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A REMARK ON SOLITON-POTENTIAL INTERACTIONS FOR
NONLINEAR SCHRODINGER EQUATIONS

GALINA PERELMAN

ABSTRACT. We study the interaction of small amplitude solitons with a repulsive po-
tential V' for the nonlinear Schrédinger equation ity = —thze + V(z)Y + F(|1]?)y. We
show that in the case where the nonlinearity F'(§) is Lo critical at zero, the incoming
soliton is splitted by V into two outgoing waves that radiate to zero as t — +oo.

Introduction

In this note we consider the nonlinear Schrodinger equation
(1) iy =~ + V(@) + F(|9*)0,  (t,x) € R xR,

where V' is a “repulsive” potential, rapidly decaying as |z| — oo, and F' is a smooth
function that satisfies F(£) = —£2 4+ O(&£3), as € — 0.
The free NLS:

(2) i = ~tua + F(0*)0
possesses solutions of special form - solitary waves (or, shortly, solitons):
oz —b(t), E),

2

1
@:wt+’y+§vx, b(t) = vt + ¢, E=w+%>0,

where w, v, ¢, v € R are constants and ¢ is the ground state, that is a smooth positive
even exponentially decreasing solution of the equation

(3) — 2z + B+ F(¢%)p =0.

In this note we shall be concerned with the solutions of (1) that behave as t — —oo
like a soliton e¢®p(z — b(t), E), v # 0, our goal being to understand the collision
between the soliton and the potential Vand to determine what happens as t — +o0.
We show that in the case of small amplitude solitons (E < 1 depending on v) the
interaction with the potential leads to the splitting of the incoming soliton into two
outgoing parts, that for large positive ¢ propagate independently according to free
NLS flow (2) and radiate to zero as t — +oo. The splitting of the incoming soliton
is completely controlled by the linear flow e~#L L = —9? + V: in the interaction
region the effects of the nonlinearity F' can be neglected, a small amplitude soliton
behaves as a slowly modulated plane wave e~ t/4+ivz/2 anq splits into a reflected
and a transmitted parts accordingly to the linear scattering theory. For the first time
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this phenomenon was observed by J.Holmer, J.Marzuola, M.Zworski [3], [4] in the
context of the cubic NLS with an external delta potential:

The radiation of the solution to zero in the post interaction region (t — +o00) is due
to the Lo critical nature of the nonlinearity F'.

The structure of this paper is briefly as follows. It consists of two sections. In the
first section we introduce some preliminary objects and state the main results. The
second one contains the complete proofs of the indicated results.

1. Background and statement of the results

1.1. Assumptions and preliminary facts. Consider the nonlinear Schrodinger
equation

(1.1) Ve =Yoo + V(@) + F(Y)0, (t2) ERxR
We assume the following.

Hypothesis H1. V(x) is a real smooth exponentially decaying function:
1(0'V)(2)] < Ce™#l, 1 = 0,1, v > 0, and such that the operator L = —02 +V has
no eigenvalues.

Hypothesis H2. F is a O function, that satisfies: F(£) = —£2+0(£3), as € — 0.

Under assumption (H2) equation (2), for F sufficiently small, has a unique positive
even smooth exponentially decreasing solution o(z, E): ¢(z, E) ~ C(E)e~VEll as
|x] — oo. Moreover, as E — 0, ¢(z, F) admits an asymptotic expansion of the
following form:

(12) 90(:177E) = 51/2@(51‘176)) (ﬁ(y,é‘) = ng@k(y), €= \/E,
k=0
31/4
vo(y) = h1/22y’ lpr(y)| < Cre ¥

The asymptotic expansion (1.2) holds in the sense:

N
[2(y,e) = Y Fon(y)] < CyeNFle W,
k=0

and can be differentiated any number of times with respect to y.
Next we recall some standard estimates of the linear evolution e~#% that will be
used later. e~*! is an unitary group in L, and since V is bounded, one has trivially

e fllae ) < Cllfllgrmy, k=0,1.

Furthermore, under assumption (H1), the following Strichartz estimates hold.

Proposition 1.1. Under assumption (H1) , one has for k=0,1:
le™ " ]

L;‘(Ww’“’) < C”fHHkv

t
”/0 dse—l(t—s)LF(S)HL;(W;v,p) < CHF”L;“(W;?J”)?
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provided (r,p), (a,b) are admissible, i.e. 4 <r < co and % + % = % and the same for
(a,b).

By way of explanation we remark that these Strichartz inequalities can be deduced
in a standard way from the following dispersive estimates:

i 1.1
||6 7lth”V(/'k*p < |t| 2 ||f“kap/’ 2 < p < 0, k= Oa 13

see [2], [5], [6] for the proofs.

Next we introduce some notions related to the scattering problem for the operator
L. Let f(x,k), g(x,k) be Jost solutions corresponding to L, i.e solutions of the
equation (L — k?)u = 0, k € R, with the following asymptotic behavior as x — 400

(1.3) flz, k) = eik‘”(l +0(e™ ), x— +oo,

(1.4) glz, k) = e * (1 + 0(?™)), = — —oo.
The solutions f, g are smooth function of x and k& and the asymptotic representations
(1.3), (1.4) can be differentiated with respect to both variables.

Here and below we use 7y as a general notation for the positive constants that may
change from line to line.

For k #0, k € R, f(x,k), f(z,—k) = f(z,k) and g(x, k), g(x,—k) = g(x, k) form
two basises in the space of the solutions that are related by the transition matrix

T(k):
() =) me= (58 1) wro =

We denote by r(k)and s(k) the reflection and transmission coefficient:
b(k) 1 2 2
k) = k) = k k =1.
") =23 S0 = e IHBP +s(h)

Throughout this paper we shall suppose that r Z 0.

1.2. Main results.

Theorem 1.1. Let v # 0. Then for e sufficiently small (depending on v) equation
(1.1) has a unique solution ¢ (t) that satisfies as t — —oo

(1.5)

[(t) = woc @l = O(E), Wyl ) = e+ 200 —vt,62), w = == + 2

If r(v/2) # 0 then 1 is global (1(t) € C(R, H')) and is purely dispersive as t — +00:
there exists 1y € H' such that

(1.6) [ (t) = e g [l — 0, ¢ — +oo.
Here Ly = —92.

A more detailed description of the solutions in the post-interaction region is given
by the following theorem.
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Theorem 1.2. Let v # 0 and such that r(v/2) # 0. Then fort > T, T = e~3/2 the
solution 1(t) of (1.1) constructed in Theorem 1.1 admits the following representation:

U@ t) = 9" (2, t) + ¢ (2, 8) + n(z, 1),
W (x,t) = e’wzt/‘*””/%lmz*(s(x . vt),s2t),
¢l($,t) — e_i'u2t/4_ww/251/2z_(E(CL‘ + ’Ut),EQt),

Here 2% (y,T) are the solutions of the L? critical NLS:

+ :|:|4Z:l:7

iz = —Z;Ey -z

Zi"rzo = CH:SDO(?J),
ay =s(/2), a-=r{w/2),

and the remainder n satisfies

M) | oo ([7,00), 5YY F (17| L (17,00), W16) < Cet/2,

Remarks. 1. The powers e 3/2 in the definition of 7" and €!/? in the estimate of
n are not optimal. One can replace them by ¢~ and '~ respectively, with any
0> 0.

2. Since |at| < 1, ¥7, ¢! exist globally and scatter as t — co.

2. Proofs

In this section we prove theorems 1.1, 1.2. Since free NLS (2) is invariant under
the transformation  — —z it is sufficient to consider the case v > 0.

We split the analysis into two parts by considering separately the time interval
(—00,T], T = £73/2, where the interaction takes place, and the post-interaction
region [T, +00) where the effects of the potential become negligible.

2.1. Cauchy problem with initial conditions at —oco. We are interested in the
solution of (1.1) with asymptotic behavior (1.5). In this subsection we prove the
existence of such a solution and analyse its behavior for times ¢t < T'.
Proposition 2.1. There exist a unique solution ¥ (t) of (1.1) such that

[(t) = woe ()] = O(),  t — —c0.

Moreover,
(i) ¥(t) € C((—oo,T), H') and admits the estimates

01 O —wee Ol < OFo o ROl <O, 1T
(ii) at t =T, 1 has the following form
(2.2) Y(@,T) = T (o (@) + ho(2)),

Yo(z) = a_e2e 2 g0 (e(x + Xo)) + aqet/ 2 2o (e(z — Xo)), Xo = T,
where the remainder hy satisfies

(2.3) |hol g < CeV/2.
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Proof. We start by constructing a suitable approximate solution W (¢) of (1.1),
(1.5). W (t) is obtained as a perturbation of the profile W9(¢) defined as follows.

WO (x,t) = etel/? <<p(m —wt,e?)g(x, —v/2) + r(v/2)p(x + vt,e?)g(z,v/2)

+s(v/2)p(x — vt, 52)f(x,v/2)).

Here f(x,k) = 04 (x)f(x, k), §(z, k) = 0_(z)g(z, k), 6+ being the cut off function
that satisfy: 0 € C®(R), 0L +0_=1,0+(x) =1, =Lz >1.

It is easy to check that WY(¢) has the following properties. First, W9 satisfies
estimates (2.1), (2.2), (2.3) stated in proposition 2.1. More precisely,

e'yet
(24)  [WOt) —wy ()| < Crroe [OLWO (1) ||loo < CeY21=0,1,1 € R,
(2.5) WO (2, T) = e“Tho|| g1 < Ce.

Second, W0 solves equation (1.1) up to the error term
Ry = —iW + LWy + F([W° )W,
of the following structure:

Ro=R)+ Ry, R)=e“te2p0 (cot)e(x),

IRy () || g < Ce? teR.

e
14 evet’
Here e is an exponentially decaying function of x only. It is possible to give an explicit
expression for it but it is useless for our purposes.

We now construct W by adding to W° a correction W' that allows to get rid of
R{, and thus to improve the approximation. Define W as follows.

W (1) = e“16¥2 (o (e(o + v8))0- (2) — ph(e(@ — vt))bs () H(a),
where H = —(L —v?/4 —i0)~'e. H is in C°°(R) and has the following asymptotic
behavior at infinity:
H(z) = C1e®/2(1 4 0(eT77)), x — +oo.
A similar asymptotic representations holds for the derivatives 0¥H, k = 0,1. This
implies, in particular, that

yet
(2.6) W) g < 05% |0 WO ()]|oo < C¥2, 1=0,1, t €R.
€

et ’
Set
W=w’+w
It is not difficult to check that W solves (1.1) up to the error R = —iW; + LW +
F(|W]?)W that satisfies

(2.7) |R(t)|| g1 < Ce? teR.

e
1+ evet’
We are in position now to prove the existence of exact solution which for ¢ €
(—o00,T] is close to W(t). We do it by applying a standard fixed point argument.
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More precisely, we seck a solution (t) of (1.1) of the form 1 (t) = W (¢) + x(¢), which
leads to the equation

(2.8) ixt = Lx+ N(x) + R,

N(x) = F(IW + x*)(W + x) = F(]W[*)W.

For x satisfying || x||g: < C, one has

(2.9) INCOm < CE®lIxla + lIxl3m),

(2.10) IN(x1) = Nl < Cllxa = xellan (€2 + [Ixallz + [Ixzll70)-

We rewrite (2.8) as an integral equation

t
x(t) = (Ix)(t) = —Z'/ dse” "I (N (x(s)) + R(s)).
and view J is a mapping in the space C'((—oo,T], H')) equipped with the norm
Xl = sup (L + e ) [Ix(7) || -
T<T
It follows from (2.7), (2.9), (2.10) that

IIxI < B (172 + 2l + 21 )

136a) = S0l < Kallba = xalll (272 + =/ 2(hall1* + xall)

with some constants K, K;. This means that J is a contraction of the ball |||x|| <
2K¢e'/? into itself, provided ¢ is sufficiently small. Consequently, it has a unique fixed
point x that satisfies

e’yet
<T.

1/2
(211) ||X(t)||H1 S CE 1 _|_ e'ystﬂ t -

Combining (2.4), (2.5), (2.6), (2.11) one obtains estimates (2.1), (2.3) of proposition
2.1.

To prove the uniqueness, one can use a similar fixed point argument, applying it
to the integral equation

t
{=—i / dse LN (5(s)),

— 00

X=1v— Wy, e, N()Z) = F(|wv,£ + >~C|2)(wv,e + 5() - F(|wv,e‘2)wv,s-

This completes the proof of proposition 2.1. O
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2.2. Post- interaction region t > T. By proposition 1.1 we are left with the
following Cauchy problem:

(2.12) ihy = Lp + ([P, ¢ =0,

(2.13) Y|imo = o + ho € H',
wo — a_e_“””/Qel/Qapo(s(x + XO)) + a+e“’m/251/2300(5(x _ XO))
[hollr: < Ce'/?, Xo = ve™/2.

The initial value problem for equation (2.12) is known to be locally well posed in H*!
(see, for example, [1]). Thus, (2.12), (2.13) has a unique solution 1 (t) € C([0,T7*), H')
with some T* > 0 and either T* = 400 (the solution is global) or T* < oo and then
lo(#)||gr — oo as t — T. Furthermore, the Strichartz estimates of proposition 1.1
(with 7 = @ = 6) imply in a standard way that ¢ € L°([0,#], Wh°) for any t; < T*
and if 1 (t) is global and uniformly bounded in H' and has in addition a finite global
Strichartz norm |||/ s, w1.) then it scatters as ¢ — +oo: there exists a scattering
state ©oo € H' such that
(2.14) w(t) — e Fps|lgr — 0, t — +oo.

Observe also that using the linear scattering theory one can rewrite (2.14) in the form
[(t) = e= || — 0, ¢ — +o0,

where 1), € H! is related to 1), by means of the wave operator corresponding to the
pair Lo, L. In light of this discussion the proof of theorem 1.1 is reduced to showing
that for all ;1 < T one has a uniform bound

(2.15) () Lo ((0,61],20) + 1Pl Lo (0,61, w18y < C-

The rest of the subsection is devoted to the proof of this estimate. We start by
constructing a suitable approximate solution of (2.12), (2.13) which is built up in
terms of the following Cauchy problem for the Lo critical NLS:

. 4
izt = —2Zz0 — |2]" 2,
z|t=0 = apy, a€C, |a] <1.
Applying the pseudo-conformal transformation, one can write z as

y e4fit$-f1) o T 1
de ) = e T 1)

a|4ua

where u® solves

oo [e%

uy = —ul, — |u
—ix?/4

utli=—1 = ae wo(x).
Since |a| < 1, u®(t) exists globally and is in C'(R,S).
Next we introduce a modified profile u®* which is defined as a solution of the
Cauchy problem:
a,5|4ua,5

. a,e
iug "t = —ult —|u ,

U =0 =0 (|I|E> u®(z,0).
v

Here 6 € C§°(R) is a cut off function: 0 < 0(¢) <1, 6(§) = {

[

;<
0, [¢>

DO | [ =
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Clearly, u™© € C(R,S), uniformly with respect to ¢ sufficiently small, and satisfies
for any N

(2.16) [u™=(1) —u®(7)][z, < Cne™, -1<7<0.

Here || fllz, = llzfllar + 1 F ]l a2
The approximate solution W(t) of (2.12), (2.13) can be now defined as follows.

T(t) =y~ (t) + (),
wi(t) _ e—iv2t/4:|:ivm/2€1/21;:t(5(x :th:FXo),azt),
iz
~y ed+1) 4 T 1
t) = —
Vit = Gy (t+1’ t+1)°

ut =y E,

The basic properties of the profile U(z, t) are collected in the following proposition.
Proposition 2.2. (i) U satisfies the initial conditions (2.13) in the sense
(2.17) 19(0) = $(0)] 1 < CV/2,

(i) U(t) admits the estimate

1 1
€ 27
2.18 () lyrw < C | —— . t>0, k=0,1, 2<p< o0,
218) 0l <¢(523) > p <o
(iii) the error r = —iV, + LU + F(|V|?)W satisfies
(2.19) ||7‘||L6/5(R+7W1,6/5) < Ce.
Proof.

Part (i) follows directly from (2.16).
Estimate (ii) is a consequence of the bound
(2.20) I <z>"u*(N)|lg < Clm,

that holds for any [, m, uniformly with respect to 7 € [0, 1] and e sufficiently small.
To estimate the error r we write it as a sum r = rg + r1 + ro, where

ro=V(@)W¥, =7+ QT+ 0" + TR+ e
ry = F([)¥, F(&)=F(¢)+¢&
We first consider rg. For any I, m, one has
(2.21) <z >™ 0L (uE (2, 7) — u®c(2,11))| < Cim|T — 11|, 2 €R,

uniformly with respect to 7,71 € [0,1] and ¢ sufficiently small. Taking into account
the support properties of u®(0) (suppu®(0) C {|z| < £}), one can easily deduce
from this inequality that for any N,

N
€

! -yl =
05V @)W )] < Cove ™ s,

1=0,1.

In particular, this means that
N
||7"0HL6/5(R+}W1,6/5) < Cpe™.

Consider r:

] < Clo TP + [P,
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which implies
. 2/3
— )t
nOlos <0 (5 ) 17l
Similarly,
3

2/3
- - + — + _

1027165 < C <

The expressions [¢pT0LyF|, I = 0,1 can be estimated as follows:
+9l,,F EN
0 <Cy——.
[9* 0¥ < Oy
Here we have once more used (2.20).
Putting the last three inequalities together one gets
711l oss e, wrersy < Cne™.
Finally, it follows from (2.18) that

72l Lo/s (r, w5y < Ce.
This concludes the proof of proposition 2.2. O
We are now in position to prove the following uniform bounds for the difference
h(t) = (t) — W(t).
Proposition 2.3. For all t; < T* one has

IR | = (0,42], 10y + [l Lo (0,0, w00y < Ce/2.

Proof. The proof is based on the standard perturbation argument. We first esti-
mate ||| zs(o,¢,),w16). h(t) solves the Cauchy problem:
hli=o = h1,  h1 =¢(0) — ¥(0).
Here
Ni(h) = F(|% + h[*)(T + h) = F(|9*)P.
For h satisfying |h| < C, Ny(h) can be estimated as follows
(2.23) N1 (h)] < C (Ihl[@|* + |1]°)

(2.24) [0 N1 ()| < C ([hal ([91* + [R[*) + R(19] + [P ) + [A]°) .

As a consequence,
5/3
N (0 lyners < © (Hh(t)llHl ( ) + ||h<t>||§vl,e> ,

_&
1+¢e2t
and

(225) 1N (Al ors o, w0y < (IR (a0 + 1RO Foop )

pI‘OVided ||h(t)||Loo([O)tl])Hl) S C.
Rewritings (2.22) as the integral equation

h(t) = e~ tEhy — i /0 dse= " (r(s) + Ny (h(s)),



486 GALINA PERELMAN

and applying proposition 1.1, one gets from (2.17), (2.19), (2.25):
(2.26) 17l (0,61,w10) < C (51/2 + R (@) Lo (0,847, 1) + Hh”iﬁ([o,tl],wlvﬁ)) :
In order to estimate ||h||g: we use the identities:

d
%Hh(tw% =2Im (r + Ny(h), h)

%(Lh(t), h(t)) = 2Im (r + Ny (h), Lh).

By (2.18), (2.23), (2.24), they imply:

d
—Ih(®)]% < L
IO <o (=

2
( : )h<t>%+|h<t>6||r<t>||6/s+h<t>|2],

d
(LR, R)(H) < C

2
3
(155 1B + Wl s+ ||h|?4/1,6]

2
3
<0 [(m) (B, 1) + (b )+ Bl ol + ||h||€w,6] .

As a consequence:

d
St < -
/D=1

2
( - )y(t)+IIh(t)IIWI»GIIT(t)wa/s+IIh(t)Ilgw,s],

where y(t) = (Lh(t), h(t)) + (h(t), h(t)). Integrating this inequality and using (2.17),
(2.18), one gets

(2.27) 1017 (0,607, 51) < C(e + ellBll oo wrey + IRl Gs 0,00, 1))

Combining (2.26), (2.27), one obtains the bounds announced in proposition 2.3:

IR(E) | oo (0,61,1) + 1Pl 26 (0,60, w1 8) < Cet/?,

which together with (2.18) implies (2.15). This completes the proof of theorem 1.1.
Theorem 1.2 follows directly from proposition 2.3 and (2.16), (2.21).
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