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AFFINE SYMMETRIES OF THE EQUIVARIANT QUANTUM
COHOMOLOGY RING OF RATIONAL HOMOGENEOUS SPACES

PIERRE-EMMANUEL CHAPUT, LAURENT MANIVEL, AND NICOLAS PERRIN

ABSTRACT. Let X be a rational homogeneous space and let QH* (X)lfm be the group of

invertible elements in the small quantum cohomology ring of X localised in the quantum
parameters. We generalise results of [2] and realise explicitly the map w1 (Aut(X)) —

QH*(X)S, described in [14]. We even prove that this map is an embedding and realise
X

it in the equivariant quantum cohomology ring QH7.(X)/, .-

for the product by these elements.

The proof relies on a generalisation, to a quotient of the equivariant homology ring
of the affine Grassmannian, of a formula proved by Peter Magyar [8]. It also uses
Peterson’s unpublished result [11] — recently proved by Lam and Shimozono in [7] —
on the comparison between the equivariant homology ring of the affine Grassmannian
and the equivariant quantum cohomology ring.

We give explicit formulas

1. Introduction

For G a semisimple simply connected algebraic group, the center Z of G has several
interpretations. It may be canonically identified to the fundamental group m;(G?Y)
of the adjoint group G*! = G/Z. Another description is

Z~PY/QY

where PV and QV are the coweight and coroot lattices (see for example [1]). Nice
representatives of this quotient in PV are given by the opposites of the minuscule
fundamental coweights (—,’);er,, (recall that a dominant coweight A is minuscule if
(A\,a) = 0 or 1 for any positive root «). Here I,,, denotes the subset of the set I of
vertices of the Dynkin diagram of G parametrising the minuscule coweights.

The group Z can also be seen as the stabiliser, in the affine Weyl group W,g, of
the fundamental alcove (see [7, Page 16] or [8, Page 5]). By composition with the
natural map W.g — W to the finite Weyl group of G, one realises Z as a subgroup of
W. This subgroup is given by the elements (v;);cy,, , where v; is the smallest element
of W such that v;w) = wow,’, where wy denotes the longest element in W (see |7,
Page 16] for example).

In a different context, Seidel proved in [14] that the fundamental group of the group
of Hamiltonian symplectomorphisms of a symplectic variety X can be mapped to the
group QH*(X)/ . of invertible elements of the quantum cohomology ring localised in

loc
the quantum parameters (Seidel’s construction has coefficients in Z/27Z; here we use
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the definition in [9] which has integer coefficients). When X = G/P is a rational
homogeneous space, the natural projective structure of X induces a symplectic struc-
ture preserved by G (recall that the center Z of G acts trivially on X), and we get
a map

Z =m(G*) — QH*(G/P)};,.
which we call Seidel’s representation. According to [9], it is hard to describe this
map explicitly. This has been done by A. Postnikov for Grassmannians and the
variety of complete flags in type A (see [12] and [13]). In [2], we described explicitly
Seidel’s representation when X = G/P is a minuscule or cominuscule homogeneous
space; in particular we proved it is faithful. In this note we extend this result to
all homogeneous spaces. Moreover we provide an explicit formula for the product
by a class in the image of Seidel’s representation, in the more general setting of the
equivariant quantum cohomology ring QH}(X)ioc.

To the parabolic subgroup P of G, containing a fixed Borel subgroup, we associate
the set Ip of vertices of the Dynkin diagram defining P (with the convention that if P
is the Borel subgroup itself, Ip = I is the whole set of vertices of the Dynkin diagram).
For w € W, we denote by o’ (w) the Schubert class induced by w in H*(")(G/P,Z)
and by np the natural surjection Q¥ — QY/Q} from the coroot lattice to its quotient
by the coroot lattice of P. We prove:

Theorem 1. For any i € I, and any w € W, we have in QH}(G/P)ioc:
Up(vi) * Jp(w) = qu(wiv—w—l(wiv))UP(viw)'

Theorem 2. Seidel’s representation of the group m1(G*?) in QH*(G/P). is given,

fori € I, by —w; — o¥(v;).

For the complete flag variety G/B, Theorem 1 follows rather directly from a factor-
ization theorem in the affine Grassmannian due to Magyar, and Peterson’s comparison
theorem between the equivariant homology of the affine Grassmannian, and the quan-
tum cohomology of G/ B (see Remark 3.18). In order to prove Theorem 1 for arbitrary
flag varieties G/P, we will need to extend Magyar’s result in a suitable way. This
extension will rely on the introduction of certain variants of the tools introduced in
[11] and [7], and an important part of our work will consist in checking that some
of the key statements in these papers still hold in our extended setting. Once our
generalized Magyar’s formula, Proposition 3.16, is established, the proof of Theorem
1 in 3.5 readily follows.

2. Peterson’s map and Magyar’s factorisation formula

2.1. Affine Grassmannian, affine Weyl group and extended affine Weyl
group. Let us denote by QK the affine Grassmannian associated to the group G.
This is an ind-variety which can be defined as follows. Let K be a maximal compact
subgroup of G as a set, the affine Grassmannian is the set of functions f : S — K,
such that f(1) = 1x and f can be extended to a meromorphic function f : D — G on
the closed unit disk with poles only at the origin (see for example [8] for more details).
The affine Grassmannian QK may also be seen as the quotient G(C((t)))/G(C[[t]]).
The affine Weyl group W,g is defined as the semidirect product of the Weyl group
W by the coroot lattice QY (see [8] of [7] for more details). In the same way one
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defines the extended affine Weyl group Waﬂv as the semidirect product of W by PV
the coweight lattice (see [8] or [7]). Elements of these groups will be denoted by wty
with w € W and A € PY or A € QV. We will denote by PV the set of antidominant
coweights and by é its intersection with the coroot lattice.

Note that Wag is naturally a subgroup of W,g, which is normal, and that the
quotient Wog/Wog is isomorphic to PY/QV and thus to Z. The stabiliser of the
fundamental alcove defines a natural section Z — Wag of this quotient (see [8, Page
5]). The opposite of the minuscule coweights (—w, );cr,, are representatives of the
quotient PV/QV in PV. The image of —w,” with i € I,,, by this section is the element
(see [7, Page 16]):

T = ’Uit,wiv .

Recall the definition of the affine root lattice Q.g = @?:0 Zo; where o; are the
simple roots associated to the extended (or affine) Dynkin diagram . Recall also the
definition of the imaginary root § = ag + 6 where 6 is the longest root of the finite
root system. For more details on the affine root lattice, see [7]. Recall also the action
of the extended Weyl group Wag on the affine root lattice given by wty(a + nd) =
w(a) + (n— (A a))d. It follows that any 7 € Z induces an automorphism 4 — 7(z) of
the Dynkin diagram defined by the formula 7(c;) = a(;) for any simple root a;.

We already defined the element v;; it is also given by v; = wowéj' ', where wg denotes
the longest element of the Weyl group W, and wég * the longest element of the Weyl
group Wp, of the maximal parabolic subgroup P; of G associated to the cominuscule
simple root ;2. The element v; is also the longest element in W7, the set of minimal
length representatives of the quotient W/Wp,. This element is well understood, in
particular, we shall use the following fact. Recall that the Weyl involution f is defined
on roots by o — —wp(a) and induces an involution on the set of simple roots, that
we also denote by f.

Fact 2.1. (1) We have v; ' = V(i)
(1) Let o be a positive root, then v;(a) is positive if and only if (w;, ) = 0.

2.2. Equivariant homology. We will be interested in the equivariant homology
ring HI' (QK) of QK for a maximal torus T in G. We refer to [8] for details. Let
S = Hi(pt), then HI (QK) is a free S-module with basis (gx)er}f where &, is the

class of a Schubert variety in QK and W, is the set of minimal length representatives
of Wag /W in Wag. Note that we will assume, following [6, Page 4], that T' does not
contain the rotation action of S on QK (considered as a set of loops). This implies
that the image in S of the imaginary root § = 0 + «q is zero.

Let us denote by R the root system, by R* the set of positive roots and by R;
the set of positive roots in P. Define the subset (WF), o of Wag by

(WP, = {th € Wag /Va € R, (A a) = { 21 ﬁ:ﬁgz; z 8 }

Recall that we have
Wagg = — {wty € Wag / Vi, (A ;) =0 = w(a;) > 0}.

2Recall that these elements wé)"' define by oFi(u) +— UPi(wgiu) the strange duality in
QH; (G/P;), cf. [2] and [3]

loc
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Lam and Shimozono proved that

Jp = @ Sgac

QTEWaff\(WP)aff

is an ideal in HI (K). Moreover, they defined a map 7p : Wag — (W?P) 4 by
proving that for any x € W,g, there exists a unique factorisation x = zjxo with
T € (WP)aH and z2 € (Wp).g (the affine group associated to Wp). The map 7p is
defined by « — x1. We have the following proposition (see [7, Proposition 10.11]):

Proposition 2.2. Letz € W zN(WF) ¢ and X € Q. Then xmp(ty) € W, wNWP) o
and we have:

gmfﬂp(h) = &mP(U) mod Jp.

In particular, we may quotient and localise the equivariant homology ring as fol-
lows, and define

HT(QK)p = (HT (QK)[Tp)[E; ) A € Q.

2.3. Equivariant quantum cohomology. On the other hand, we consider the
equivariant quantum cohomology ring QH7.(G/P). For details we refer to [10] and
[7]. This ring is a free S[g;,i € Ip]-module with basis given by the Schubert classes
(0P (w))wewr (where WT is the set of minimal coset representatives of W/Wp and
Wp is the Weyl group of P). We localise this ring as follows:

QHT(G/P)ZOC = QHT(G/P)[ 1€ IP]

Lam and Shimozono [7, Theorem 10.16] proved the so called Peterson theorem (see
also [11]):

Theorem 3. The map ¢¥p : H (QK)p — QH3(G/P)ioc defined by
fwﬂp(tx)g;pl(t“) = an(A—H)UP(w)’
forwe WP and \, pu € @, is an isomorphism of S-algebras.

. Magyar’s factorisation formula. Denote by W

. the set of minimal length

representatlves of Waﬁ‘ /W in Waff An element z € W, . can be uniquely written as
x = 7;% where Z € W4 and i € I,,. Magyar proved the following formula (see [8,
Theorem A], the length condition I(z ) +1U(tn) = l(xty) being always satisfied for x in
W, and A € PY):

Theorem 4. Let A\ be antidominant in PV and let x and y in fW/a_ﬂg Assume that
xty =y. Then

&Gén =&  in HI (QK).

In order to prove Theorem 1 we will need a more general formula that will be
proven in the next section. However Magyar’s formula was a guide for our proof, and
it is sufficient to establish Theorem 1 for G/B (see Remark 3.18).
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3. Symmetries in the quantum cohomology

Instead of Magyar’s formula, which is true in the full equivariant homology ring
HT(QK), we prove a more general formula in the quotient ring H (QK)/.Jp. Theo-
rem 1 will be a straightforward application. B

We start with the definition of an extended nil Hecke ring Aag, acting on the
equivariant homology ring HI (QK?d) of the extended affine Grassmannian QK24
(see section 3.2). This action extends the known action of Axg on HI (QK).

3.1. Extended nil Hecke ring. Because of the natural inclusion of Z in Waﬁ7 we
can let Z act on the weight lattice; the result of the action of 7 € Z on a weight A will
be simply denoted 7(A). We have already observed that 7(c;) = ;). Recall from
[7, Section 6.1] the definition of the affine nil Hecke ring. It is a non-commutative ring
with generators A; for i € Iag and A in the weight lattice, subject to the following
relations:

A = A
AN = (Sl/\)flZ + <)\, Oélv> -1
AA = 0
AZAJAZ = A]AZA] if SiSjSi"' :SjSiSj"'

(in the last line, there are the same numbers of factors in all the products). Note that
the above set of relations is invariant under the action of 7 € Z, so that 7 yields an
algebra automorphism of Axg.

Definition 3.1. The extended nil Hecke ring AAH is the smashed product Z x Axg of
Aag by Z. As a Z-module, it is just the tensor product Z ® Aag. The multiplication
is defined by

(t®a)(c®b) =70 @0 '(a)b.

In other words, &Aff is generated by Z and Aag, with the relations Ta = 7(a)7.

Proposition 3.2. Let x € Waff and write x = 7% with 7 € Z and ¥ € Wag. Then
Eiie map T — T ® T extends the inciusz'on of Waﬂr@ Aag to a multiplicative inclusion
Wat — Aag. The elements © € Aag for x € Wag form a basis (over Frac(S)) of

&AH-

Proof. We only need to prove that this map is multiplicative. For x = 77 and y = 07,
we have ry = 700~ 1(Z)y in Wag and the result follows. Since the elements of Aag
defined by & € Wag form a basis of Aag over Frac(S), we can deduce the result for
Apg. O

3.2. Equivariant homology of QK. Recall from [8, Page 17] the definition of the
variety QK24 of based loops with values in the adjoint group K* = K/Z. The variety
QK? has its connected components indexed by Z. There is an action of T' on QK ad
and the fixed points for this action are indexed by W,g/W. Define the space LK?>? of
all loops in K = K/Z. We may also (as for QK see [8]) see QK?! as the quotient
LK? /K2 by writing any loop f € LK as f(t) = f(t)f(1)"1f(1) € QK. K24, In
particular, we have a left action of LK?d on QK. The group Z can be realised as the
subgroup of LK consisting of the points defined by the loops (t + v; exp(—2intw}))
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(see [8, Page 6]). This together with the classical realisation of W,g in LK?? gives
a realisation of the extended Weyl group Waﬂ in LK. The corresponding elements
are precisely the fixed points of the T-action.

The equivariant cohomology ring HI (QK??) has a basis indexed by Wa_ﬂs if &5,
with Z € W, is a class in HI (QK) and 7 is an element in Z, then the translation by
7€ LK™ in QK defines a class &z = 7+ & in HT(QK?*). Note that &, is simply
the class [7]. Following [8, Paragraph 1.2], we have for any 7 € Z and any € W :

§8a = &b

The ring HI (QK?%) is thus the tensor product ring Z ® HI (QK): the product is
defined by

(T®&)(0® &) =10 @ &G

We may define operators A; acting on the ring HI (Q2K??), in the same way as
they are usually defined as operators on H! (QK). That is, consider E — B the
universal principal LK?*-bundle. Then LK?! acts on the right on E x QK by
f-(e,fy = (ef~, ff). In particular, T acts on E x QK?*! and we may consider
the quotient £ xT QK24 of E x QK? by T. The equivariant cohomology is defined
by H:(QK*) = H*(E xT QK®) and the equivariant homology is the dual of that
space. Now for any vertex ¢ € I U {0} of the extended Dynkin diagram, there exists
an associated compact subgroup K24 of LK (see for example [8, Page 15] for the
subgroup K; of LK the group of loops in K; the group K2! is the image of K; in
LK), Consider the map m; : E xT QK?* — E x K QK™ and define the operator
A; by integrating on the fibers and pulling-back. By duality this defines an action of
A; on HI(QK?4). We may also consider any s € S as an operator on HI (QK?3d).
It is enough to do this for a weight A, for which the action is defined by intersection
with ¢;(Ly), where Ly denotes the line bundle defined by A. Finally we define the
operator 7 for any 7 € Z thanks to the translation by 7 in QK24

Proposition 3.3. These operators define an action of Aag on HT(QK?>) extending
the action of Aag on HI (QK). This action can be written as follows:

(r®a) (0®&) =70@ (07" (a) &)

Proof. If the action is well defined, it certainly extends the action of Aag on HI (QK).
We only need to verify that the commutation relations 74;7~! = A, ;) and 7577 =
7(s) are satisfied.

For the first one, we only need to remark that the conjugate group 7(K;)7~ ! is
K. For the second one, we may suppose that s is a weight A. Let L) be the line
bundle defined by the twisted action of T" on C given for ¢ € T' by multiplication with
7(A)(t). The operator 7s7~! is given by the intersection with ¢1(L}). This coincides
with the intersection with c;(L.(y))- O

_Forz € Wag, write x = 77 with 7 € Z and 7 € W,g. We define the element
A, € Apag by A, = 7 ® Az. We also define the length of an element x = 77 as the
number of inverted positive real roots, as in [7, Section 10.1], so that I(z) = I(Z).
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Proposition 3.4. The action Of&Aﬂ‘ on HT (QK?) is given by the following formula
£ = { Eoy if l(zy) = 1(z) +1(y) and zy € W

0  otherwise.

Proof. Write x = 77 and y = oy with 7,0 € Z and z,j € W,g. We have zy =
Too~1(7)y. We compute
A & =(T®45) (0®¢,)
=100 Az) &
=T70Q® Ao—l(f) . fy
But we know by a result of Kostant and Kumar [4] (see also [7, Section 6.2]) that
. f . { 5071(5)@\ if l((fﬁl(i'\)g) = Z(O'il(f)) + l(:f/\) and 071(§)§€ Wa_ﬁ
o’ T g —

0 otherwise,

thus we have the equality
§y _ { §$y if ((c™Y(@)y) =1(Z) +1(y) and o1 (T)y € W

0 otherwise.

The equality [(c~1(Z)) = I(Z) comes from the fact that o permutes the Simple roots
and the formula [(Z ) {a € RY; / Z(a) < 0}|. Moreover, since xy = 700~ 1(2)y, we
know that zy is in Waff if and only if 071(2)y is in W_. Furthermore, I(c7(2)y) =
[(zy) and I(z) + I(y) = U(Z) + [(y) so that the condition (¢~ (Z)y) = I(Z) + (7) is
equivalent to the condition I(zy) = I(z) + I(y). O

Remark 3.5. There exist, a priori, two actions of the extended affine Weyl group
Waff on HI'(QK??): one is given by the embedding of Waff in KAH. The other one
is simply defined on HT (K1) by the operators R’ induced, for z € W,g, by the
right multiplication R, in E xT QK2 by 2 considered as an element of ¢ LK?d.
This right multiplication operator is well defined because Waﬁ“ normalises T'. It is a
classical (but non trivial) result that these two actions coincide for the classical affine
Weyl group Weg (see [5, Theorem 11.3.9]). Since the action of 7 on a class &, is given
by &;. (see Proposition 3.4), which is also the class obtained by right translation on
Fad xT QK24 these two actions of /Waﬂ? coincide as well.

3.3. The map j*!. We want to generalise Theorem 6.2 in [7]. For this we need
to consider another basis of the ring HI (QQK?2d) given by T-fixed points in QK?d.

Recall that these fixed points are indexed by W,g/W and that good representatives
are given by PV by

Pty = (t — exp(2imt)) for A e PV.

Furthermore, for A\ and g in PV, these fixed points satisfy p;,p:, = piy¢, and the
affine Weyl group action gives x - pt, = Dy, -

Definition 3.6. Let th for A\ € PV be the element in HI (QK?) defined by
"/) tx Z/\ HT(QKad) - S

where iy denotes the inclusion of the T-fixed point py in QK?4.
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The fact that the elements v,, for A € P, form a basis of HT(QK?d) over
Frac(S), comes from the same statement for compact spaces (see [5, Theorem C8,
page 537]), and the fact that the extended affine Grassmannian, as well as the affine
Grassmannian, is an increasing union of compact 7T-stable finite dimensional Haus-
dorff subspaces.

Proposition 3.7. We have the following formulas:
wtﬁ/}tu = wt,\+“ a’nd X - ’(/}tk = wzt)\
for any A and p in PV and any v in Waﬂ.

Proof. These formulas are immediate consequences of the identities py, pr, = pi,t,

and 2 - pr, = Pat, - O
S)

We are now in position to generalise [7, Theorem 6.2]. We will denote by Z;
the centraliser of S in AAH. We also define the ideal J in AAH by

Aff (

J = Z Arg(1® Ay).
weW\ {id}

Proposition 3.8. There is an S-algebra isomorphism j* : HT (QK*d) — Zz,.(5)

such that for any x and y in Wa}f we have j24 @) = A, mod J andjad(gz)-gy = gxfy

Proof. This extends the similar result in [6], whose proof we follow. We define j2¢ by
letting ;24 (th) =t for A € PV, and extending by Frac(S)-linearity. Proposition 3.7
shows that it is an S-algebra morphism. The formula x - @Zt = {/;zt gives
jad(wt,\) . Q/Jtu = wt,\tu = wt,\wtu

which, since the elements th for A € PV form a basis of HI (QK?%), implies the
identity j24(&,) - & = &€y

To prove that the image is contained in Zz _(S), consider the action ¢ - (a+nd) =
(a4 nd — {a, A\)0)t\ where a is a root and § = ag + € is the imaginary root. As the
image of § in S is zero, the commutation relation follows.

We have jad(é;) Eid = Exéd = Ex for x € W;ﬁ. This implies that ;524 (é;) =A,+a
where a lies in the annihilator of &g € HY (QK?) in Aag. This annihilator is clearly
the ideal J.

Finally, let a =3 azx be an element in Zz (), then we have for v € S

e Waff

av = Z ax(v)r =va = Z Az V.

re Waff re Waff

In particular a, = 0 for all  such that x(v) # v for some v € S. But recall that the
action of w € W is given by w(a 4+ nd) = w(a) + nd and because 4 is send to zero,
this equals « if and only if w = id. In particular z has to be a translation, which
exactly means it belongs to the image of j2. O
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3.4. Generalised Magyar’s formula. In this subsection, we generalise Magyar’s
formula to the quotient HI (QK)/Jp. This formula, as for Magyar’s formula, is a
generalisation to coweights of the localisation formula of Proposition 2.2. Let us first
introduce some definitions.

Definition 3.9. We define the subset (WP )age OF Wag as follows : for x = 77 with
T€Zand T € Wag, v € (WF) 4 if T € (WP) 4.

Lemma 3.10. Define (Rp)/;z = {a+né € Rf; / a € Rp}, then we have
(WP)uq = {z € Wag / (8) > 0 for all B € (Rp)}}

Proof. Recall from [7, Section 10.3], that the condition in the lemma defines (W) ¢

in Wag. The extension to (WP )ag follows from the fact that Z stabilises the cone of
positive roots. O

For an element z € Waff, we write ¢ = 77 with 7 € Z and T € Wag. We need to
compare the properties of z and Z. We first compare their expressions as products
x =wty with A € PY, and T = vt, with p € Q".

Lemma 3.11. Let w € W and A € PV. Write A = fw;/(/\) + N, where A € QY and
i(A\) € L. Then

WA = T\ VFGEO) WEr—w=1 (@, x)))
where A —w™ (@Y ;) s in QY.

Proof. We know that there exist an index j, an element v € W and an element z € QY
such that wty = Tjut,;. We then get the equalities u = vj_lw and 1 = A—w ™ (wy(j)).
But 4 has to be in QV, hence f(j) = f(i(\)) and thus 5 = i()). O

Let A € PV and w € W. Write wtx = T;(\)Vf(i(x)) WEr—w- N Yo with A € QV.

()

Lemma 3.12. For any positive root « € R of the finite root system, we have the
equality

x(w(a) <0)+ (A o) = x(vpaoywla) <0)+ (A —w™ (Wf( o) ),
where x(A) =1 if A is true and x(A) = 0 otherwise.

Proof. Let us consider the following four cases:

1. w(a) > 0 and (wf(l( w(a)) =1,

2. w(a) > 0 and (w]Y(l(/\)), w(a)) = 0;

3. w(a) <0 and (w]Y(l( )

4. w(a) < 0 and (w]Y(l(/\)), ( )) =0.
According to these cases and setting u = vyy)w and p = A — w’l(w)Y(i(A))), we
have:
u(a) < 0 and (
u(a) > 0 and (
u(a) > 0 and (
u(a) < 0 and {

s @)
o) =
fh, cx)
fh, cx)

)

+ 1;

>

)
);
)
)

Ll e
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The statement can then be checked case by case. O

This lemma gives a generalisation to the extended affine Weyl group W of the
length formula given in [7, Lemma 3.1]:

Corollary 3.13. Let wty € Waff with w € W and A € PV. Then
Hwty) = Y Ix(w(a) <0)+ (A a)|.

a€Rt

5) implies that

),

Proof. The formula wty = T;(\)vf@i(n)WEx—w- LY

Hwix) = Hvpao)) Wir—w=1 (=Y, ))

and [7, Lemma 3.1] gives the formula

W) Wh—w=1 (Y, ) = > Ixwrioyw(a) < 0)+ A —w ™ (@) a)l-
a€ERT
We conclude thanks to the previous lemma. O

The previous lemma also provides a criterion, for an element x € Waﬂ, to be
such that 7 € (Wp)aﬁ. More precisely let wty € W,og. Write once more wty =

Ti) VF GO Whr—w=1 (=Y, 1))
Corollary 3.14. The element vye;(x)Wix—w “H@Y i 0ay) s in (Wp)aﬁ. if and only if,

for any root a € R

0 ifw(a)>0
(A, 0) = { -1 difw(a) <0

Proof. This condition is exactly the condition for an element wt), € Wa,g to be in
(WP), 4, see Lemma 10.1 in [7]. But remark that this condition is equivalent to

x(w(a) <0)+ (A a)=0

for all a € R;S. We conclude once more by the previous lemma. O

Corollary 3.15. An element wty withw € W and A € PV is in (WP)aH if and only
if, for any root o € RJ}S,

0 ifw(la)>0
(A o) = { -1 fw(a)<0

Proof. This is an immediate application of Corollary 3.14. O

The map 7p : Wag — (WF)_¢ extends to 7p : Wag — (WP)aLﬂr by setting 7p(z) =
rrp(Z) for x = 2. Many results of [7, Paragraph 10] on (W), 4 extend readily to
(AW/P)aH. This is the case of Lemma 3.1 (see Corollary 3.13), Lemmas 3.2 and 3.3
and Lemmas 10.2 to 10.6. The definition of the extension Tp of mp ensures that the
results of Proposition 10.8 in [7] remain true in our setting.
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Furthermore, we extend the definition of the ideal Jp by defining the following

ideal Jp of Aag:
Jp = Z Sa-
2EW L \(WP)

This is indeed an ideal because Wa_ﬁ and (WP ) are stable under left multiplication
by Z.

Proposition 3.16. For all z € Wa_ﬂ N (/1/1713)aff and A\ € PY, we have zmp(ty) €
W N(WP) 4 and

&€~ =&

mod Jp.

wp(ty) zmwp(tx)

Proof. We follow the proof of Proposition 2.2 by Lam and Shimozono (see [7, Propo-
sition 10.11]). Lemma 10.10 in [7] extends readily to

Lemma 3.17. Let A € PY be antidominant. Then (1® A;) ~£~7TP(,5A) =0 mod Jp for
alliel.

In particular J - &rp(ty) = 0 mod jp. Now we can apply Proposition 3.8 to get the
identity:
§alrp(tr) = Az Eap(ty) mod Jp.

Let us prove that the product xmp(ty) is length additive. We have seen that Propo-
sition 10.8 of [7] extends to Wag and (Wp)aﬁ. In particular © = wmp(t,) for
w € WP and v € PV antidominant and we have xmp(ty) = wrp(t,)mp(ty) =
wnp(ty4x). By [7, Lemma 3.3], because x and z7wp(ty) are in Wa_ﬂ, we have I(z) =
l(mp(ty)) — l(w) and l(zmp(tr)) = I(mp(tusr)) — L(w). We only need to prove that
l(mp(tysr)) = Ump(ty)) +1(mp(y)). Because Lemmas 3.3, 10.3 and 10.6 of [7] extend
to coweights, the same proof as for coroots in [7] gives the additivity. By propo-

sition 3.4, we thus have the formula §T§,rp(tA = Conp(tn) mod Jp. But writing
x = 7%, wp(ty) = omp(ty) and zwp(ty) = Toxmp(ty), this implies the equality

(T®§5)(O’®§ﬂj(t\>\)) = (TU®§MP ) ) mod Jp and thus §w§ﬂp(tk) = gzm) mod Jp.

Finally let us prove that xmp(ty) belongs to W;H N (Wp)aﬁ. Since x € (Wp)aﬂ, we
have zwp(ty) = mp(z)mp(ty) = mp(xty) (from the generalisation of [7, Proposition
10.8] to Wag). But z € W;H and A € PV, thus, by the generalisation of [7, Lemma
3.3] to Wag, we get that zt) € Wa_ﬂ Thanks, once more, to the generalisation of [7,
Proposition 10.8] to Waﬂ, we can then deduce the result. O

3.5. Application to symmetries. We are now in position to prove Theorem 1 for
any G/P. Let w be an element of the Weyl group W, let @,” be a minuscule coweight
and let ¢ and v be in QY. We begin with the formulas:

by = Tivf(i)t,(wierw;(i)Jr#) and Wyt oy —py = Tivf(i)wt—(wiv+w*1(w}(i))-‘ruﬁ/)'
Applying the map 7p, we get the equalities

Tp(t—wy ) = TP (Vs () ) TP~ (@) 4, +1))
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and

Wp(wt,,,t,wiv,‘u) = TﬂrP('Uf(i)w)'n—P(tf(w;/+w—1(wf(i))+p+u))-
For p and v dominant enough, the element wt_,, vf(i)t,(wiwrw]y(,ﬁ“) and the element
'Uf(i)wt,(w;/er—l(w;<i))+“+u) belong to W, and their images by 7p are in (W¥) 5N

W We may thus apply Proposition 3.16, and we obtain that modulo Jp the
following holds:

fﬂp(w)ﬂp(t—u)gﬂp(vﬂn)”P(h(wiww;(iﬁw) = gﬂp(vf(i)w)ﬂp(t—(wl\/+11;—1(w}/(i)-%—u-%—v))).

Applying Peterson’s map of Theorem 3, we get the corresponding formula in the
quantum cohomology ring:

P P P
0 (W) Gpp () * 0 (Vi) o () + Y +1)) = O (VF(6)W)dmnp (0 4w () u0))

hence finally:

o (@) %07 (V5(0) = dnp (w1 =y, (PrHW):

This concludes the proof of Theorem 1.

Remark 3.18. As a final remark in this section, let us explain briefly why Magyar’s
formula is not sufficient to prove Theorem 1 in full generality. The point is that, in

order to apply this formula, we need an element ¢ty € W_; N (WP ).~ But Corollary
3.14 implies the following fact:

Fact 3.19. A translation ty, with A\ € PV, is in W;H« N (Wp)aff if and only if X € PY
and (\,a) =0 for all « € RE.

In particular, if P is a maximal parabolic subgroup associated to a cominuscule
coweight @, (equivalently, if Ip = {i} for some ¢ in I,,), this implies that A needs
to be a multiple of ;. But then Magyar’s formula gives the Theorem 1 only for
multiples of vy(;). The corresponding symmetries of the quantum cohomology ring
are those generated by the quantum product with the punctual class [pt], which were
described in [2]. These symmetries do not generate the full group Z in general.

However, as we already mentionned, if the parabolic subgroup P is a Borel sub-
group, there is no restriction on A\ € PY. In this case our Theorem 1 follows from

Magyar’s formula.

4. Seidel’s representation

In this section, we prove Theorem 2. That is, we prove that O’P(Uf(i)) is the in-
vertible element S(w;") of the (localized) quantum cohomology ring, corresponding to
—wy € Z = m1(G*) through Seidel’s representation. As we recalled in the introduc-
tion, we use the integer-valued definition given in [9, Example 8.6.8]. Let us recall
Seidel’s construction.

Since G is simply-connected, the coweight lattice parametrise 1-parameter sub-
groups of T', our prefered maximal torus of G (which is contained in P). Let C* C T
correspond to w). The image of S1 C C* C T C G — G defines an element of
711 (G*?) which will be denoted 71 (w)’).

We now set M; = (C? — {0}) x© G/P. There is a natural map 7 : M; —
(C%2 — {0})/C* ~ P!. The fibers of 7 are isomorphic with G/P. As in [14], we
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denote T'M? the vertical tangent space, that is, the kernel of the differential dn
in TM;. Choose a point z € P!, and if S is a space of sections of 7, denote by
ev : S — 7 1(z) ~ G/P the evaluation map at z. In the following proposition, k
denotes the number of roots « in the unipotent radical of P such that (w),a) > 0.

Proposition 4.1. For any section s of m, one has deg(TM?)(s) > —k. Moreover,
let S denote the space of sections s of w such that deg(TM?Y)(s) = —k. Then ev,[S] €
H.(G/P) identifies via Poincaré duality with ¥ (v;).

We postpone the proof to the end of the section. Let us first investigate the
geometry of M; in more details. For A a Wp-invariant element of the root lattice,
we denote by Ly the associated G-linearised bundle on G/P. Moreover, if L is any
G-linearised bundle, we denote L* the bundle L x© (C? — 0) over M;. Let us finally
denote \p = Zaeq)Jr_q)P o.

Proposition 4.2. We have det(TM}) = L .

Proof. Let n: G/P x (C? —0) — M; denote the quotient map, and let p; : G/P x
(C? — 0) — G/P denote the first projection. Since 7 is a submersion, it induces
an isomorphism of vector bundles p;TG/P ~ n*T M. Moreover, this isomorphism
commutes with the C*-action, so that it induces an isomorphism TG//P x®" (C?—0) ~
TMY. We deduce that det(TM}) ~ det(TG/P) x© (C? —0) ~ L. O

Corollary 4.3. For s:P' — M, any section of w, one has deg s* det(TMY) > —k.

Proof. Let N = det(TM}) ® 7*O(k): we will show that N is nef. This implies that
for any map f : P — M;, deg f*N > 0. Hence for any section s of 7 we deduce that
deg s*det(TMY) > —k.

Let A1,..., A, be the weights of the G-module I'(G/ P, det(T'G/P)), counted with
multiplicities (so that u = dimI'(G/P, det(T'G/P)). Since m, det(T'M}) is the vector
bundle

['(G/P,det(TG/P)) xE (C? - 0),

we get
(1) N =P O\, w)) +k).
j=1

For the lowest weight —Ap of I'(G/P,det(T'G/P)), we have (—Ap,w)) = —k.
Therefore all the line bundles in (1) have non-negative degree. But then N is base-
point free, hence nef. This concludes the proof. O

Since det(T'MY) is relatively ample, we get an embedding M; — P(m.N)V. Let us
decompose I'(G/P,det(T'G/P)) as @, Ej, where our C* has weight j — k on Ej.
We have an inclusion -

(G/PNPEY) x P! ¢ M; C P(m,N)".

Proposition 4.4. If s is a section of m such that deg s* det(T'M}) = —k, there
exists xg € G/P NPEY such that s(u) = (u,x) € P* x (G/PNPEY) for all u € P
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Proof. The space of sections of N identifies with @ E; ® SIC2. Let f : M; —
P(@ E; ® S7C?) be the morphism defined by N. Since f*O(1) = N, if the degree of
s*det(T'M}Y) is —k then f o s is constant.

Note that for u # v € P!, we have f(n~'(u)) N f(x~'(v)) C PEy. Since fos
is constant, this implies that for all u € P!, s(u) belongs to P! x PEY and that the
induced morphism P! — PE} is constant. The proposition is proved. O

Proposition 4.1 is a consequence of the last two results and the following lemma
4.5 (in fact, we still have to prove that S is reduced; this will be a consequence of the
following argument).

Let us compute the constant term of S(w,’), the Seidel element corresponding to
the loop wy. With the notations of [9], this is So(7) where 7 : M; — P! is our
fibration. According to the remark before [14, Proposition 7.11], we can compute
So(m) as the push-forward (ev,,).S of the space S of sections of 7 of degree —k; by
proposition 4.1 we deduce Sy(w) = d.ap(vf(i)), where d > 1, with d > 1 in case S is
not reduced.

We can now easily complete the proof of Theorem 2. We can write any class
r € QH*(G/P) as x = Y my, 1o (w)q! for some integers z,, ;. We let |z| := > 24 1.
By formula [9, 8.6.4] and since M; is an algebraic variety, all the coefficients S(w,’) w I

are non-negative. Moreover we know that S(w)’) = d. From Theorem 1, and

Vf(4),0
since the product of any two effective classes is agaifr(l )effective, it follows that for any
effective class z in QH*(G/P), we have |z * S(w;’)| > |z|. Since S(w;") is unipotent,
this forces |S(w))| = 1, hence S(w)) = 0¥ (vs(;)). In particular d = 1, which also
completes the proof of proposition 4.1.

All that remains to prove is the following claim:

Lemma 4.5. Let L be a very ample homogeneous line bundle on G/P. Let G/P C
PT(G/P, L)V be the corresponding embedding. Let Eq C T'(G/P,L) be the lowest
weight space for a one parameter subgroup of G corresponding to a simple root «;,
and P; C G the corresponding parabolic subgroup. Then (G/PNPEY )req is the closed
P;-orbit in G/ P; its homology class is CTP(”Uf(i)).

Proof. Let x C T(G/P, L)Y be the highest weight line. Then x € G/P. Moreover,

['(G/P, L)Y is generated as a vector space by U(g).z, where U(g) denotes the envelop-

ing algebra of g. Consider [ = t&® @ g, a Levi subalgebra of p; = Lie(FP;); let
a:(a,wy)=0

L C G be the corresponding subgroup. By definition of Ey, its dual Ey is generated

by the lines U(l).z. This implies that Fy is an irreducible L-module.

The closed L-orbit L.z is contained in G//P NPEy. We claim that they are equal.
In fact, let O be any L-orbit in G/P NPEY. We have L.z C O. Moreover,

T,Lz= P goz=T.0.

(o,wy)=0

Thus L.z = O.
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Finally, in order to identify the Schubert class [L.z], we consider the incidence
diagram
G/(PNP) — G/P
I pi
G/P;
Let w € Wp, be the element corresponding to a fiber of p; (that is, the minimum
length representative of the class modulo Wp of the longest element in Wp,), and let
PP € W represent the open orbit in G/(PNP;). The element in Wi corresponding
to the open orbit in G/P; is v;, and therefore we have the relation v"F = vw,
which implies, since vi_l = vy(j), the relation w = vf(,-)vpﬁpf‘. Let F; denote a
fiber of p; in G/(P N P;). We deduce that [F] identifies by Poincare duality with
¥ (wovpwo) = ¥ (v;). Since the projection G/(P N P;) — G/P restricts to an
isomorphism on F;, we deduce that [L.x] identifies with o (v;). O
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