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ON THE SEMISTABILITY OF THE MINIMAL POSITIVE STEADY
STATE FOR A NONHOMOGENEOUS SEMILINEAR CAUCHY
PROBLEM

BaiSHUN La1' anND Y1 Lit?2

ABSTRACT. This paper is contributed to the study of the Cauchy problem
{1u—Au+Kmmw+uﬂﬂ>numeﬂm u(x,0) = p(z) in R",

u(@,0) = p(z) in A",
with non-negative initial function ¢ # 0. We will study the asymptotic behavior and
the semistability of the minimal positive steady state. In addition, we will prove that all
slow decay positive steady states are stable and weakly asymptotically stable in some
weighted L°° norms.

1. Introduction

In this paper, we will consider the asymptotic behavior and the stability of the
positive radial solutions of the following equation
(1.1) Au+ K(|z)u” + pf(|z]) = 0,
which are positive steady states of the following Cauchy problem:
up = Au+ K(|Jz))u? + pf(Jz])  in R™ x (0,T),
(1.2)
u(z,0) = p(z) in R™,
where p > 1,z € R",n > 3,A =37 68,—; is the n—dimensional Laplacian, T' > 0,
p is some positive constant, 0 < f € CY(R™\ {0}), K(z) is a given locally Holder

continuous function in R™ \ {0}, and ¢ # 0 is a bounded non-negative continuous
function in R™, the unique solution of (1.2) is denote by u(z,t, ¢).

For the physical reasons, we consider the positive radial solutions of (1.1), when
K(z) = K(r), f(x) = f(r), where r = |z|. Then the equation (1.1) reduces to

—1
(1.3) u’ + nTu' + K(z)u? + pf(r)=0 r>0.

For the same reasons, the regular solutions that have finite limits at » = 0, are
particularly interesting, which lead us to consider the initial value problem
{2 s s =0

(1.4) u(0) =a >0,
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and we use u, = u(r, &) to denote the solution of (1.4).

The hypotheses of K (z) are often divided into two cases: the fast decay case and the
slow decay case. In this paper, we will focus on the slow decay case, i.e. K(r) > cr!,
for some [ > —2 and r large. First, let us introduce a collection of hypotheses on
K(z) and f:

(K1) K(x) = koolz|' + O(|z|~%) at |2| — oo for some constants k., > 0 and
d>n— Xy —m(p+ 1), where Xy is defined by (1.7) below.

(K.2) K(z)=0(|z|") at |z| = 0 for some 7 > —2.

(K.3) K(r) is locally Lipschitz continuous and < (r~'K(r)) < 0 for a.e. r > 0.

(1) f(z)=0(z|™) at |z| — 0 for some 71 > —2.

(f.2) f(z) = O(Jz|~?) near |z| = oo, for some ¢ > n —m — As.

Also, we introduce the following notations, which will be used throughout this

paper:
[+2

mziJrl, bp=n—2-—2m,
p—

LE[m(n—2—m)]P%1, co=(p—1)LP 7L,

(n—2)(n—10—40) n > 10 4 41,
0 3<n<10+4L
Note that when [ = 0 we have

o — { (n—2)%—4n+4,/n2—(n—2)2 n> 10,
. =

(n—2)%2—=2(142) (n+1)+2(1+2)+/ (n+1)2 —(n—2)2

(n—2)(n—10)
00 3<n <10,

which was first introduced in [15]. Also note that we have m > 0 and by > 0 when
p> 22 and [ > -2,

Consider the equation
(1.6) A2 + bgA + ¢ =0,

here by and ¢y are as in (1.5). When p > p., (1.6) has two negative roots —Aa <
—A1 <0 and by > Ag,

N =l pdy = 22 = 2Bl ST D — 2 m)

(n—2-2m)++/(n—2-2m)2 —4(1+2)(n—2—m)
5 .
While when p = p,, (1.6) has two equal negative roots —As = —A; = 7%0 < 0.

(17) )\2 = )\g(n,p, l) =

There are many results about the existence and nonexistence of the positive so-
lutions for problem (1.4). For the homogeneous case (i.e. f = 0) Ni and Yotsutani
showed that (1.4) has one solution u(r) for every a > 0 in [23]; Gui in [11] and
Liu, Li, Deng, in [21] obtained some existence results. For the nonhomogeneous case,
when K (z) = 1, Bernard obtained the existence result for 0 < f < WU’
in [6]; Bae and Ni obtained the nonexistence result (see Theorem D below) and the
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infinite multiplicity result (see [2,Theorem 2]). For the general case, Bae, Chang and
Pahk obtained the infinitely many positive solutions for problem (1.4) (see Theorem
C below).

In order to state the results concerning the asymptotic behavior and the stability
of the positive radial solutions, we need to clarify a few terms. A positive solution
u(r) of (1.3) in (0, 00) is said to have slow decay if

u(r) = Ar=iT 4 0(7’_%) as r — 400,
for some positive constant A. On the other hand, u(r) is said to have fast decay if
u(r) =0@r*™") as r — +oo.

And a solution u(r) is said to be a regular solution of (1.3) if it is finite up to r = 0.
We call u(r) a radial singular ground state if instead u(r) — +oco as r — 07T.
Definitions of some weighted L> norms are given as follows (adopted from [12,13]):
for A > 0, u1 >0, let

(1.8) [l = sup |(1+ |2 ()],
rER™
and
1 m—+A
(1.9) el = sup |9,

vern 10g(2+ [z[)m

where m, A; are defined in (1.5) and (1.7) respectively and v is a continuous function
in R™.

We say that a steady state u,, of (1.2) is stable with respect to some norm ||- || if for
every € > 0 there exist 6 > 0 such that, for ||o—uq||x < 8, we have ||u(-,t; ) —ual|x < &
for all t > 0; in addition u, is said to be weakly asymptotically stable with respect to
norm || -||x if u, is stable with respect to norm || - ||x and there exists ¢ > 0 such that,
for || — uallx < &, we have ||[u(-,t;9) — uqlly — 0 ast — oo for all A < \. Similarly
we can define the stability with respect to the norm || - |||,,, and we say that the u,
is weak asymptotic stability with respect to norm ||| - |||, , if the u, is stable with
respect to the norm || - |||, and there exists ¢ > 0 such that, for |||¢ — ual||x, <9,
we have [[|u(-,t;¢) — ualll; — 0 ast — oo for all 3 > pu;.

The main result of Deng, Li and Yang in [8] can be stated in the following theorem.

Theorem Al¥l. Suppose that K (r) satisfies (K.1) — (K.3), f satisfies (f.1) and
(f.2), let A={ax > 0,u(r,a) is a positive solution of (1.4) for all » > 0} and S =
{a > 0,u(r, ) is a positive solution of (1.4) for all » > 0 and is of slow decay}. Define
a, = oK, p) = inf{a € A}, a, = inf{a € S}, then 0 < o, < ., and

(i) if p > pe, then there exists pu. > 0 such that for every u € [0, f14), Qs < 00, and
A = [a4,00), 8 = (qtux,00) and uq(r) and ug(r) can not intersect each other for any
a, <a < fie 0<uy <ug;

(ii) if %—;21 < p < pe and uq, ug are slow decay solutions of (1.4), then they will
intersect infinity many times.
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Remark 1.1. The equation (1.4) has the minimum positive solution u,, , i.e. if
u(0) < ., then u(r) has some finite zero.

Remark 1.2.  The solution of (1.4) can have three decay cases:

(i) the solution w is slow decay, i.e. u(r) ~ r—™;

(ii) the solution u is fast decay, i.e. u(r) ~ r2=";
(iil) the solution w’s decay rate may be between the slow decay rate and fast decay

rate.

Remark 1.3. From Theorem A we know that the minimum solution u,, is fast
decay or it’s decay may be between the slow decay rate and fast decay rate. We will

prove u,, ~ 27" in a certain case in this paper.

Theorem B®l. Suppose that p > p., K satisfies (K.1) — (K.3), f satisfies (f.1)
and (f.2). Then any slow decay positive steady state u, of (1.2) is:

(i) stable with respect to the norm || - ||;n4a;
(ii) weakly asymptotically stable with respect to the norm || - ||s4x,-

Theorem CM. Let p > p,, assume that K () satisfies (K.1), (K.2), f satisfies
(f-1),(f.2) and (f.3) : —(1 4 [2[™P) f(x) < min|;|—| K(z). Then there exists p. >0
such that for every p € [0,u.), Eq (1.4) possesses infinitely many positive entire
solutions with asymptotic behavior —&—|z|™™ at oc.

_1_
—1

k&

Some of the early results for K = 1 are as follow:

Theorem D, (i) Let p > p.. Suppose that near co
max(+f(z),0) < |z[7%,

where g1 > n— Ay and g_ > n— Ay —m. Then, there exists p, > 0 such that for every
u € (0, us), equation (1.1) possesses infinitely many solutions with the asymptotic
behavior L|z|~™ at oco.

(ii) Let p = p.. Then, the conclusions in (i) holds if we assume in addition that
either f has a compact support in R™ or f dose not change sign in R™.

The main purpose of this paper is to study the asymptotic behavior and the
semistability of the minimal positive steady solution of equation (1.4). In addition,
motivated by the work of Gui, Ni and Wang’s results [12, 13] and Deng, Li, Yang’s
results [8], we will prove the stability of slow decay steady states in some weighted
L*> norms. We will also show that the slow decay steady states are unstable, if the
topology is too fine or too coarse. Our main results are as follow:

Theorem 1. Let u = u(r) be the solution of (1.4), with that K(r) satisfies
(K.1),(K.2), f satisfies (f.1),(f.2). If u is positive and u(r) = o(r=™) at r = oo,
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then we have, at r = oo

o(r?>=m) if ¢g>n, O(r>~"logr)
u(r) =< O@?*"logr) if q=mn, O(r?=1)
O(r?=9) if m+2<g<n.

Remark 1.4. (i) For homogenous case, Li and Ni in [20] and Li in [19] system-
atically investigated the asymptotic behavior of the positive steady states.

(ii) From this Theorem, we know that the minimum positive steady state solution
is of fast decay (i.e. un, ~ r2~™ at 0o) if the decay of f is fast enough.

Theorem 2. Suppose that K (r) satisfies (K.1 — K.3), f satisfies (f.1) and (f.2)
and p > pe, ¢ > n, and @, = .. Then, the minimum steady state u,, of (1.2) is
semistable with respect to the norms || - ||, (ie. if ua, < ), if m <py <n—-2.In
this case uq, is also weakly asymptotically semistable respect to the norms || - ||, -

The following theorem is a extension of homogeneous equations to nonhomoge-
neous.

Theorem 3. Suppose that p. > p > %22[ . = oy and K(r) satisfies

(K.1— K.3), f satisfies (f.1) and (f.2). In addition, assume that A = [a,,00),S =
(s, 00). Then the following conclusions hold:

(i) If 0 < p(z) < uq and p(x) # ugq, for some o > . then lim; o u(x,t,¢) —
Ugy, -
(ii) If p(z) > uq and p(x) # ug, for some a > a,. Then the solution u(x,t, )
must blow up in some finite time.

Theorem 4. Suppose that K (r) satisfies (K.1) — (K.3) f satisfies (f.1), (f.2). In
addition, a, = sy and v > g such that —L—(r~'K(r) — koo) + f(r)r>T™ = O(L)

kZT "
at r = co. Then we have:

(1) Suppose that p = p. then any slow decay positive steady state u, of (1.2) is
weakly asymptotically stable with respect to the norm ||| - |||,,, when 0 < 14 < 1;
unstable when v > 1.

(2) Suppose that p > p., then any slow decay positive steady state u, of (1.2) is
weakly asymptotically stable with respect to the norm || - ||x, when m + A1 < A <
m + Mg, unstable when 0 < A < m + Ay.
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Remark 1.5. It should be mentioned that the Theorem 2, the Theorem 3 and
Theorem 4 are inspired by the work of Gui, Ni and Wang [12,13].

Remark 1.6. The following were proved by Deng, Li and Yang in [8]: u,, is stable
when A = m + A\; and weakly asymptotically stable when A = m + As.

For the stability and instability of the positive radial steady states with f = 0, it
seems that the first general result is given by Fujita [9]. It is showed there that for

1 < p < ™2 u(z,t;¢) blows up in finite time for any ¢ > 0, # 0. Thus the trivial
steady state ug = 0 is unstable in any topology for 1 < p < % (the same is true when
_ n+42

= "= as was proved by Hayakawa [14] and later by Kobayashi, Siaro, and Tanaka
[16]). In the case of p > 22 for K(z) =1 and f(z) = 0, for the global existence of
u(z, t, ), the condition given by Fujita is that ¢ is bounded by ee~ 171" for some small
e; Weissler [25] studied the problem in LP-space and the condition there on ¢ can be
interpreted as to that ¢ is bounded by (1 + |z|)~7 for some constant v > p%l and
¢ small enough; Lee and Ni in [17] gave a sharp condition that ¢ has decay rate of
C|x\_ﬁ at 0o, where C' is a positive constant; in 1992, Gui, Ni and Wang [12] prove
that every positive radial steady state solution is unstable in any reasonable sense if
p < p¢; and is stable in some weighted L if p > p.. Further systematic study of the
stability of positive steady state is given by Gui, Ni and Wang in [13]. Bae in [1] uses
the two weights, (log r)ﬁ and r"~2(log r)fﬁ, to show the stability of the steady
state in case [ = 2 recently. For the nonhomogeneous case, the stability of positive
steady state of slow decay is obtained by Deng, Li, Yang in [8] (see Theorem B).

This paper is organized as follows. We introduce some Preliminaries in Section 2 .
The asymptotic of the minimum solution of equation (1.4) (i.e. Theorem 1) is given
in Section 3 and the proofs of the Theorem 2 and Theorem 3 are given in Section 4.
In Section 5, we give the proof of Theorem 4.

2. Preliminaries

Definition 2.1. A function w is said to be a super-solution of equation
Au—+ f(z,u) =0

in an open set Q C R™ if Au+ f(z,u) <0 in Q; and u is said to be a sub-solution if
Au+ f(z,u) >0 in Q.

Adopting the definition by Wang [24], we have:
Definition 2.2. A function u is a continuous weak super-solution of

us = Au+ f(x,t,u) in R™ x (0,7),
u(z,0) = p(x) in R,

if
(i) w is continuous on Qr = R™ x [0,T) and u(-,0) > ¢;
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(ii) u satisfies

’ T’
@) [ awtne ol = [0 [ @)+t 05t 0)dad

for all 7" € [0,T) and 0 < n(z,t) € C>'(R" x[0,T"]) with supp(n(-,t)) being compact
in R™ for t € [0, Tl]. Similarly, a continuous weak sub-solution is defined by reversing
the inequalities in (i) and (2.1).

Lemma 2.1. Suppqse that u is a positive solution of (1.3). Let r = et €
(—00,400) and v(t) = rlu(r), then v satisfies
V" (n—2 =250 — j(n—2—j)v+ K(e!)eUr2PDyP 4 i f(et)eli 2t = 0
Let j = m, then we have that
(2.2) 0"+ bov' — LP7 o + k(t)vP + pf(et)e™ Dt = 0,
where k(t) = e " K(et), and m, by, and L are as in (1.5).

This lemma can be proved by straight forward calculations, thus we omit it here.

Now we quote some results on the asymptotic behavior of solutions to the (1.1)
(see [8]).

Proposition 2.1. (i) If v > Xy, —L—(r7'K(r) — ko) + f(r)r?™™ = O(%) at
k

p—1
r = 00, and u is a solution of (1.4), which is slow decay, then we have
(2.3)

kpé + rn?ﬁxl + Tmizle +"'+rmb7i*2+'"+0(7.n%+s)
oo rm
Zf AQ 7é AAI

u(r) =

L a a cilogr b 1
L + Tm-&/\l + ,rm+22)\1 + ..+ FmTAN] + Tm-i/\z + ...+ O(rn72+5)
kX rm

if do =AM\

for some positive integer A > 1, where a;,b; and ¢; are similar to (3.18) of [7].

Proposition 2.2. Suppose that K satisfies (K.1) and (K.3) in (R, 00) for some
large R, and f satisfies (f.1). Then

(i) if @ and uw are bounded continuous weak super-and sub-solutions of (1.2), re-
spectively, and 4@ > w on R™ x (0,7, then (1.2) has a unique solution v satisfies
> u(x,t;p) >uwand u € CHLH(R™\0) x (0,T)) if =2 <1< 0, u € C*H(R" x (0,T))
if I > 0;

(ii) If ¢(z) is a bounded continuous weak super-solution (sub-solution) but not a
solution of (1.1) in R™, then the solution of (1.2) is strictly decreasing (increasing,
respectively) in ¢ > 0 as long as it exists;

(iii) If ¢ is radial and radially decreasing, so is u in x -variable.
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All the results of Proposition 2.2 can be proved by the techniques used in [24] with
replacing |z|'u? by K(z)uP + puf(x). For example, part (i) is similar to Lemma 1.2 of
[24] if I > 0, Theorem 2.4 (i) of [24] if —2 < I < 0; part (i) can be proved by the same
argument as in Theorem 2.4 (ii) of [24] if —2 < I < 0, or Lemma 2.6 (ii) of [24] and
the strong maximum principle if I > 0; part (iii) can be proved similarly by Theorem
2.3 of [24] if —2 < 1 < 0, Lemma 2.6 of [24] if [ > 0.

The following results are well-known, so it proof is omitted here (see [24]).

Proposition 2.3 (i) Suppose @;(|z|) and u2(]z|) are super-solutions to (1.1) in
Br, :={x| |z| < R1} and Bf, := {z| |z| > Ry}, respectively. Assume that R; > Ry
and ’Ul(Rl) > ﬂg(Rl), ﬂl(Rg) < TLQ(RQ). Let R = min{r S (RQ,Rl) | ’Ul(T) > ’ﬁg(?‘)},
and

ooy = J o w(lz]) 0< |z <R,
(2.4) u(|x|) = { u(|z]) |z| > R.

Then @(|z|) is a continuous weak super-solution to (1.1) in R™.

(ii) Suppose u;(|z]) and uy(|z[) are sub-solutions to (1.1) in Bg, and Bf,, re-
spectively. Assume that Ry > Rs and u;(R1) < uy(R1), uy(R2) > uy(R2). Let
R =min{r € (R, R1) | uy(r) < wuy(r)}, and

= e = { 2l LR

Then u(]z|) is a continuous weak sub-solution to (1.1) in R™.
3. Proof of Theorem 1

In order to prove Theorem 1, we now give the following lemma, which is inspired
by the work of Y-Li and W.-M. Ni [20].

Lemma 3.1. Suppose that K(r) = O(r!) at oo for some | > —2, f satisfies (f.1),
(f.2), and ¢ > m + 2 and u is a solution of (1.1) which is positive in (0, 00) with
u(r) = o(r~™) at oo, then u(r) = O(r~™7?) at r = co for some § > 0.

Proof. Set v(r) = r™u(r) for r > 0, then v(r) — 0 as  — oo and v satisfies the
following equation

2 - P
Av— 2y Lzm)v + K(T)rilv—2 +ur™f=0. (3.1)
r T r
Since v(r) — 0 as r — oo, we have for any € > 0
2 —-2-
Av— Ty — Lzm)v—i—,urmf—i—ms% >0 at oo. (3.2)
T r
Defining;:
2 /
Lov=Av— o —m(n—2—m—5)%+m’mf,
r
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immediately by (3.1) we have

1 vP

v
L.ov— me s + K(r)r 2= 0.

By the (3.2), there exists an R, > 0 such that L.v > 0 in R™ \ Br_(0).
On the other hand, for 0 < & <n —2 —m, let p.(x) = |2/’ we have

Lepe = [B(B—1) + (n —1—=2m)3 —m(n — 2 —m —&)]|z|% > + ™ f
in R™\ 0. Choosing . < 0 sufficiently small such that,
Be(Be =)+ (n—1—2m)B: —m(n—2—-m—¢) <0,
and

i
So there exists an R, > 0 such that
L.p:. <0 in R"\ Br.(0).

Setting R” = max{R., R.}, C. = v(R”)(R!)~P, we see that

— 0 at oo

L.(v—C.p:) >0 in  R"\ Bry(0), v—Cep.=0
v—C.p. =0 on  JdBrr(0), v—Cep. — 0
v—Cepe — 0 at oo,

since O; < 0. Observing that the coefficient of the term v in L. is negative, we conclude
by the maximum principle that v — C.p. < 0in R™\ Bg_(0), i.e. v(r) < C.rPe at oo.
This guarantees that u(r) < C.r~™+P< at oo, and our proof is completed. O

The proof of Theorem 1. From (1.3) we have, by integration from 0 to r,

W“)+wi1£%K@ﬁW+uﬂf‘Ws—0

Now integrating from r to oo, we obtain
[e%¢) 1 t
utr) = [ [ (R + s astae,
r 0

since u(00) = 0 by our assumption on u. Changing the order of the integrations, we
have that there exists R > 0, for r > R,

1 v 1 -
u(r) = TQ_”/ (K(s)uP 4+ uf)s"_lds + 7"2_”/ (K(s)uP 4+ puf)sds
n — 2 0 n— 2 T
R R r

Let . -
uy = r27"/ fs"lds +/ fsds.
0 r

By the Lemma 3.1 | we obtain that for some € > 0

o0
u(r) < O + r2_"/ g—plmte)titn—174 +/ g—P(mte)titlge o up(r)]
R T

T
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By the similar computation, we have, at r = oo

2—n

cr if g>n,
ur(r) << er* "logr if g=n,

cr?—a if m+2<qg<n.

So if ¢ > n, we have
u < C[TQ_n + 7“2_" /T S_p(7n+e)+l+n—1d5 4 /oo S_p(m+g)+l+1ds
1 T

c[r2=n 4 pmmere) if m+pe#n-—2,

IN

c[r2=m +r¥"logr] if m+pe=n-—2,
since —p(m +¢e)+14+2=—m —pe. If m +pe >n — 2, we have
u(r) <er= ™2 a4t oo
Otherwise, we repeat the arguments above and for some p > 0 , we have

2 4 pmmre] if m4+pe<n-—2
u(r) <
c[r?m 4 plmAp(=2=m=p)| if p 4 pe =n — 2.
Let p be so small that m + p(n —2 — m — p) > n — 2, then we have, for r > R
c[r?=" + r*m*p{ze] if m+pe<n-—2,
u(r) <
cr?™n if m4+pe=n-—2.
Iterating this process, we can show that in case m + pe <n — 2
u(r) < c[rz_” + T_m_pks], at oo

for any positive integer k. Since p > 1, then we have u(r) < er?~". By the same way,
for r > R, we have

cr?—n if g¢g>n,
u<<{ er? "logr if ¢=n,

cr?4 if m4+2<qg<n.
The proof is complete. O

4. The stablility of the minimum steady state and proofs of Theorem 2
and Theorem 3

The Proof of Theorem 2. Because ¢ > n, we have u,, = O(r>™") at co.
Let v=1wu,, +ar ", forr >1,0<a < 1. By simple computation we obtain

Av+ K(r)wP +pf = Aua, +ar ™)+ K(r)(ua, +ar )P +uf
= ar "y +2—n)+ K@)[(ta, +777)P —ub_] at

oo
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Soif m <v<n-—2,forany 0 < a < 1 there exists R; > 1 independent of a such
that

Av+ KP4+ puf = ar~ "D (v +2—n) 4+ 0(1)] <0 r> Ry.

For each fixed a > 0, we choose 8 > «, sufficiently close to « such that v(R;) >
ug(R1). By the asymptotic expansion of the slow decay solution ug, we know there
exists Re > Ry such that v(R2) < ug(Rz). Therefore by Proposition 2.3 (ii) we can
construct a sup-solution (r) such that @(r) > u,,, and

v fug if r<Rj,
u(r) = { o(r) if > R,
where Rj is the first zero of ug — v.
Let

then

ez(a, B) = sup{(1 +7)"(ug — ta,)re(,ry)» (1 +7)"(U(r) — Ua,)re(ry,c0) }3
and we have that
lim sup {(14+7)"(ug — uq.)} =0;
B—ax re(0,1)

lim sup {(1+7)"(ug —uq,)} <lim sup {(1+7)"(v—uqa,)}
a—0,0—0ax re(1,Ry) a=0re(1,Rp)

=lim sup {(1+7r)ar "} <lim sup {(1+7)ar™"}=0;
=0 ,¢c(1,Ry) =0 ¢ (1,00)
similarly
lim sup {(1+r)"(a(r) — uq,)} =0.
a—0 re(RY,00)
So we have
lim  e3(a, ) =0.

a—0,8—a.
By Proposition 2.2, we know that the solution u(z, ¢, @) of (1.2) is strictly decreasing
in ¢t and radially symmetric in . And @ > wu(x,t,u) > u,, by the comparison
principle. So lim; o u(z,t, @) exist, denoted by us and us < @. Furthermore
a=o(r~™) at oo, therefore tuso = Uq, -
Choosing § < d3, then for any ¢(z) such that |¢(z) — ua, (z)|, < 6, we have
o(x) < @(zx). and then by the comparison principle,

(4.1) Ue, < u(z,t, @) <u(z,t,a)<a.

So we have that lim;_. . u(x,t, ¢) = uq, (z) uniformly for  in any ball in R™.
For any € > 0, we can find a > 0,8 > « such that e5(a, ) < ¢, and we have by
(4.1) that

[u(z,t, o(2)) = ua, (2)], <e,
which prove the semistability of the solution u,, of (1.4).
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Now for every v/ < v, R > R}, we have by (4.1) that

y a1+ [a])" |2 if |z >R,
1+ |z u(.,t0) —Uq, )| < o .
(L J2])” (u(.s ) ) { (1+ R [[ul.,t,0) — ta. || L (Br) if |z <R,

{ aRY' v if |z| > R,
T L A+ R ult,9) = va. |l (Br) if |z| <R.
Now for any € > 0, 3 R = R(¢) > R5,3 T'(¢) when t > T'(¢) we have:

aR”' ™ < /2, (1+ R)” |lu(.,t,¢) — Ua. || L= (Br) < €/2.
So, letting t > T'(¢) we get

||u(.,t7<p) - ua*”l/’ <e.

Since e is arbitrary small, it follows that lim; e ||u(., ¢, ) — ta,|l,r = 0. Thus we
complete the proof. O

The Proof of Theorem 3. Without loss of generality we may assume that ¢ <
Uq in R™, because the assumptions that ¢ < u, and ¢ # u,, together with the strong
maximum principle for parabolic equations immediately imply that u(x,t, ¢) < u, for
all z € R™ and ¢t > 0. Thus we may replace ¢ by u(, &, ) for some € > 0 if necessary.
Suppose we can build a radial bounded continuous weak super- solution ¢ of (1.1)
staying above ¢(x) and below u,(2) i.e. 0 < p(x) < ¥(x) < uq(x). Denote by u(x,t)
the solution of (1.2) with initial value ¥ (x). Then by the comparison principle, we
have

u(z, t,0) < u(z,t, @) <z, t) < uq(x)
for z € R™ and t > 0; moreover, u(x,t) is radial in « and decreasing in ¢ by Proposition
2.2. Thus u(x,t) — some radial bounded steady state uq(z) of (1.2) as t — oo uni-
formly for bounded x. If u,/ () is the slow decay solution, then by (ii) of Theorem A,
Uq(x) and uq(x) intersect, which would be a contradiction. So uqs (z) = uq, (x). Be-
sides, u(z, t,0) is radial in  and increasing in ¢ by Proposition 2.2. So lim;_, u(z, t,0)
exists, and is equal to uq, (z). By the comparison principle, we have that

U, () < limsup u(x,t,¢) < uq ().
t—oo

So we have
lim u(z,t) = ugq, -

t—o0

Now, we derive the construction of a super-solution ¢ (z) as mentioned above. By
(ii) of Theorem A, any two positive radial slow decay solutions of (1.1) must intersect
each other if %EQI < p < pe. We set z(a, 5) to be the first zero of u, — ug where
B € (o, ). We first observed that ug — u, uniformly on compact subsets.

Claim: Fixed some 1 > (2 € (@, ). Then z(a, 8) < 2(f81,02) < 00 as f — a.

The proof follows closely that of [12, Lemma 3.1]. For otherwise if we have z(«, 8) >
z(f1,B2). Then we would have uy(x) > ug > ug, > ug, on [0,z(01,52)] as § — .
Let V = uq(z) — ug, and v = ug, — ug,, then

AV +pK(|lz))WP~'V = 0,
Av+ pK(Jz))wP v = 0,
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where W is the mean value between u, (x) and ug, w is that between ug, , ug, so that
W > w on [0, 2(81, B2)]. Then we would have in B, g, 3,)(0)

VAV — VAv + pK (|Jz)) (WP~ —wP Vv = 0,

BZ(Q1’52)(O)
or
ov —1 —1
—V%+ pK(|z))(WP™> —wP™")Vo = 0,
9B (8,.82)(0) B.(8,,82)(0)

which is a contradiction, so z(«, 8) < z(f1,02) < o0 as  — a.
Thus there exists max{a., §} < 8’ < a such that ¢ < ug in [0, z(a, #')], setting:

_Jous(r) i <z(e,f),
V(@) = { ug(r) i r>z(a, f).
We see that ¢(z) < ¥(z) < uq(z) and ¥(z) is continuous, it is standard to verify that
¥(x) is a continuous weak super-solution of (1.1).

Part (ii) of Theorem 3 may be handled in a similar fashion. As (i), we may assume,
without loss of generality that ¢ > u,. Since ug — u, uniformly in [0, z(«, 2a)] as
8 — «a and z(«a,8) < 0o as a — [, there exists %a > (> a such that ¢ > ujz in

[0, 2(e, B)], thus setting:

~ ug(r) if rgz(a,ﬁ:
e

ua(r) if 7> z(a

),
).
We have o(z) > () > uq(z) for all z € R™. Tt is standard to verify that ¥ (x) is

a continuous weak sub-solution of (1.1). The conclusion follows similarly from [24,
Theorem 3.10], i.e. u(z,t, ) must blow up in finite time. O

5 The stability and the weakly asymptotically stability of the slow decay
steady states and proof of Theorem 4

The Proof of Theorem 4. We first consider the case p = p.. We need to
construct various super-solutions and sub-solutions to (1.1). For any given slow steady
state uq (1), we consider

v(r) = ua(r) + allogr)t frmTA) > )

where a, 7 are constants and v > 0.
We compute

Av + K(r)vP + pf = avi(v) — 1)(logr) 1= p—(m+2+21)

+al(n — 1)y — v1(2m + 2X; + 1)](log r) V1= D= (m+24+21)

+a[(m + A1) (m+ A + 1) — (m+ A1) (n — 1)](log r)vir—(m+2+21)
+K[(uq + a(logr) e (mEA0)e _qp],
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Note that when p = p., we have A\; = A3,2(m + A1) =n —2 and
(m+X)(m+XA\ —n+2)=—pLP '
Then, by (2.3), we deduce that

Av + K(r)oP 4 pf = avi(vy — 1) (logr) 1 =2)p=(m42+20)
tavi[n — 2 — 2(m + Ap)](log r)vr — L= (m+2+21)

Fal(m + A1) (m+ A +2 —n) + pLP~(log r)V1r—(m+2+A1)
Fo(r~(m+24+M) (Jog r)¥1-2)

= a(log)"1=2Dp= (240 [ (1 — 1) 4 0(1)]  at  r=oo.

For any 11 > 1, there exists Ry > 1 such that Av + K(r)v? + pf > 0in |z| > Ry
for any 0 < a < 1. On the other hand, for any ug(r) with 8 > «, it is known from
Theorem A (i) that ug(r) > uq(r), ¥ > 0. Therefore we can fix 8 > a and choose
a > 0 small enough such that v(R1) < ug(R1). By the asymptotic expansion (2.3), we
know that there exists Ry > R; such that v(Rz) > ug(R2). Therefore by Proposition
2.3 (ii) we can construct a sub-solution u, r > 0 such that u > u,, r > 0 and

o Up if r < R/Q,
ulr) = { v(r) if 7> Rj.

where Rj is the first zero of ug — v.

So we can choose u(r) such that u(r) is decreasing in r > 0 and that ||ju(r) —
Ua(r)|||l,, is as small as one wishes, by choosing 3 — a and a sufficiently small.
We claim that the solution u(x,t,u) of (1.2) either blow up in finite time or con-
verges to a singular solution of (1.3) as t — +oo. If not, from Proposition 2.2,
we know that w(z,t,u) is strictly increasing in ¢, radially symmetric in = and de-
creasing in |z|. Then us (|z])=lim;— u(z,t,u) be a regular solution of (1.1). It is
easy to check that u(|z]) is a distributional solution of (1.1) in R™. So it must
have expansion (2.3) at infinity. However, at infinity we have uso(|z]) > v(r) >
o (r) 4+ a(log 7)1 /r(m+A) 'y > 1, this contradicts (2.3). This proves that ue(r) is
unstable in ||| - |||, when 4 > 1. (The instability is also manifested in the following
way: If we choose —1 < a < 0, we can also construct similarly a super-solution @(r)
such that a(r) < ue(r) and ua(r) — a(r) = a(logr)*1r™+>) for r > Ry. Tt can be
shown that ue(|z]|)=lim— 0 u(x,t,4), and us(|z|) is the minimum steady solution

).

If0 <1y <1, for any 0 < a < 1 there exists R; > 1 independent of a such that
Av+ K(r)vP +puf <0, r>R; > 1

For any ug with 8 > «a, we have ug > u,. For each fixed a, we choose 3 > o suffi-
ciently close to a such that v(Ry) > ug(R1). Note a; < 0 (the coefficient of 7~ (1))
and v; < 1. There exists R2 > R; such that ug(Rz) > v(Rz). Therefore we can con-
struct a super-solution @(r) > uq(r) and @(r) — uq(r) = a(logr)’1r=(m+A) > Ry,
Let

b1 = 01(a, B) = }ngg(ﬂ(r) — ua(r))(log(2 + 7)) 7" (L + )"

e1 = ¢e1(a, B) = |[a(r) = ualr)|lv,-
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Then 0 < §; < 1, and as the proof of Theorem 2 we have
lim e1(a,8)=0.

a—0,8—a«

By Proposition 2.2, we know that the solution u(z, ¢, @) of (1.2) is strictly decreasing
in ¢t and radially symmetric in z, and u(z,t, @) > uq. Let uo = limy oo u(z, t,@). It
is easy to see that us, is a solution of (1.1) in R™. Then u., has expansion (2.5) at
r = co. Furthermore the coefficient a; (i.e. the coefficient of r~("+*1)) is the same
for us and u, because v1 < 1. Therefore us (|z]) = ua(r).

Similarly, by choosing —1 < a < 0 and 8 < « sufficiently close to «, we can
construct a sub-solution u(r) < us(r) such that

0 < d2 =6(a,p) = ;IZI%(UQ(T) —u(r))(log(2 4+ )~ (1 + r)m+)‘1,

0 < ez =e2(a, ) := [[Jua(r) —u(r)|l],,
and as the proof of Theorem 2 we have

lim e9(a, B) =0.

a—0,0—a

Moreover, lim; o u(x,t,u) = uq(|2|) uniformly for z in any ball in R™.

> a,f < «a such that g1(a, 3) <
B)}. Then for any (z) such that

For any € > 0, we can find a > 0,d’ < 0,0
(a, g
) < < @(z) and then by the comparison

g, e2(a/, 3) < ¢. Choose § = min{di(a, 3),d2(a
(@) = wa()|lsy < 0, we have u(z) < ¢(z)
principle, we have

lu(z,t, p()) = ta ()|l < e
To show that u, is weakly asymptotic stable with respect to the norm ||| - |||,,. We
need to show that there exists 6 > 0, if |||¢ — uq]||s, < d, then

Hm [[lu(-,t, ) = vualllyy — 0
t—o0

for every vj > v.
By Proposition 2.2 we have

u<u(-tu) <ul,t o) <u(,ta) <

and
lm u(-,t;0) = ug = lUm u(-, t;u) in R™
t—oo

t—oo

Now for every vq > vy, R > R}, we have

[(og(2 + 7)™ (L + 7)™ (ul, £ ) = ta)|
9q (ogn)" L (14r)™ 1
(log(241)) 1rm 21
if r>R,
(log(2+ )71 (14 1)™ " lu(-s £ ) — tallL=(8s)
if r<R,

IN

where Bpg is a ball of radius R centered at 0.
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As the proof of Theorem 2, we have

lim |[[u(.,t,¢) = va.[||l,; = 0.
t—oo

For the case p > p. and A < m + A, we can argue similarly for the stability or
instability of u, in a range of weighted norm || - || as follows.
Let v(r) = uy +ar~* 7> 1. Then we have

Av+ KvP + uf = aKAA+2—n) +pLP~t +o(1)]r= 2 at r = cc.
We observe that

>0 if A<m+ A,
AA+2—n)+pLPt
<0 if m+)\1<)\<m+)\2,

and the proof is the similar to that of the Theorem 2, we omit it here. (|
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