whence S is rational) and C,, is
smooth outside x,,.

In certain cases, as for instance in Example 4.1 below, this may give a better bound
than (4).

3. Positivity of the canonical divisor and gonality

The next result gives lower bounds on ¢ in terms of the geometry of S.
We recall the following definition made in [6]:
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Definition 3.1. Let L be a line bundle on a smooth projective variety X. Then L is
birationally k-very ample if there is a Zariski-open dense subset U C X such that, for
any 0-dimensional scheme Z of length k + 1 with Supp Z C U, the natural restriction
map

H(L) — H(L ® Og)

is surjective.

For instance, L is birationally 0-very ample if and only if it has a section and 1-
very ample if and only if the rational map ¢, determined by |L| is birational onto its
image.

We note that the notion of birational k-very ampleness is the “birational version”
of the ordinary notion of k-very ampleness, in the sense that if X’ — X is a birational
morphism between smooth projective varieties and L is a line bundle on X, then L
is birationally k-very ample if and only if f*L is.

Lemma 3.2. Let U C Hilb(S) be a reduced and irreducible scheme parametrizing a
flat family of reduced and irreducible curves on a smooth projective surface S such
that the gonality of the normalization of the general curve is €.

(a) If dimU > 1 and Kg is birationally k-very ample, then £ > k + 2.
(b) If dimU > 2 and S is birational to a surface admitting a surjective morphism
onto a smooth curve B of gonality b, then £ > b.

Proof. To prove (a), pick a 1-dimensional reduced and irreducible subscheme U’ of
U. After compactifying and resolving the singularities of the universal family over
U’, we obtain a smooth surface T, fibered over a smooth curve, with general fiber F' a
smooth curve of gonality ¢, and a surjective morphism f : T'— S. By adjunction Kp
fails to be (£ —1)-very ample on the general fiber F'. More precisely, on the general F,
there is a one-dimensional family of schemes {Z} of length ¢ such that the evaluation
map
HY(Kr) — H (K1 ® Oy)

is not surjective. Since Kp = f*Kg+ R, where R is the (effective) discriminant divisor
of f, and f is generically 1 : 1 on the fibers, we see that Kg fails to be birationally
(¢ — 1)-very ample. Hence, k < ¢ — 2.

As for (b), there is by assumption a birational morphism from a smooth surface S
to S such that there is a surjective morphism S — B. Of course, also S is dominated
by a two-dimensional nontrivial family of reduced and irreducible curves having nor-
malizations of gonality ¢. A general such curve must dominate B, whence so does its
normalization, so that ¢ > b. O

4. Examples
We give here a few examples involving Theorem 2.1 and Lemma 3.2.

Example 4.1. (Cubic surfaces and P?) We consider a smooth cubic surface S in P3
and families of hyperplane sections satisfying the conditions in Theorem 2.1. Then
C.-Kg = -3 and p,(C,) = 1. Now Remark 2.2 yields that either C2 > m(m —1)+3
or C2 =m(m —1) + 1, C, is rational and smooth outside z, and z,, is a node.
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The first case happens with m = 1 for the family of all hyperplane sections and
the second indeed happens for the 2-dimensional family of tangent sections.

Similarly, for S = P2, any 2-dimensional family of lines satisfies C2 = m(m —1)+1
for m = 1.

Example 4.2. (Abelian surfaces) Let S be an abelian surface and L be a globally
generated line bundle on S. For any family as in the hypotheses of Theorem 2.1, we
have that C2 > m(m —1)+2. The following is an example where equality is attained.

Let S be an abelian surface with irreducible principal polarization ©. We assume
that © is symmetric. Let p denote the endomorphism

w: S3xr—2-2€8

and let C' = p*(©). Then it is well known (cf. [7, Proposition I1.3.6]), that C' € |40
and C has multiplicity m = 6 at the origin. Of course p,(C) = 2, so that gon(C) = 2.
We have

32=C?>=6-5+2.

Translates of C' give a two-dimensional family of curves which are actually alge-
braically equivalent to C' but not linearly equivalent.

Example 4.3. (K3 surfaces) Let S be a K3 surface and L be a globally generated
line bundle on S. It is well-known that for any positive integer n, there exist such
S and L with L? = 2n. Let {C,}.cy be any family of curves in |L| satisfying the
conditions in Theorem 2.1. Then the theorem yields that

(8) L? >m(m—1)+2.

If m = 1, this yields that L? > 2, which is optimal, as dim |L| = %Lz +1=2if
L? =2.

If m = 2, (8) yields that L? > 4, which is also optimal. Indeed, if L? = 4, then
dim |L| = 3 and for any = € S, we have dim |L ® m2| > 3 — 3 = 0, so that there is a
2-dimensional family of curves with a point of multiplicity two. A general such curve
is nodal of genus two, hence also of gonality 2.

If m = 3, (8) yields that L? > 8, and we do not know if this is optimal. If L? = 10,
however, then dim|L| = 6 and for any # € S, we have dim|L @ m3| > 6 — 6 = 0, so
that there is a 2-dimensional family of curves with a point of multiplicity three.

Example 4.4. (Surfaces of general type) Let S be a smooth surface of degree d > 5
in P? and consider the family C, of tangent hyperplane sections of S, parametrized
by x € S. Then a general member of this family is irreducible and has multiplicity
m = 2 at . On the other hand for the canonical divisor Kg we have

Ks = 0s(d — 4),

so that it is (d — 4)-very ample. This shows that equality can hold in (4) in Theorem
2.1 even if Kg is k-very ample and not merely birationally k-very ample, cf. Lemma
3.2.
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5. Applications to Seshadri constants

In this section we will prove Theorem B, as well as its consequences.

We recall here only very basic notions connected to Seshadri constants. For a
systematic introduction to this circle of ideas we refer to chapter 5 in Lazarsfeld’s
book [8].

Definition 5.1. Let X be a smooth projective variety and L a nef line bundle on X.
For a fixed point x € X the real number

L-C
mult, C
is the Seshadri constant of L at x (the infimum being taken over all irreducible curves
C passing through z).

e(L;x) := inf

For arbitrary line bundles Nakamaye introduced in [9] the notion of moving Se-
shadri constants emov(L; ), see also [5]. If L is nef, then the both notions coincide.
If L is big, then the function eney (L, —) on S assumes its maximal value for x very
general, that is, away from a countable union of proper Zariski closed subsets. This
was proved by Oguiso [10] for L ample but the proof goes through for L big. This
maximal value will be denoted by e(L;1). We use it in Corollary 5.2.

If there exists a curve C' C X actually computing the infimum in the above defini-
tion, then we call such a curve a Seshadri curve (for L, through x). It is not known
if Seshadri curves exist in general.

If X = S is a surface, then there is an upper bound on Seshadri constants

e(L;x) < VL2 .

If e(L; x) is strictly less than VL2, then there exists a Seshadri curve through z. This
observation is fundamental for both results presented in this section.

Before proving Theorem B, we need to introduce the following notation. This
takes care of bounding the gonality of curves in the family appearing in the proof of
Theorem B. We define

(9) pws := max {d | Kg is birationally (d — 2)-very ample or S is birational
to a surface dominating a smooth curve of gonality d}.

In particular, note that pug > 2 if S is irrational and pg > 3 if |Kg| defines a
birational map. Also note that £ > ug, too, by Lemma 3.2, where ¢ is as in Theorem
2.1. (We will use this fact in the proof below.)

Proof of Theorem B. First of all (1) implies that for every point x € S there exists
a Seshadri curve C,. Such a curve need not to be unique but there are only finitely
many of them for every point z, see [13, Prop. 1.8]. Since there are only countably
many components in the Hilbert scheme of curves in S, there must exist a component
containing at least a 1-dimensional family U of curves C,. If there is more than one
such component, we take one for which the dimension of U is maximal. Note, that
for curves in U we must have C2 > 0. Let m denote the multiplicity of a general
member of this family in its marked point.

It might happen that dim U = 1, but this means that a Seshadri curve C, equals
to Cy for y € C, very general. Of course in this case it must be m = 1, because a
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Seshadri curve is reduced and irreducible. Then the index theorem together with (1)
gives
C2I?P < (L-Cp)*<(1— L)LQ < L2
4ps

which implies C2 = 0. It is well known that a moving curve of self-intersection 0 is
semi-ample and thus S is fibered as claimed.

So we may assume that dimU = 2 and m > 2. Hence C2 > m(m — 1) + ug by
Theorem 2.1 and Lemma 3.2. Revoking again the index theorem we get therefore

1
(10)  (m(m—1)+pus)L? < C2L* < (Cy - L)* = m?e(L;1)* < m?*(1 — ﬂﬂ?'
s

It is elementary to observe that the real valued function

f(m) =

for m > 2 attains the minimal value at m = 2ug and f(2us) = 1—

m(m —1) + ug
m2
4#%’ and we arrive
at a contradiction to (10). This concludes the proof of Theorem B. O
As a consequence, we obtain the following result yielding lower bounds on the
Seshadri constant of the canonical bundle at very general points, which improves and

generalizes [3, Thms. 2 and 3].
Corollary 5.2. Let S be a minimal smooth projective surface of general type, i.e.,
such that Kg is big and nef. Then either e(Kg;1) > ,/%Kg or S is fibered by Seshadri

curves of Kg-degree e(Kg;1) > 2.
If furthermore Kg is birationally k-very ample, for an integer k > 1, then ei-

ther e(Kg;1) > /(1 — M)Kg or S is fibered by Seshadri curves of Kg-degree
e(Kg;1) > 4k.

Note that the hypothesis that S is minimal i.e., Kg is nef is not restrictive, since
if S — S is a birational morphism, then one easily sees that emov (Kg;1) = (K55 1).

Proof. If Kg is big and nef, but not birationally 1-very ample, set £ = 0. Then,
under the assumptions of the corollary, we have pug > k + 2. By Theorem B, if

e(Kg;1) < /(1— m)]{%, then S is fibered by (smooth) Seshadri curves C' of

Kg-degree C- Kg = £(Kg;1). Furthermore, we must have C' - Kg > 2 by adjunction,
as C? =0, and the first assertion follows.

If Kg is birationally k-very ample for k£ > 1, then the general curve C' must have
gonality gon(C) > k + 2 by Lemma 3.2(a). At the same time, by the existence
theorem of special divisors of Kempf-Kleiman-Laksov (see e.g. [1, V.1.1]), a smooth

(C)+2
2

curve C of genus p,(C) carries a pencil of arbitrary degree d > ¢ , whence

gon(C) < %2)4'3. Moreover, by adjunction we have Kg - C = 2p,(C) — 2. Hence
Kg-C =2p,(C)—2>2(2gon(C) —3)—2>2(2(k+2)—3) —2 =4k,
and the second assertion follows. O
Our next and last result parallels [4, Theorem| and [14, Theorem 1]. The arguments
are similar to those in the proof of Theorem B, but it seems that the result itself is of

independent interest and is not a straightforward corollary of Theorem B. Note that
for g = 1, we retrieve (in practice) Xu’s result.
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Proposition 5.3. Let S be a smooth surface and L a big and nef line bundle on S.
Assume that, for a given integer a > 1, we have that either

2 dpsa® —da+4
4,u5 -1 ’
or ) )
dpsa® —4a+4 L* —2a
L? = d Z.
s—1 "oy

Then, either
(i) e(L;1) > a, or
(ii) S is fibered in Seshadri curves (of L-degree < a).
Remark 5.4. The case % ¢ 7 also includes the case L? = a?. However, if

2 4p a2—4a+4
L 2 S4u5—1
a = 2. The proposition holds in this special case.

, it is easily seen that L? > a2, with equality only if L? = 4 and

Proof. As in the proof of [4, Thm.] or [14, Theorem 1], the set
C-L
V= {(C’,ac) |z € C CS areduced, irreducible curve, mult,(C) > 7}

a
consists of at most countably many families. (This conclusion also holds when L is
big and nef but not ample.)

Assume that we are not in case (i) of the proposition, that is, assume that e(L; 1) <
a. Then dimV > 2.

By our assumptions we have L? > a2, cf. Remark 5.4. Therefore, the index
theorem yields, for any curve C' C S, that

C-L>VL?-C?>avV(C2

It follows that if C'- L < a for a curve C' C S moving in a nontrivial algebraic family,
then C? = 0, so that we are in case (ii) of the proposition. Otherwise we must have a
nonempty subset of dimension > 2 of V' consisting of pairs (C, z) with mult,(C) > 1.
Since each curve in question is reduced, we can find a two-dimensional irreducible
scheme U C Hilb § parametrizing curves in V' each with mult, C' > 1. Letting m be
the multiplicity of the general curve in this family and C be the algebraic equivalence
class, we have C? > m(m — 1) + pg by Theorem 2.1 and Lemma 3.2.
Asm > %, we have C' - L < ma — 1, whence by the index theorem,

(ma —1)*> (C-L)* > C%*L? > (m* —m + ps)L?,

so that
(11) (L% — a®>)m? 4+ (2a — L¥)m + (L*us — 1) < 0.
If L? < a?, then L? = a®> = 4 by Remark 5.4, so that (11) yields 4us < 1, a
contradiction. Hence L? > a?, so that the function

f(z) = (L* = a®)2® + (2a — L*)x + (L?*ps — 1)
attains its minimal value f,,;, at x = % and

2

Jmin = W2 —ad) (4ps —1)L? — 4(psa® —a+1)|.
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By our assumptions on L? it follows that f(x) > 0 for all  and that f(z) = 0 only

if L? = 4“54‘:;# and then at the point x = %iniaaz), which is not an integer by
assumption. Therefore f(m) > 0 for all m € Z, contradicting (11). O
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