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SCATTERING FOR THE NON-RADIAL 3D CUBIC NONLINEAR
SCHRODINGER EQUATION

THOMAS DUYCKAERTS, JUSTIN HOLMER, AND SVETLANA ROUDENKO

ABSTRACT. Scattering of radial H' solutions to the 3D focusing cubic nonlinear Schré-
dinger equation below a mass-energy threshold M[u]E[u] < M[Q]E[Q] and satisfying an
initial mass-gradient bound |[ug||;2||Vuollr2 < [|Q|12[IVQ| 12, where Q is the ground
state, was established in Holmer-Roudenko [7]. In this note, we extend the result in [7]
to non-radial H' data. For this, we prove a non-radial profile decomposition involving
a spatial translation parameter. Then, in the spirit of Kenig-Merle [10], we control
via momentum conservation the rate of divergence of the spatial translation parameter
and by a convexity argument based on a local virial identity deduce scattering. An
application to the defocusing case is also mentioned.

1. Introduction

We consider the Cauchy problem for the cubic focusing nonlinear Schrodinger
(NLS) equation on R3:

(1.1) i0pu+ Au+ |[u?u=0, (2,t)€R>xR,
(1.2) u(z,0) = ug € H(R?).

It is locally well-posed (e.g., see Cazenave [3]). The equation has 3 conserved quan-
tities; namely, the mass Mu], energy F[u] and momentum Pfu]:

Mlu) = / lu(z,t)|* dz = Mug],

Blu) = 5 [ IVu(e. ) do — § [ u(e. 0" do = Blud,

Pl = Im/ﬂ(w,t) Vu(z,t) dz = Plug).

The scale-invariant Sobolev norm is H'/? and the scale-invariant Lebesgue norm is
L3. Let u(z,t) = e*Q(x); then u solves (1.1) provided Q solves the nonlinear elliptic
equation

(1.3) —-Q+AQ+|QPPQ=0.

This equation has an infinite number of solutions in H'(R3). The solution of minimal
mass, hereafter denoted by Q(x), is positive, radial, exponentially decaying, and
is called the ground state. For further properties of @, we refer to Weinstein [14],
Holmer-Roudenko [7], Cazenave [3].
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In Holmer-Roudenko [7, Theorem 1.1] (see also Holmer-Roudenko [8]), it was
proved that under the condition M[u]E[u] < M[Q]E[Q)], solutions to (1.1)-(1.2) glob-
ally exist if ug satisfies

(1.4) [uoll 22 [Vuollze < 1QIl2 V@I L2,

and radial solutions with initial data satisfying (1.4) scatter in H' in both time
directions. This means that there exist ¢4+ € H' such that

lim |ju(t) — e ¢ | g = 0.
t—too
In this note we extend the scattering result to include non-radial H' data.

Theorem 1.1. Let ug € H' and let u be the corresponding solution to (1.1) in H!.
Suppose

(1.5) M{u]E[u] < M[QIE[Q].
If |Juol| 2| Vuoll 2 < |1Qllz2|IVQ||L2, then u scatters in H!.

The argument of [7] in the radial case followed a strategy introduced by Kenig-Merle
[9] for proving global well-posedness and scattering for the focusing energy-critical
NLS. The argument begins by contradiction: suppose the threshold for scattering
is strictly below that claimed. A profile decomposition lemma based on concentra-
tion compactness principles (and analogous to that of Keraani [11]) was invoked to
prove the existence of a global but nonscattering solution u. standing exactly at the
threshold between scattering and nonscattering. The profile decomposition lemma is
again invoked to prove that the flow of u. is a precompact subset of H', which then
implies that u. remains spatially localized uniformly in time. This uniform localiza-
tion enabled the use of a local virial identity to establish, with the aid of the sharp
Gagliardo-Nirenberg inequality, a strictly positive lower bound on the convexity (in
time) of the local mass of u.. Mass conservation is then violated at a sufficiently large
time.

In this paper, we show that the above program carries over to the non-radial
setting with the addition of two key ingredients. First, in §2, we introduce a profile
decomposition lemma that applies to non-radial H' sequences. To compensate for the
lack of localization at the origin induced by radiality, a spatial translation sequence is
needed. We also here adapt the proof given in [7] of the energy Pythagorean expansion
(Lemma 2.3) to apply to non-radial sequences; in [7], an inessential application of the
compact embedding Hrlad — L* was used at one point. The profile decomposition
and concentration compactness techniques are previously used in works of Keraani
[11], Gerard [5], see also Bahouri and Gerard [1]-[2], and originate from P.-L. Lions
[12]-[13].

The application of the non-radial profile decomposition to time slices of the flow of
the critical solution u, yields the existence of a continuous time translation parameter
x(t) such that the translated flow u.(-—z(t),t) is precompact in H! (Prop. 3.2). This
implies the localization of u.(-,t) near x(t) (as opposed to the radial case, in which
localization is obtained near the origin).

Obtaining suitable control on the behavior of z(¢) is the main new step beyond
[7]. This is done by following a method introduced by Kenig-Merle [10] (who applied
it to the energy-critical nonlinear wave equation). First, we argue that by Galilean
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invariance, the solution u. must have zero momentum (see §4). An appropriate selec-
tion of the phase shift is possible in our case since our solution belongs to L2.! This
zero-momentum solution is then shown in §5 to have a near-conservation of localized
center-of-mass, which provides the desired control on the rate of divergence of x(t)
(specifically, z(t)/t — 0 as t — 00).

In §7, we remark on the adaptation of these techniques to the defocusing cubic
NLS in 3D.

2. Non-radial profile and energy decompositions

We will make use of the Strichartz norm notation used in [7]. We say that (¢,7) is
H?# Strichartz admissible (in 3D) if

2,3_38
qg r 2 ’
Let
llullsL2) = sup HU||L§L;~
(¢,r) L? admissible
2<r<6, 2<g<oo
Define

llls a2y = sup el oy -
(q,r) H'Y/? admissible
3<r<67, 4T <q<oo

where 6~ is an arbitrarily preselected and fixed number < 6; similarly for 4T.

Lemma 2.1 (Profile expansion). Let ¢, (z) be a uniformly bounded sequence in H?'.
Then for each M there exists a subsequence of ¢, also denoted ¢,,, and

(1) for each 1 < j < M, there exists a (fived in n) profile 1 (z) in Hl_,

(2) for each 1 < j < M, there exists a sequence (in n) of time shifts th,

(3) for each 1 < j < M, there exists a sequence (in n) of space shifts xi ,

(4) there exists a sequence (in n) of remainders WM (z) in H?,

such that
M

Snlz) =Y e By (@ — o) + W (2).
j=1
The time and space sequences have a pairwise divergence property, i.e., for 1 < j #
k< M, we have

(2.1) im [t —tF| + |2f — 2F| = +o0.

The remainder sequence has the following asymptotic smallness property?®:

(2.2) lim | lim_[[e"2 W2 g q1/2)| = 0.

M—+oc0 | n—400

11t could not be applied in the Kenig-Merle paper [9] on the energy critical NLS since the argument
there takes place in H .

2We can always pass to a subsequence in n with the property that ||e?*2 WM HS(Hl/Q) converges.
Therefore, we use lim and not limsup or lim inf. Similar remarks apply for the limits that appear in
the Pythagorean expansion.
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For fired M and any 0 < s < 1, we have the asymptotic Pythagorean expansion

M
(2.3) I llFre = D 197112 + W 13 + on(1).

j=1

Remark 2.2. If the assumption that ¢, is uniformly bounded in H' is weakened
to the assumption that ¢, is uniformly bounded in H/2, then the above profile
decomposition remains valid provided a scaling parameter \ is also involved, similar
to the theorem in [11]. However, it is not needed for the results of this note and for
simplicity of exposition the proof is omitted.

Proof. The proof is very close to the one of [7, Lemma 5.2]. We also refer to [11] for
a similar result in the energy-critical case.

Step 1. Construction of ¥}. Let Ay = limsup,, [[e"¢y,||pps. If Ay = 0, we are
done. Indeed, for an arbitrary H'/2-admissible couple (¢g,7) we have

. . 3 - 4
€% 0allar, < 1€“26nllzsng e 0nl 00 with 6= € (0,1).

Noting that Heimgf)nHLng < C|\énll g1z, we get that limsup, ||e“Aq5n||S(H1/2) =0,
and we can take ¢/ = 0 for all j.
If Ay >0, let
¢ = limsup [l

1

Extracting a subsequence from ¢,,, we show that there exist sequences t., 2> and a

function ¢! € H' such that

2.4 e”iA n(-+ b)) — ! weakly in H'
( n y ;
(2'5) KC% leugl/z 2 A??

where K > 0 is a constant independent of all parameters.

2
Let r = 12?
€] < r, and supp x; C [5-,2r]. By the arguments of [7], there exists sequences ¢},

xl such that

and x, be a radial Schwartz function such that x,(§) = 1 for % <

ith A 1 At
[Xr * €2y (7,)| = 322
Pass to a subsequence so that e“iAan( +azl) — 9! weakly in H!. In [7] the functions
¢n, are radial, and thus, by the radial Gagliardo-Nirenberg inequality, one can show
that x} is bounded in n, which is not necessarily the case here. As in [7], the estimate
lIxrll =172 < 1 yields, together with Plancherel and Cauchy-Schwarz inequalities, the
estimate (2.5).

Next, define Wk(z) = ¢n(z) — e nlepl(z — ). Since en®e, (- + 1) — !

n

in H', expanding [[W,]|3,, as an inner product and using the definition of W, we
obtain
. . 2.1
lim [|W %, = lim [l 2,5, — [¢'|%., 0<s<1,
n—oo n—oo

which yields (2.3) for M = 1.
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Step 2. Construction of Y7 for j > 2. We construct the functions 17 inductively,
applying Step 1 to the sequences (in n) W7=1. Let M > 2. Assuming that o7, x4, tJ,
and W7 are known for j € {1,... M — 1}, we consider

Ay = limsup HWTILVI_lHL?CL3 .

If Ay =0, we take, as in Step 1, 17 = 0 for j > M. Assume Ay, > 0. Applying Step
1 to the sequence WTILM —1 we obtain, extracting if necessary, sequences x,]y , tf\{[ and a
function ™ € H' such that

(2.6) et AWMLy My s M weakly in H,

(2.7 Ky, ||¢MHH1/2 > A3, where cpr = limsup |[W Y| 1.

We then define WM (z) = WM=1(z) — e=itn' BypM (g — M),
We next show (2.1) and (2.3) by induction. Assume that (2.3) holds at rank M —1.
Expanding

2 - M 2 M _ 2
2 = oo s sl = e emio o o]

s
and using the weak convergence (2.6), we obtain directly (2.3) at rank M.

Assume that the condition (2.1) holds for j,k € {1,...,M—1}. Let j € {1,..., M —
1}. Then (here, W = ¢,,),

M-1
—e AWM (g gl ) AW (o4 ad ) — o () = Z ei(t%_t:mwk(x—&—xi—xﬁ).
k=j+1
By the orthogonality condition (2.1), the right hand side converges to 0 weakly in H!
as n tends to infinity. Furthermore, by the definition of WJ =1,
AW (2 + 2) — i (2) =0 weakly in H'.

Thus, e»AWM=1(z + 23) must go to 0 weakly in H'. From (2.6), we deduce, if
WM #£0

lim |}, — |+ |8, — 1] = +oo,
which shows that (2.1) must also holds for kK = M.

It remains to show (2.2). Note that by (2.3), car < ¢ for all M. If for all M,
Apr > 0, we have by (2.3)

A3 < K2 Y I < K2 timsup oul, . < o
M>1 n>1

which shows that Ay tends to 0 as M goes to oo, yielding (2.2) and concluding the

proof of Lemma 2.1. O
Lemma 2.3 (Energy Pythagorean expansion). In the situation of Lemma 2.1, we
have

M ‘
(2.8) Elpn) =Y Ele™ "¢’ + EIW] 4 0n(1).

j=1
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Proof. According to (2.3), it suffices to establish for all M > 1,

M ) ]
(2.9) lonullte =3 fle= 7 || L, + [[WM |10 + on(1).

j=1
Step 1. Pythagorean expansion of a sum of orthogonal profiles. We show that if
M > 1 is fixed, orthogonality condition (2.1) implies

4
4

M .
= [lehaws]
L
4 Jj=1

By reindexing, we can arrange so that there is My < M such that

e For 1 < j < My, we have that t{L is bounded in n.
e For My + 1< j < M, we have that |t/ | — 0o as n — oc.

M
(2.10) S et Ay — ) L+ on(1).
=1

L

By passing to a subsequence, we may assume that for each 1 < j < M, tJ, converges
(in n), and by adjusting the profiles ¢/ we can take tJ, = 0.

Note that
(2.11) My+1<k<M= lim He*”i%k‘

n—-+4oo

=0.
L4

Indeed, in this case [t | — oo asn — co. For a function ¢ € H3/*NL*/3, from Sobolev
embedding and the LP space-time decay estimate of the linear flow, we obtain

_ itk ~ C ~
||€ 7,tTLAQp]€||IJ4 < C||¢k - 1/)||H3/4 + |tk|3/4 ||1/]HL4/3‘
n

By approximating ¢ by ¢ € C in H3/% and sending n — oo, we obtain (2.11).
By (2.1), if 1 < j < k < My, lim,, |2J, — 2¥| = 400, and thus, it implies
4

> ¥ (=)
j=1

which yields, together with (2.11), expansion (2.10).

MO -
=>4 +on(D),
j=1

L4

Step 2. End of the Proof. We first note

(2.12) lim ( lim }|W,{VIIHL4) =0.

Mi—+o0 \n—+o0

Indeed,
W s < (e AWt | po s

it A 1/2 it A 1/2
< e AW s e AW

< [ AW L2 Ly sup (67
By (2.2), we get (2.12).
Let M > 1 and € > 0. Note that {¢,}, is uniformly bounded in L*, since it is
uniformly bounded in H' by the hypothesis; furthermore, by (2.12) {WM},, is also
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uniformly bounded in L*. Thus, we can choose M; > M and N; such that for n > Ny,
we have

(2.13)  |llgn — W34 — [|dnllTa

IR = W g — W

< | (sup -+ sup WA WS e+ W20 | <
By (2.10) , we get No > Ny such that for n > Na,
PR j
e PRI B
j=1

(2.14) <e.

4
L4

Using the definition of W}, expand WM — WM to obtain

Wal =Wl = ) TR — ).
j=M+1
By (2.10) there exists N3 > Ny such that for n > No,

M- ) 4
4 —itd 1
(2.15) ' Wi —wnlt - Y e <<
j=M+1
By (2.13), (2.14) and (2.15), we obtain that for n > Nj,
M _ 4 y
4 —itd j
ol = Y- e L, = w2l | < e
j=1
which concludes the proof of (2.9). O

3. Outline of the proof of the main result

Let u(t) be the corresponding H?! solution to (1.1)-(1.2). By Theorem 1.1(1)(a) in
[7] the solution is globally well-posed, so our goal is to show that

(3.1) [l g1y < oo

This combined with Proposition 2.2 from [7] will give H! scattering. We will use the
strategy of [9]. We shall say that SC(up) holds if (3.1) is true for the solution u(t)
generated from wug.

By the small data theory there exists 6 > 0 such that if M[u]Eu] < § and
luoll L2 [[Vuoll 2 < [|Qllr2|VQ| L2, then (3.1) holds. For each § > 0 define the set
Ss to be the collection of all such initial data in H':

S5 = {up € H' with M[u]E[u] <& and |juollz2||Vuollzz < [|Qlz2|VQ|lL2}.
Next define (M E). = sup{d : up € Ss = SC(up) holds}. If (ME). = M[Q|E[Q],
then we are done, so we assume

(3.2) (ME). < MIQIE[Q].

Then there exists a sequence of solutions u, to (1.1) with H?! initial data u, o (rescale
all of them to have ||u,||r2 = 1 for all n) such that ||Vu,ollr2 < |Q|r2||VQ|L2 and
Eluy] \, (M E). as n — 400, for which SC(uy, ) does not hold for any n.
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The next proposition gives the existence of an H'! solution u. to (1.1) with initial
data uc,p such that ||ucof 2||Vucollr2 < [|Q| L2||VQ| L2 and Muc]Euc] = (ME), for
which SC(uc,0) does not hold. This will imply that K = {uc(-—z(t),t) |0 <t < 400}
is precompact in H' (Proposition 3.2). As a consequence (see Corollary (3.3)) we
obtain that for each € > 0, there is an R > 0 such that, uniformly in ¢, we have

(3.3) / Vet 2)2ds < e.
|z+a(t)|>R

This together with the hypothesis of zero momentum (which can always be achieved
by Galilean invariance — see §4) provides a control on the growth of z(¢) (Lemma 5.1).
Finally, the rigidity theorem (Theorem 6.1), which appeals to this control on z(t) and
the uniform localization (3.3), will lead to a contradiction that such critical element
exists (unless it is identically zero) which will conclude the proof.

Proposition 3.1 (Existence of a critical solution). Assume (3.2). Then there exists
a global (T* = +00) solution u. in H' with initial data uco such that |uc,l

Eluc] = (ME). < M[Q|E[Q],

L2:1;

IVuc(t)|| 2 < [|Qlr2|VQ|lrz  for all 0 <t < +o0,
and

||UCHS(H1/2) = +00.
Proof. The proof closely follows the proof of [7, Prop 5.4]. O

Proposition 3.2 (Precompactness of the flow of the critical solution). With u. as
in Proposition 3.1, there exists a continuous path x(t) in R® such that

K = {u.(-—2(t),t) [t € [0,400) } C H*
is precompact in H' (i.e., K is compact).

Proof. For convenience, we write u = u.. We argue by contradiction. By the argu-
ments in Appendix A, we can assume that there exists 7 > 0 and a sequence t,, such
that for all n # n/,

(3.4) inf |lu(- — zo,tn) — u(-, tw)|| 52 > 7.
To€ER3

Take ¢,, = u(ty,) in the profile expansion lemma (Lemma 2.1). The remainder of the
argument closely follows the proof of [7, Prop 5.5]. O

Corollary 3.3 (Precompactness of the flow implies uniform localization). Let u be a
solution to (1.1) such that

K ={u(-—z(t),t)|t € [0,400) }

is precompact in H'. Then for each € > 0, there exists R > 0 so that

/ |Vu(z, t)> + Ju(z, t) > + [u(z, t)|[* dv < e, for all0 <t < +oo.
|lz+x(t)|>R
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Proof. If not, then there exists € > 0 and a sequence of times ¢,, such that
/ IV, £)| + [, )2 + [u(, t)|* d > €,
|xt+z(tn)|>n
or, by changing variables,

(3.5) /| N [Vau(x — z(tn), tn)|? + [u(z — 2(tn), tn)|* + [u(z — z(t,), tn)[* dz > e

Since K is precompact, there exists ¢ € H! such that, passing to a subsequence of
tn, we have u(- — x(t,), t,) — ¢ in H'. By (3.5)

R>0, [ VO + @) + o)l 2 <
x| >R
which is a contradiction with the fact that ¢ € H'. O

4. Zero momentum of the critical solution

Proposition 4.1. Assume (3.2) and let u. be the critical solution constructed in
Section 3. Then its conserved momentum Pluc] =Im [ acVuc dx is zero.

Proof. Consider for some & € R? the transformed solution
we(z, t) = eim'&’e*m&"zuc(x — 2&pt, ).

We compute
IVwell72 = [€0|*M [uc] + 260 - Pluc] + || Vue||7-.
Observe that M[w.] = M[u.] and

Elw] = 3 6ol*Mluc] + 6o - Pluc] + Bfuc]

To minimize E[w,|, we take &y = —Pluc]/M[uc].
Assume Pluc] # 0. Choose & = — ]\Ij[[ﬁfc]]. Then Plw.] = 0 and
1 Pluc]? 2 2 Pluc]?
4.1) M =M E =F - = 2 = ellz2 — .
(41) Mlud = Mud, Blu] = Blue 3 TH [Tl = [Vl - T

Thus, M[w.|E[w:] < M[uc)Elue], ||wellpzl|Vwellrz < [|QlL2||VQ| 2. By Proposi-
tion 3.1, ||luc|[g(s1/2) = 400, and hence, [[we||g(s1/2) = 400, which contradicts the
definition of .. O

5. Control of the spatial translation parameter

Observe that

(5.1) %/aﬂu(m,tﬂ? dx = QIm/ﬂVudx = 2P[u].

Since Pluc] = 0 (see Prop. 4.1), it follows that /a:|uc(a:, t)|? dz = const, provided

it is finite. We will replace this identity with a version localized to a suitably large
radius R > 0. Provided the localization R is taken large enough over an interval [tg, t1]
to envelope the entire path x(t) over [to,t1], we can exploit the localization of u. in
H?! around x(t) (induced by the precompactness of the translated flow uc(- — z(t),t))
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and the zero-momentum property to prove that the localized center of mass is nearly
conserved. The parameter x(t) is then constrained from diverging too quickly to +oo
by the localization of u. in H' around z(t) and the near conservation of localized
center of mass. We refer to [10, Lemma 5.5] for a similar proof in the case of the
energy-critical non-radial wave equation.

Lemma 5.1. Let u be a solution of (1.1) defined on [0, +00) such that Plu] =0 and
K = {u(- — z(t),t)|t € [0,00)} is precompact in H', for some continuous function
z(-). Then

t
(5.2) ? —0 ast— +oo.
Proof. Assume that (5.2) does not hold. Then there exists a sequence t, — 4+
such that |z(t,)|/t, > €o for some ¢y > 0. Without loss of generality we may assume
z(0) =0. For R > 0, let

to(R) = inf{t > 0: |z(t)] > R},

i.e., to(R) is the first time when x(¢) reaches the boundary of the ball of radius R. By
continuity of z(t), the value to(R) is well-defined. Moreover, the following properties
hold: (1) to(R) > 0; (2) |=(t)] < R for 0 <t < to(R); and (3) |z(to(R))| = R.

Define R,, = |z(t,)| and ¢, = to(R,). Note that ¢, > t,, which combined with
|z(tn)|/tn > €0 gives Ry /t, > €. Since t,, — +oo and |z(t,)|/t, > €y, we have
R, = |z(t,)| — +o00. Thus, t, = to(R,) — +oco. At this point, we can forget about
tn; we will work on the time interval [0,%,] and the only data that we will use in the
remainder of the proof is:

(1) for0<t < tn, we have |2(t)| < Ry;
(2) |z(tn)| = Rn;
(3) {—n > €o and £, — +oc.

By the precompactness of K and Corollary 3.3, it follows that for any € > 0 there
exists Rp(e) > 0 such that for any ¢ > 0,

(5.3) / (Jul® + |Vul?) dz < e
|2+ (t)|> Ro(e)

We will select € > 0 appropriately later.

For z € R, let 6(x) € C°(R) be such that 6(z) = z, for -1 <2 <1, 0(z) =0
for |z| > 213 10(x)] < |z|, |0]loc < 4, and ||0]|ec < 2. For x = (21,22, 73) € R3, let
d(x) = (6(x1),0(x2),0(x3)). Then ¢(x) = x for |z| < 1 and ||¢||sx < 2. For R > 0,
set ¢r(z) = Rp(z/R). Let zg : R — R3 be the truncated center of mass given by

nlt) = /(bR(m) lu(z, £)[2 dz .
Then 25(t) = ([zx(1)]1, [2R(t)]2, [2R(t)]3), where

[ZR(1)]; = 2Im/9’(mj/R) dju udz.
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Note that ¢’(x;/R) =1 for |z;| < 1. By the zero momentum property,

Im Jjut = —Im ojut,
|z |[<R |z >R

and thus,

[2R(1)]; = —2Im dju udr +2Im 0'(z;/R)0;u udx,

lzj| >R lzj| >R

from which we obtain by Cauchy-Schwarz,
(54) @1 <5 [ (VuP o+ JuP).
|z|>R
~ Set R, = R, + Ro(e). Note that for 0 < ¢t <, and |z| > R,, we have |z + z(t)| >
R, — R, = Ro(€), and thus, (5.4) and (5.3) give
(5.5) |2 (t)| < 5e.

Now we obtain an upper bound for zz (0) and a lower bound for z5 (2).

0= [ o @) [ o, (@luo(@)? dz
| <Ro(e) jo+2(0)[> Ro(c)
and hence, by (5.3), we have
(5.6) |2, (0)] < Ro(e)M[u] + 2Ry, €.

For 0 < t < t,, we split Zh, (t) as

2 (1) = / b5 () [uz, D[ di + / b, () Julz, ) da.
|z4x(t)|>Ro(€) |z4x(t)|<Ro(€)

=I+4+1I

To estimate I, we note that [¢z ()| < 2R,, and use (5.3) to obtain [I| < 2R,e. For
I1, we first note that |z| < |z+z(t)|+|=(t)| < Ro(e)+ Ry, = Ry, and thus ¢, (z) = .
We now rewrite II as

1= / (z +z(t)|u(z, )| do — z(t) / |u(z,t)|* do
[+ ()| <Ro(e) |z+2(t)|<Ro(e)

= / (x + x(t)|u(z, t)|* do — 2(t) M[u] + =(t) / lu(z, )| do
|z+a(t)|<Ro(e€) |z+a(t)|>Ro(€)

=IIA + IIB + IIC.

Trivially, |[ITA| < Ro(e)M[u], and by (5.3), [IIC| < |z(t)|e < Ryne. Thus,
25, (£)] = [IIB| — [T — [TTA| — [TIC]|
> |x(t)|M[u] — Ro(e)M[u] — 3Re.

Taking t = £,,, we get
(5.7) |2, (E)] = Ry (M[u] — 3¢) — Ro(e)M[u] -



1244 T. DUYCKAERTS, J. HOLMER, AND S. ROUDENKO

Combining (5.5), (5.6), and (5.7), we have

tn
5€tn2/0 |z;§"(t)|dt2

> R, (M[u] — 5¢) — 2Ro(e)M|u] .

Dividing by ¢, and using that R,, > R, (assume € < %M [u]), we obtain
R, 2R M
5e> =" (Mlu] — 5¢) — o(9)M[u]
tn ty
Since R, /t, > €y, we have
2Ry (€)M [u]

5e > eg(M[u] — 5e) —

n

Take € = M|u]eg/16 (assume €y < 1), and then send n — +o0. Since #,, — +o0, we
get a contradiction. O
6. Rigidity theorem

We now prove the following rigidity, or Liouville-type, theorem.

Theorem 6.1 (Rigidity). Suppose ug € H' satisfies Plug] = 0,

(6.1) M{uo] Elug] < M[Q]E[Q]
and
(6.2) [uollr2(Vuoll 22 < QL2 IVQ| L2

Let u be the global H* solution of (1.1) with initial data ug and suppose that
K ={u(-—z(t),t) |t € [0,+00) } is precompact in H'.
Then ug = 0.

Before beginning the proof, we recall in Lemma 6.2 below a few basic facts proved
in [7]. These facts are consequences of the Gagliardo-Nirenberg inequality

lullzs < cenllull 2| Vulz,

with the sharp value of cagn expressed as
B 4
3QI:0VQI2

CGN
One also uses the relation
MIQIFIQ) = QI3 V@I
which is a consequence of the Pohozhaev identities.

Lemma 6.2. If M[u]E[u] < M[Q]E[Q] and ||uollz2|[Vuollrz < |Qllr2IVQ| L2, then
for all t,

(6.3) [u(®)ll 2| Vu@)| 2 < @lQl2IVQIlL2,
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1/2
where w = (%) . We also have the bound, for all t
(6.4) 8 Vu(t)|* = 6llu(t)|zs = 8(1 — w) [ Vu(t)|Z2 = 16(1 — w)Elu].

We remark that under the hypotheses here, E[u] > 0 unless u = 0. In fact, one has
the bound Elu] > & || Vugl|2..

Proof of Theorem 6.1. In the proof below, all instances of a constant ¢ refer to some
absolute constant. Let ¢ € C§° be radial with

(2) = lz|2 for |z| <1
LS for |z|>2

For R > 0, define
2r(t) = /R% (f) lu(z, t)2 dz .
R K
Then, by direct calculation,
2 (t) —21m/RV<p ) Vu(t) a(t) de.
R
By the Holder inequality,
(6.5) |2R(t)| < cR [Vu(®)|lu(t)| dz < cR|[Vu(t)]| L2 [[u(t) L2

|lz|<2R

Also by direct calculation, we have the local virial identity

_42/ axjaxk 68::88;1 %/(AQ“") (%) Jul® - /(A“") (%) Jul"

Since ¢ is radial, we have

(6.6) 400 = (5 [ 1907 =6 [ ul") + Anto)

where
:c ou 0% x\ Ou Ou
“>:4Z/(<33j@<§ 2)‘1, T4 / B, 008 (ﬁ)%jm

j I#kR<|s|<2R

e JEae [ (0G0

From this expression, we obtain the bound
1
60 et <e [ (1P + P + ) o

|z|>R
We want to examine zg(t), for R chosen suitably large, over a suitably chosen time
interval [to,t1], where 1 < tg < t; < co. By (6.6) and (6.4), we have

(6.8) |25 (t)] = 16(1 — w)Efu] — [Ag(u(t))|-
Set e = 1=2 E[u] in Corollary 3.3 to obtain Ry > 0 such that V' t,
1—
(6.9 / (vl + ol + futt) < S ),
|z+z(t)|>Ro c
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If we select R > Ro + sup;, <<, |z(t)], then (6.8) combined with the bounds (6.7)
and (6.9) will imply that, for all tg <t <y,

(6.10) |2%(t)] > 8(1 — w)Eu].
By Lemma 5.1, there exists tg > 0 such that for all ¢ > to, we have |z(t)| < nt,

with > 0 to be selected later. Thus, by taking R = Rg -+ nt1, we obtain that (6.10)
holds for all tg < ¢ < t;. Integrating (6.10) over [tg,t1], we obtain

(6.11) 2k (t1) — 2R(to)| = 8(1 — w) Elul(ty — to).
On the other hand, for all ty < ¢ < ¢;, by (6.5) and (6.3), we have
|2k ()] < cRlJu®)lL2[Vu(t)llz2 < eR||Q| 2] VQ 2
< el QU2 IVQIlL2(Ro + nt1).
Combining (6.11) and (6.12), we obtain
8(1 — w)Elul(ty — to) < 2¢|Q 2 [VQ|[ 2 (Ro + nt1).

Recall that w and Ry are constants depending only upon (M[u]E[u])/(M[Q]E[Q]),
while n > 0 is yet to be specified and ¢ty = to(n). Put n = (1 —w)E[u]/(c||Q]2]|VQ]|2)
and then send 3 — +o0o to obtain a contradiction unless E[u] = 0 which implies
u = 0. g

(6.12)

To complete the proof of Theorem 1.1, we just apply Theorem 6.1 to u. constructed
in Proposition 3.1, which by Propositions 3.2 and 4.1, meets the hypotheses in The-
orem 6.1. Thus uc,o = 0, which contradicts the fact that [[uc||g(g1/2) = 00. We have
thus obtained that if ||uo||p2||Vuollr2 < |Q|r2l|VQ| L2 and M[u]E[u] < M[Q]E[Q],
then SC(uo) holds, i.e. [[ul[g(f1/2) < 0o0. By Proposition 2.2 [7], H?! scattering holds.

7. Remarks on the defocusing equation

One may use the above arguments to show H'-scattering of solutions of the defo-
cusing equation

(7.1) i0pu+ Au— |ul?u=0, (2,t)€R>xR,
(7.2) u(z,0) = ug € H(R?).

In this case, scattering is already known, as a consequence of Morawetz [6], or inter-
action Morawetz [4] inequalities.

We argue by contradiction. If scattering does not hold, there exists a critical
solution u., which does not scatter, and such that Mu.]F[u.| is minimal for non-
scattering solutions of (7.1). As before, one shows that Plu.] = 0, and that there
exists z(t) such that the set K = {u.(t,- — x(t)), t € R} is precompact in H'. Note
that because of the defocusing sign of the non-linearity, we do not need to assume
Mluc)Eu.] < M[Q]E[Q] and [Juc(0)|2 [[Vue(0)||r2 < |Q|l2 [|VQ]|L2. The control
of the spatial translation z(¢) works as in Section 5, and one concludes as in Section 6,
by a localized virial argument using that in the defocusing case, the second derivative

of the localized variance zg(t
( /|w2 +6 1) + Bau(o),
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where Bp satisfies the bound

Br(u®)l <c [

|z| =R

(Ivul + gl + o)) ds

Note that the use of the virial identity is potentially more robust since one might be
able to handle variants of the NLS equation (for example with a linear potential) that
might be out of reach for Morawetz based proofs.

Appendix A. A lifting lemma

In this appendix, we discuss some basic analysis facts needed in the very beginning
of the proof of Prop. 3.2.

Let G = R3 act on H! by translation, i.e., (¢ - ¢)(z) = ¢(z — z0). Write G\H*
for the quotient space endowed with the quotient topology. We represent elements
of G\H' (the equivalence classes) by [#], and let 7 : H' — G\H' be the natural
projection.

Lemma A.1. G\H! is metrizable with metric
d([¢], [v]) = inf J¢(- = z0) = lla-
o ER3

With respect to this metric, G\H"' is complete. (Caution that G\H*' is not a vector
space, however.)

Proof. First, we establish that the orbits of G are closed in H'. The orbit of 0 is 0.
Suppose ¢ # 0, {r,} C R? and ¢(- — x,,) converges to ) in H'. Then we claim that
T, converges. Indeed, if not, then either x,, is unbounded and there is a subsequence
x, such that |z,| — oo, or x, is bounded and there are two subsequences =, — g
and x,, — x{. In the first case, we obtain that ¢ = 0 (by examining, for fixed R > 0,
the convergence on B(0, R)), which implies ¢ = 0, a contradiction. In the second
case, we obtain that ¢(- — xg) = ¢(- — x(,), only possible if ¢ = 0, a contradiction.

Next, we verify that d is a metric. Suppose d([¢],[¥]) = 0. Then inf, cgs |¢(- —
x9) — ¥|lgr = 0, and thus 1 is a point of closure (in H') of the orbit of ¢. But
since the orbits are closed, ¢ belongs to this orbit, and thus, [¢] = [¢]. The triangle
inequality is a straightforward exercise dealing with infima, and symmetry is obvious.

Suppose [¢,] is a Cauchy sequence; to show that it converges, it suffices to show that
a subsequence converges. We can pass to a subsequence [¢,] so that d([¢n], [dnt1]) <
27", Take x1 = 0. Construct a sequence x,, inductively as follows: given x,_1, select
Ty, 50 that ||¢n_1(- — 2p_1) — ¢p(- — ) ||z < 27" Then ¢, (- — x,,) is a Cauchy
sequence in H', and hence, converges to some ¢. It is then clear that [¢,] — [¢] in
G\H!'.

It can be checked that for each ¢ € H' and r > 0, n(B(¢,7)) = B([¢],r). There-
fore, the topology induced by the metric d on G\ H'! is the quotient topology. O

The following two lemmas will reduce Prop. 3.2 to proving that the set
m({u(-,t) [t €[0,+00)})
is precompact in G\ H*.
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Lemma A.2. Let K be a precompact subset of G\H'. Assume
(A1) 30 >0 such thatV ¢ € 7 Y (K), 1 <|o|lm-
Then there exists K precompact in H' such that 7(K) = K.

Proof. Let B(0,1) be the unit ball in R3. We first show by contradiction that there
exists € > 0 such that for all p in K, there exists ¢ = 1(p) € 7~ 1(p) such that

(A2) [ @) 1 (B0,1)) = €

If not, there exists a sequence ¢,, in 7~ 1(K) such that

1

(A.3) sup ||¢n (- — xo)llm1(B(0,1) < -
T ER3 n

The precompactness of K implies, extracting a subsequence from ¢, if necessary, that

there exists ¢ € H' such that 7(¢,) — p in G\H"'. In other words, if ¢ is fixed in

71 (p), inf, ers ||dn(- — 20) — G| g1 tends to 0 as n tends to infinity. Thus, one may

find a sequence z,, in R? such that

(A.4) [fn(- —zn) = Sl — 0.

n—-+o0o

Now, by (A.3), for all zg € R?, ||¢y (- — 2o — @) || w1 (B(0,1)) < - Hence, by (A.4), for
all zg, ¢ vanishes on B(xg,1). But then ¢ = 0, which contradicts assumption (A.1),
concluding the proof of the existence of x(¢).

Let K = {4(p) | p € K}, where t(p) satisfies (A.2). Of course, 7(K) = K. By
the definition of z(¢),

(A.5) Voer H(K), [olmmo e

Let us show that K is precompact. Let ¢, be a sequence in K. Then by the precom-
pactness of K, there exists (extracting subsequences) ¢ € H' and a sequence z,, of
R3, such that

(A.6) i [ (- = 20) = 6lln =0,

Note that K being precompact, ¢,, is bounded in H*, thus, we may assume (extracting
again)

(A7) Jim [ = £ € (0, +00).

Let us show that x,, is bounded. If not, we may assume that |z,| — 4+00. By (A.5)
and (A.7), we have

limsup [|¢n (- — 20) |51 (B0, |2, | —1)) < € — €.

n—oo

As |z,| — oo, we conclude that ||@|| g1 < £ — e, contradicting (A.7). Therefore, x,, is
bounded. Extracting if necessary, we may assume that z,, converges, which shows by
(A.6) that ¢,, converges. This concludes the proof of the precompactness of K. O

Lemma A.3. Let u be a global H' solution to (1.1). Suppose
m({u(t) |t €[0,+00)})
is precompact in G\H'. Then there exists x(t), a continuous path in R?, such that

{u(- —2(t),0) |t € [0,+00) }
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is precompact in H'.

Proof. By taking K = n({u(-,t)|t € [0,400) }) in Lemma A.2, we obtain K precom-
pact in H! such that 7(K) = K. For each N, the map u : [N, N+1] — H" is uniformly
continuous. Thus, for each N, there exists oy > 0 such that if ¢,¢' € [N, N + 1] and
[t —t'| < dn, then |lu(t,:) —u(t’,-)||gr < 1/N. Let t, be the increasing sequence of
times — 400 defined to include evenly spaced elements with density dy in [N, N +1]
for each N. (Thus, t, is an increasing sequence with possibly more elements per
unit interval as we move out to +o00). For each n, select z(t,) € R3 such that
u(- — x(ty),t,) € K. Now define z(t) to be the continuous function that connects
2(t,) to x(t,41) by a straight line in R3.

We claim that {u(- — z(t),¢)|t € [0,+00)} is precompact in H'. Indeed, let
sk be a sequence in [0,+00). Then there exists a subsequence (also labeled sy)
such that either s converges to some finite sy or s — +oo. In the first case,
u(- — x(sk), sk) — u(- — x(s0), s0) by the continuity of u(t) and z(t). In the second
case, for each k, obtain the unique index n(k) such that t,)—1 < sp < tpx). By
the precompactness of K, we can pass to a subsequence (in k) such that both u(- —
E(tn(k)—1)s tak)—1) and u(- — z(tn() ), tak)) converge in H'. By the density of the ¢,
sequence and uniform continuity of u, we obtain that u(- — 2 (t,x)—1), tn)) converges
and that it suffices to show that u(- — x(sk),t,x)) has a convergent subsequence.
But since both u(- — 2(tn(k)—1), tnk)) and u(- — x(ty(k)), tnr)) converge, we have that
2(tpy—1) — T(tyx)) converges. Recall that z(sy) lies on the line segment joining
2(tpy—1) and x(tny)), and thus, x(sg) — @(t,x)—1) converges (after passing to a
subsequence). Hence, u(- — x(sg), tn(x)) converges in H'. O

Thus, to prove Prop. 3.2, it suffices to prove that
(A.8) m({u(t) |t €[0,+00)})

is precompact in G\H'. Since G\H! is complete, if we assume that (A.8) is not
precompact in G\ H?, then there exists a sequence {[u(t,)]} in G\H! and n > 0 such
that d([u(t,)], [u(tn)]) = n, or equivalently, (3.4) in the proof of Prop 3.2 holds.
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