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ON THE HYPOTHESIS K* OF HARDY, LITTLEWOOD AND
HOOLEY AND ITS RELATION WITH DISCRETE FRACTIONAL
OPERATORS

MARIA J. CARRO

ABSTRACT. In this paper, we revisited the relation between the Hypothesis K* of Hardy,
Littlewood and Hooley and the boundedness of the discrete fractional operator

oo ok
Duogf(n) = %,
m=1

with k € N, k > 2, in order to obtain that, for every ¢ > 0, and every 2 <r < 1/(1— M),

1—

1
/ k(@710 — a| T+ 1 < oo,
0

uniformly in a, where

oo imk
e2mim” 6

RS
m=1

We recall that the Hypothesis K* is equivalent to the fact that m € L2* for every

x> 1/2.

mA

1. Introduction

In the last years, considerable interest has been shown in discrete harmonic analysis,
although is not as developed as the continuous case, probably because exponential
sums are usually more difficult to estimate than oscillatory integrals. See for example
[3], [4], [2] and [5] where, in particular, the operator

(1) Doy = 32 1)

has been deeply studied, and it is known that, if 0 < A < 1, I : /# — [9, whenever
1<p<g<oo,1/g=1/p—(1-=X)/2,p<1/(1-A)and qg>1/A
If instead of (1.1), we consider the operator

> ok
Iif(n) = Z %
m=1

with k € N, k£ > 2, the boundedness properties (¢P,¢?) is an open question although
in the above papers is naturally conjectured that I j : ¥ — [9 is bounded, whenever
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1<p<g<oo,p<l/(1=2A),qg>1/Xand
1 1 1-=A

q p k
However, this problem seems to be a difficult one since the techniques used in [4],
[2] and [5], adapted to this new situation would imply the Hypothesis K* of Hardy,
Littlewood and Hooley to be true ([1]). This Hypothesis states that if r; () denotes
the number of ways one can represent the integer [ as the sum of k"-powers, | =
n¥ +nk + ...+ nk, with k summands, then, for every ¢,

N
Z Tk(l)2 _ O(N1+€),
=1

as N tends to infinity. This Hypothesis is solved in the case k¥ = 2 and open for
k > 3. In [4], it is proved that this hypothesis is equivalent to the fact that, for every
A>1/2,

e eQﬂ'ika
(1.2) mak(0) = —
m=1

belongs to L2*(T). Observe, and this is the conection between the two problems, that
the Fourier transform of I j f satisfies:

(1.3) (D) (0) = mak(6) f(0).

In fact, in [4], the boundedness of I 2 : P — (9 with p and ¢ as before and A > 1/2,
is done by proving that the corresponding function my o € L2/(=2)20(c [4(T)) and
applying trivial computations of classical Fourier Analysis.

In any case it is clear, using (1.3), that the boundedness property of I j is related
to the size of my . and hence related to the Hypothesis K*. This makes the problem
itself very interesting.

The purpose of this paper is to give some new estimates on the function my , which
may give some new hints on the solution of the Hypothesis K*. In fact, our result
can be applied to a more general exponential sum than (1.2); namely, to the function

e 627Tiltm9

mk,u(a) = mX
m=1
where = (pm)m Is a sequence of positive integers such that, for some positive
constants A and B
(1.4) AmF Y < i — pm—1 < BmFL

To give some estimate of this function we start by giving a boundedness result for
the operator

Dufn) = Y2 L0 tm)
m=1

Through out the paper, C' will represent an universal constant independent of all
the parameters involved, £ < F means that there exists an universal constant C' such
that £ < CF and E ~ F means that £ < F and F S CE.
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2. Boundedness result for I, ,

Let (f4m)m be a sequence of positive integers satisfying (1.4). Clearly, (fm )m is an
increasing sequence and

(2.1) L~ M.

Given € > 0 and ¢ > 1, set

and let us consider the space

(14 101) = {(@n)ns llalle(t4iniey = 5B lanl(1+ n]*) < o0 }-
Theorem 2.1. a) Let 1 and o as before and g > A. Then
Lo (1 + [n]*) — £9(2)

is bounded.
b) If ¢ > X and

1 1 1-2A
(2.2) 5 = 6 + %
then
Do (1 + [n| /7)) — 02>(2)
is bounded.

Proof. a) First of all, we observe that if n € Z~, then

[(La)(m)| < lalle=(tini)) Z 1+Iu +|n||a

1 = m
< al|ps o
< lalles a4y Dy nitE 2= P

and by (2.1) the above sum in finite and hence Ina € £4(Z7).

Now, given n € N, n > 1, let mg = mo(n) € N be such that

o = SUP{ b fm < N},

m

where we assume by simplicity that 4 = 1. Then, using (2.1) we have that fi,,(n) ~
n.
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Then, given a = (an), € £°((1 + [n|%)), with [|a[|e((14jnje)) =1,

o0 —A

|(I>\a)(n)| < Z lezni_w

D +( mo(m)> <mo<n>+1>—x)

m<mo(n) L+ [pm = nl* L4+ (n = fimgm)® 1+ (Hmg(n)+1 — )*
-
m
+ - =T+ IT+1III
Z 1+ |um _ n|a
m>mo(n)+1
Estimate of I:
- mo(n)—1 mo(n)—1 N
Z m—A - - < - (mo(n) —5)*
m<mo(n) L4 (n = pm)® =1 :umo(n) ) =1 (Ko (n) = Hmo(n)—)*
Now,
Jj—1 j—1
fang = Hmo—j = 3 (Hmg—i — Hme—i—1) = A Y _(mg —i)*~!
i=0 i=0
> Aj(mo—j)*
Thus,
Y mo(n)—1
m 1
- < ~ —A—ak+1
2 L+ (n—pm)> ™ Z 3*(mo(n) — j)(k=Do+a mo(n)
m<mg(n) j=1
~ nE T =nTi¢ € (U(N).
Estimate of III:
Y [ Y foe) Y
ar = 3 m—aSZ o £7) & ST o )
m>mg(n)+1 L+ (pm —n) = /~Lmo+] = :umo+] /J'moJrl)

Then, since

J
Pamoti — Hmot1 = A (mo + D1 > CAF* " max(j, mo)
=2

we obtain

Estimates of II: We have to prove that

—Aq

Z<1+m0(n)—k ))a)q%ZH( L <o,

n>2 (’I’L - ,Lng(n n>2 n :u’mo(n))
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and similarly
=g

Z nt aq<oo.

n>2 1+ (/Jmo(n)-&-l - n)

We shall prove the first one since the second follows the same pattern. To do this, let
us define, for each m,
m ={n > 1;mo(n) =m}

Then,
—Aq —)\q
n
7; 1+(n_l~}'m (n lenEZIL n_Mmo(n))
00 00
—A —A

Zm q21+(n_ ozq Zm qz aq<oo
m=1 nel,, m=1 ]>1

since a > 1/q and g\ > 1.

b) The proof of b) follows from the same computations.
O

Remarks 2.2.

i) Observe that, if p is as in (2.2), then £°°(1 + |n|*) C ¢, and hence, in the original
case (m = m?, our result is consequence of the boundedness of Iy o proved in ([4]).
In the case k > 2, the above result is weaker that the open Stein and Wainger’s
conjecture mentioned before on the boundedness of Iy j : {7 — (9. However, it will
have some interesting consequences concerning estimates for the function my 4.

ii) The result is false if we only assume the condition p,, ~ m” on the sequence

(ttm)m- To see this let us take
i = 220D if e [27, 29,
Then,
I)\,uf sz (1— )\)f 22 j+1) )

j=>0
and taking the sequence f(n) = 1ifn =0and f(n) =0if n # 0, we have I , f(n) =0
if n # 220%Y for some j, and if n = 220+Y I, f(n) = 270=Y. Consequently,
(IA,Mf(n))n ¢ £,

3. Estimates for the m, , function

Given £ > 0 and h = (hy, ), with |h,| < 1, let us define
hn -
Wh(e) _ Z 627”'”0.

n>0nqu >te

Then, as a first consequence of Theorem 2.1 we get the following.

Theorem 3.1. For every € > 0 and every % <q<2,my, W€ L,
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Proof. The result follows inmediately using Theorem 2.1 and Hausdorf-Young Theo-
rem, since
mau(O)Wn(0) = > (Iawp) (n)e*™"7,
nez
where
wi(n) = Wi(n) € £((1 + |n|*))
with a =

1 1-)
E—"_TJ’_E'

Similarly, if we take € = 0 in the definition of W}, we get:

Theorem 3.2. For every % <q <2, my, W€ L,

Now, it is known (see [6], page 70) that, for every 0 < a < 1 there exists C,, and
C! such that for every 0 < z < 1,

00 .
627Tznm

= Caa®™ - CL(1 = @) 4 O(1)
n=1

Hence, if we take a € (0,1) and h = (e~2™"?),,  one can easily see that the
function W},(6) is bounded in any interval out of a and blows up like |§ — a|*~! near
a. Therefore, as a consequence of Theorems 3.1 and 3.2, we obtain our main estimate:

1

Theorem 3.3. a) For every e > 0, every a € (0,1), and every 2 <r < =,

1
(3.1) / Ima,(0)]10 — a| Tl < oo,
0

uniformly in a.
b) For every 2 <r < 1% and every a € (0,1),

mx.. (0 9 —al T F e L™,
LW
By taking € such that % +e= ﬁ, we get that

Theorem 3.4. For2 <r < ﬁ and every a € (0,1),

1
(3.2) / |mak(6)]"10 — alFF1df < 0.
0
uniformly in a.

Remarks 3.5.

1.- The above result is not true for r = since in this case, taking A = 1/2 and

1
I-X
r =2, we get that my , € L*(T) which is trivially not true, by Parseval’s formula.

2.- Observe that in the original case p,, = m? it was proved in Proposition 1 of [4]

that my o € L2/~Y and hence (my2)*(t) < ¢'%". Therefore, it follows that

! 1-2 ! 1 Loat
[ tma@)rrie - a5 ds < [ ey 07 it S | <o
0 0 0

tlf(%jLs)r ~
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and hence (3.1) can be deduced from Proposition 1 of [4], in this particular case.
Moreover, in Proposition 3 of [4], it was also proved that for A < 1 but big enough
myx € L¥/(=2) and hence (3.1) is also consequence of this fact for such \'s.

3.- Observe that, for every 0 <t <1,

t S ! 1-X 1-x
1/ |m>\,k(9)‘rd0 < tl_T(T+s) %/ |m)\7k(9)|T0T(T+E)_1d9 < C’t‘T(T-i'&)7

t 0 0

and hence, since A > 1/2, we can choose ¢ appropriately to get that, for every 1 <

r<
1—X ) ) %
<t / |m,\7ﬂ(0)|rd9> € L2,
0

In fact, we have that, for every 0 < a < 1,

1

t G
(t—a,/ |m)\,u(9)|7‘d6) S sz(a, a + 1)

Final Observation: Let r,(l) be the number of ways that the integer ! can be
represented in the form

Let us formulate a natural Hipotesis p* stating that, for every € > 0,
N
(3.3) > ru(1)? =0(N'), N - oo
1=1
Then, by a complete similar argument that the one in [4], we have that

(3.3) holds if and only if my , € L** VA > 1/2.
To see this, let us assume that (3.3) holds and let us define

S,(0) = Z R, e~ THn (y—2i0)
n=1

with y € (0,1] and (hy,),, some positive numbers satisfying h,, ~ 1 to be choosen later
on. Then,

1 d 0 1
Y 27 pn, 0 —ﬂ@nky dy
/Sy(a)m = E hne e " nt W
0 0
n=1
o n
_ b e2minnd K[ —megar d2
n€ x| € T-x
n=1 n 0 -
oo 00 771'”—§;zlC dz
_ 27ri/,1,n6'h Cn kfn e " z1=A
- & n 7)\* by )
n n
n=1

where
> _ﬂ-Lzzk dZ
C, = e 'n Y
0
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and, since £ ~ 1, we have that C), ~ 1 and hence taking h, = %’ we obtain

mA# /S 1 )\/k O(].)

Therefore,
dy
sl $1+ [ iSyllzm %
Now,
k 00
ni,no, - ,mg S j=1 =1
. k
with C“(Z) = Zunl‘f‘ung‘f‘““ﬂmk:l Hj:l hnj ~ TAL(D'
Hence,
. 1/2k
1 _
15yl = 1SS ~ (}jm peen)
Since
o0 oo o0 )
ZTM 2 727ryl _ (1 _ 6727ry) ZTM(Z)Q 26727@]
=1 =1 j=l
0 J
_ (1 —27ry) Z e 2mYJ Zrﬂ(l)2
j=1 =1
oo
. 1—e 2V 1 1
-2 —2myj 1+
S (]‘ —-e Try)ze Try]] c S 1+¢ 5 1+e’
= Y Y Y
we obtain,

1
HSZIHLWC rs 1te
2k

and for A > 1/2, we can conclude

1
1
monullin S 1+ [~y < .
0 Y2k

Conversely, if m, , € L?* for every A > 1/2, then

2m(un1+un2+ +unk)0 o

k 10 ¢
’mA,u(@) = Z ni\ng‘ . Z e’

n1,N2, Nk =1
with )
C = E —_.
n%n% DY ng
Hng Flng+ ot i, =l
l .
Since n R i, < | we have that n{‘n% - ng < {* and hence C; > T‘Z‘A(). Since

(C) € 62 we finally obtain that, for every A > 1/2,

1 N
W;Tu Z le
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as we wanted to see.

Acknowledgements

This version of the paper is the result of a simplification, made by Prof. E. Stein,
of a rather longer previous version. He also suggested me the extension to the case of
sequences (fiy, )m satisfying (1.4). This final version is really an improvement of the
original one. Let me just emphasize my thanks to him.

References

[1] C. Hooley, On Hypothesis K* in Waring’s problem, in sieve Methods, Exponential Sums, and
thir Applications in Number Theory, London Math. Soc. Lecture Notes Vol. 237, Cambridge
University Press, 1997.

[2] D. Oberlin, Two Discrete Fractional integrals, Math. Research Letters 8 (2001), 1-6.

[3] E. M. Stein and S. Wainger, Discrete analogues in harmonic analysis I. €2 estimates for
singular Radon transform, Amer. J. Math. 121 (1999), 1291-1336.

[4] E. M. Stein and S. Wainger, Discrete analogues in harmonic analysis II. Fractional integration,
J. Anal. Math. 80 (2000), 335-355.

[5] E. M. Stein and S. Wainger, Two discrete fractional integral operators revisited, J. Anal.
Math. 87 (2002), 451-479.

[6] A. Zygmund, Trigonometric Series, Cambridge Mathematical Library, 1959.

DEPARTAMENT DE MATEMATICA APLICADA I ANALISI, UNIVERSITAT DE BARCELONA, 08071 BAR-
CELONA, SPAIN
E-mail address: carro@ub.edu



