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A NOTE ON STEIN FILLINGS
OF CONTACT MANIFOLDS

ANAR AKHMEDOV, JOHN B. ETNYRE, THOMAS E. MARK, AND IVAN SMITH

ABSTRACT. In this note we construct infinitely many distinct simply connected Stein
fillings of a certain infinite family of contact 3—manifolds.

1. Introduction

Given a contact 3-manifold (M, €) it is useful to understand the types of fillings
it has. In particular, Stein and strong fillings of (M, &) can be used in symplectic
cut-and-paste procedures. Recall that X is a Stein filling of (M, &) if X is the sub-
level set of a plurisubharmonic function on a Stein surface and the contact structure
induced on 90X by complex tangencies is contactomorphic to (M,¢). Many early
results concerning Stein fillings pointed to a finiteness result. For example, Eliashberg
[4] showed the tight contact structure on S® has a unique Stein filling. McDuff [12]
and Lisca [11] have shown that the tight contact structures on Lens spaces that are
covered by the standard tight contact structure on S® have a finite number of Stein
fillings. Several other uniqueness results are known [13, 14, 17]. However, Ozbagci and
Stipsicz [15] and independently Smith [18] have shown that certain contact structures
have infinitely many Stein fillings. The fillings in these examples had non-trivial
fundamental group (they were distinguished by torsion in the first homology group).
As various constructions in 4-manifold topology are simpler when the fundamental
group is not controlled it was natural to ask if there is a similar non-finiteness result
for simply connected Stein fillings. Our main result shows there is.

Theorem 1.1. There is a sequence of distinct contact manifolds (M;,&;), each of
which has an infinite number of homeomorphic, but non-diffeomorphic, simply con-
nected Stein fillings.

These examples are a simple consequence of Fintushel and Stern’s work [7] but
fill a gap in the literature concerning Stein fillings of contact structures. It follows
from the construction here and work of Ozbagci and Stipsicz [15], for example, that
the manifolds (M;, ;) each have infinitely many non-homeomorphic Stein fillings, as
well as infinitely many homeomorphic but non-diffeomorphic Stein fillings. One issue
that is tantalizingly left open is whether or not there is a contact 3—manifold whose
Stein fillings realize infinitely many values for their Euler characteristics x, or realize
infinitely many pairs of values for (x, o), where o is the signature. Given any natural
number n it is not hard to check that the construction below will provide a contact
manifold (M, &) whose Stein fillings realize at least n distinct pairs (x, o).
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2. Knot Sugery and Lefschetz Fibrations on E(n)x

2.1. Lefschetz fibrations on FE(n). Recall that the elliptic surface E(n) can be
described as the desingularization of a double branched cover. Specifically, consider
the double branched cover of CP* x CP! whose branch set By ;, is the union of four
disjoint copies of CP* x {pt} and 2n disjoint copies of {pt} x CP*. This branched cover
has 8n singular points corresponding to the intersections of horizontal and vertical
lines in the branch set Bs,,. Each singular point is easily seen to be a cone on RP3.
After desingularizing the above space by removing a neighbourhood of each singular
point and replacing it by the unit cotangent bundle of S?, which is a D?-bundle over
S? with Euler number —2, one obtains E(n).

The horizontal and vertical fibrations of CP' x CP! pull back to give fibrations
of E(n) over CP*. A generic fiber of the vertical fibration is the double cover of 52,
branched over 4 points. Thus a generic fiber is a torus and the fibration is an elliptic
fibration on E(n). The generic fiber of the horizontal fibration is the double cover
of §2, branched over 2n points, which is a genus n — 1 surface. The resulting genus
n — 1 fibration has 4 singular fibers which correspond to preimages of the four copies
of S2? x pt’s in the branch set together with the spheres of self-intersection —2 coming
from the desingularization. While this fibration is not a Lefschetz fibration it was
shown in [7] that it can be slightly deformed near the singular fibers to become a
Lefschetz fibration. The deformation amounts to a Morsification of the singularities
of the singular fibers and is akin to semistable reduction in algebraic geometry (here
no base change is required); the details of the local model are not relevant for our
construction. Notice that the generic fiber of the horizontal fibration ¥,,_; intersects
a generic fiber F' of the elliptic fibration in two points.

2.2. Lefschetz Fibrations on FE(n)k. Let K be a fibered knot of genus g and let
F be a generic torus fiber of E(n). Denote by N(K) an open neighbourhood of K in
3. Then a knot surgered elliptic surface is a manifold

E(n)x = (E(n)\ (F x D)) U (S" x ($°\ N(K)),

where each normal 2-disk to F' is replaced by a fiber of the fibration of S\ N(K)
over S'. This does not necessarily determine E(n)x up to diffeomorphism since
there is still ambiguity in the gluing map; however, the Seiberg-Witten invariants are
determined [6] and we let E(n)x denote the manifold obtained by any gluing map
satisfying the above criteria. Since F' intersects each generic horizontal fiber twice,
we get an induced fibration

h:E(n)g — CP!
with fiber genus 2g +n — 1.
Lemma 2.1. [7] Let K be a fibered knot of genus g. The manifold E(n)k admits a
locally holomorphic fibration (over (CPl) of genus 2g + n — 1 which has exactly four

singular fibers. Furthermore, this fibration can be deformed locally to be Lefschetz with
no reducible fibers.

We also note the following fact about these Lefschetz fibrations.
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Lemma 2.2. Let K be a fibered knot of genus g. Then for any n, the Lefschetz
fibration E(n)k admits two disjoint sphere sections each with self-intersection —2.
Moreover, if S denotes one such section, then E(n)g\S is simply connected.

Proof. Let S’ be one of the vertical spheres {pt} x CP' in CP' x CP' that is part
of the branch locus in the description of E(n) above. In the double branched cover
S’ lifts to a sphere S and after desingularizing to obtain E(n) we get a sphere S
that intersects each of the four desingularizing D? bundles over S? in a fiber. One
can easily check (cf. [7]) that S has self-intersection —2 and is a section of the genus
n — 1 Lefschetz fibration of E(n) over CP'. Moreover, since S intersects one of the
desingularizing S?’s in a point, its meridian is null-homotopic in the complement of
S. Thus, as F(n) is simply connected, the fundamental group of the complement of
S, which is normally generated by its meridian, is trivial.

When normal summing S* x S3 to E(n) to construct E(n)x, the sphere S and the
desingularizing S? are not affected. Thus S is still a section with simply connected
complement. Lastly, taking another vertical sphere in the branch locus provides a
section that is disjoint from S. O

3. Extensions of diffeomorphisms over plumbings

Let X, , be the 4-manifold obtained by plumbing ¥, x D? to a D?-bundle over
S? with Euler number —n. The main result of this section is the following extension
result.

Lemma 3.1. Any orientation preserving diffeomorphism of 0X, , extends over Xg .

Proof. The case when n = 0 is clear since X, is the boundary sum of 2g copies of
St x D3.

If n # 0 and g > 0 then 90X, is a Seifert fibered space over 3, with one singular
fiber over the point p € X,. Let ¢ be a diffeomorphism of 0X, ,. Let C' = {c1,..., ¢4}
and C' = {c}, ..., cy} be collections of curves on 3, such that the curves within each
collection are disjoint and ¢; N c;» is exactly one point if i = j and empty otherwise.
We moreover assume that no curve in C' or C’ goes through the point p and C and C’
are chosen so that X, \ (CUC") is a planar surface. Finally choose a curve C” on X,
so that C” is disjoint from the curves in C’, intersects each curve in C' in one point,
is disjoint from the point p and £, \ (CUC"UC") consists of two disks. Let T and T’
be the preimages of C' and C’ in 09X, ,,. These are collections of incompressible tori.
Thus ¢(T') is also a collection of incompressible tori. It is well known in this situation
that the collection ¢(T") can be isotoped to be vertical (that is a union of fibers in the
Seifert fibration), [8, 9]. By extending this isotopy to all of X ,, we can assume ¢(T')
is a collection of vertical tori. Each component of 7" in 90X, \ T is an incompressible
and boundary incompressible annulus. The images of these components will also be
such annuli and thus can be isotoped to be horizontal or vertical. Since a horizontal
annulus in 90X, \ T would be part of a horizontal torus in 90X, ,, which does not
exist, we can further isotop ¢ so that ¢(T") and ¢(T') are collections vertical tori. We
can similarly isotop ¢ so that ¢(7") is a vertical torus, where T" is the preimage of
C" in 0X,,,. At this point it is clear that ¢ can be further isotoped to preserve the
Seifert fibration on TUT" UT" and even on a neighborhood of TUT" UT".
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As the tori in TUT’UT" consist of regular fibers we can assume they are contained
in the X, x D? part of X, ,,. Each such fiber in this part of the Seifert fibration bounds
an obvious disk in X, ,,. We can now extend ¢ over those disks whose boundaries are
fibers in a neighborhood of T U T’ U A, where A is the union of all but one of the
components of 7" in 90X, ,, \ (T'UT’). It remains to extend ¢ over the D?-bundle
over S2. The boundary of this bundle is L(n,1). In [2] it was shown that, up to
isotopy, there is precisely one non-identity diffeomorphism of L(n,1). Recall L(n,1)
is the double branched cover of S% with branch set the boundary of the unknotted
annulus or M6bius band with —n half twists. The nontrivial diffeomorphism of L(n, 1)
is simply the covering automorphism of this two fold cover, see [2]. Since the disk
bundle bounded by L(n,1) is the two fold branched cover of B* branched over the
interior of the above mentioned annulus or Mébius band with its interior pushed into
the interior of B? it is clear that this diffeomorphism extends over the disk bundle.
Thus we may extend ¢ over the rest of X, ,,. O

4. Stein fillings

In this section we construct our examples of contact structures with infinitely many
distinct, simply connected Stein fillings all of which are homeomorphic. We begin by
recalling a well-known relation between Lefschetz fibrations and Stein manifolds.

Lemma 4.1. Let f : X — CP' be a Lefschetz fibration of a 4-manifold with ir-
reducible fibers that admits a section S of square —n. If F' is a generic fiber of the
fibration then X — (F U S) admits the structure of a Stein manifold. Moreover, the
Stein manifold fills the contact 3-manifold (Y, §) where & is supported by an open book
decomposition with page F\v(SNF), where v(SNF) is a neighborhood of SNF in F,
and monodromy n-right handed Dehn twists about a curve parallel to the boundary.

This well known lemma follows from the handlebody description of Lefschetz fi-
brations and the relation between open books and contact structures, see [1, 5, 16].
With the above preparation we are now ready to prove our main result.

Theorem 4.2. Consider the contact manifold defined by the open book decomposition
with page a surface of genus g > 4 having one boundary component and monodromy
2m positive Dehn twists about a curve parallel to the boundary. This contact mani-
fold has infinitely many homeomorphic but non-diffeomorphic simply connected Stein

fillings.

Proof. Notice that the manifold defined by the open book decomposition in the the-
orem is the Seifert fibered space M(g;m) over a surface of genus g with one singular
fiber of multiplicity 2m. Let &, ., denote the contact structure on M(g;m) that is
supported by this open book.

From Lemma 2.2 we know that for a genus g fibered knot K in S®, E(n)x has a
genus 2g + n — 1 Lefschetz fibration with a section S of square —2, the complement
of which is simply connected. It is clear that X412 embeds in E(n)x as a
neighborhood of a fiber and S. From Lemma 4.1 we know that S, x = E(n)k \
Xog4+n—1,2 is a Stein manifold filling the contact structure {44y,—1,1 described in the
theorem. Moreover, S, i is seen to be simply connected by the existence of a section
of E(n)k disjoint from S.
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If K; is a sequence of fibered genus g knots in 52 with distinct Alexander poly-
nomials, which by [10] always exists if g > 1, then the E(n)g,’s are all mutually
non-diffeomorphic. Indeed, according to a Theorem of [6], they are distinguished by
their Seiberg-Witten invariants. Thus by Lemma 3.1 we conclude that the S, x, are
all mutually non-diffeomorphic Stein fillings of £og4n—1,1. It follows easily from [3,
Proposition 0.5] that these manifolds are all homeomorphic.

The existence of infinitely many examples of contact 3-manifolds, as asserted in
the theorem, now follows by taking fiber sums (see [16]) of the E(n)g,’s. O

Acknowledgements

The authors thank Selman Akbulut, Ciprian Manolescu, Peter Ozsvédth, Patrick
Popescu-Pampu and Ron Stern for useful discussions in the preparation of this note.
We also thank the referee for making several useful comments concerning the expo-
sition. A.A. was partially supported by NSF grant DMS-0244663. J.E. was partially
supported by NSF grants DMS-0707509 and DMS-0244663. 1.S. was partially sup-
ported by an ERC grant.

References

[1] S. Akbulut and B. Ozbagci, Lefschetz fibrations on compact Stein surfaces, Geom. Topol. 5
(2001) 319-334 (electronic).

[2] F. Bonahon, Difféotopies des espaces lenticulaires, Topology 22 (1983), no. 3, 305-314.

[3] S. Boyer, Simply-connected 4-manifolds with a given boundary, Trans. Amer. Math. Soc. 298
(1986), no. 1, 331-357.

[4] Y. Eliashberg, Filling by holomorphic discs and its applications, in Geometry of low-dimensional
manifolds, 2 (Durham, 1989), Vol. 151 of London Math. Soc. Lecture Note Ser., 45-67, Cam-
bridge Univ. Press, Cambridge (1990).

(5] J. B. Etnyre, Lectures on open book decompositions and contact structures, in Floer homology,
gauge theory, and low-dimensional topology, Vol. 5 of Clay Math. Proc., 103—141, Amer. Math.
Soc., Providence, RI (2006).

[6] R. Fintushel and R. J. Stern, Knots, links, and 4-manifolds, Invent. Math. 134 (1998), no. 2,
363-400.

, Families of simply connected 4-manifolds with the same Seiberg- Witten invariants,

Topology 43 (2004), no. 6, 1449-1467.
[8] A. Hatcher, Notes on Basic 3-Manifold Topology. Http://www.math.cornell.edu/ hatcher/.
[9] W. Jaco, Lectures on three-manifold topology, Vol. 43 of CBMS Regional Conference Series in
Mathematics, American Mathematical Society, Providence, R.I. (1980), ISBN 0-8218-1693-4.
[10] T. Kanenobu, Module d’Alezander des neeuds fibrés et polynéme de Hosokawa des lacements
fibrés, Math. Sem. Notes Kobe Univ. 9 (1981), no. 1, 75-84.
[11] P. Lisca, On lens spaces and their symplectic fillings, Math. Res. Lett. 11 (2004), no. 1, 13-22.
[12] D. McDuff, The structure of rational and ruled symplectic 4-manifolds, J. Amer. Math. Soc. 3
(1990), no. 3, 679-712.
[13] H. Ohta and K. Ono, Symplectic fillings of the link of simple elliptic singularities, J. Reine
Angew. Math. 565 (2003) 183-205.
[14] , Simple singularities and symplectic fillings, J. Differential Geom. 69 (2005), no. 1, 1-42.
[15] B. Ozbagci and A. 1. Stipsicz, Contact 3-manifolds with infinitely many Stein fillings, Proc.
Amer. Math. Soc. 132 (2004), no. 5, 1549-1558 (electronic).

, Surgery on contact 3-manifolds and Stein surfaces, Vol. 13 of Bolyat Society Mathemat-

ical Studies, Springer-Verlag, Berlin (2004), ISBN 3-540-22944-2; 963-9453-03-X.

[17] S. Schonenberger, Planar open books and symplectic fillings, Ph.D. thesis, University of Penn-

sylvania (2005).
[18] I. Smith, Torus fibrations on symplectic four-manifolds, Turkish J. Math. 25 (2001), no. 1,
69-95.

[16]



1132 A. AKHMEDOV, J. B. ETNYRE, T. E. MARK, AND I. SMITH

SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, 686 CHERRY STREET, ATLANTA,
GA 30332-0160
E-mail address: aakhmedo@math.uci.edu

SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, 686 CHERRY STREET, ATLANTA,
GA 30332-0160
E-mail address: etnyre@math.gatech.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF VIRGINIA, P. O. Box 400137, CHARLOTTESVILLE,
VA 22904-4137
E-mail address: tmark@virginia.edu

DEPARTMENT OF PURE MATHEMATICS AND MATHEMATICAL STATISTICS, UNIVERSITY OF CAM-
BRIDGE, WILBERFORCE ROAD, CAMBRIDGE, CB3 OWB
E-mail address: I.Smith@dpmms.cam.ac.uk



