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PROPER HOLOMORPHIC DISKS IN THE COMPLEMENT OF
VARIETIES IN C?2

STEFAN BORELL, FRANK KUTZSCHEBAUCH, AND ERLEND FORNZESS WOLD

ABSTRACT. We prove that for any complete pluripolar set X C C2 (in particular for any
analytic subset) there exists a proper holomorphic embedding ¢: A — C2 of the open
unit disk A C C such that ¢(A)N X = @. It follows that the same holds true in C" for
any n > 1.

1. Introduction

In [4] the authors proved that there are proper holomorphic disks in C? that avoid
the set {zw = 0}. Furthermore they said that it would be interesting to know whether
there could be such disks avoiding any finite set of complex lines. This question
was solved in [3] where it was proved that in any Stein manifold there are proper
holomorphic disks in the complement of any closed complete pluripolar set.

We show that there exist properly embedded disks satisfying this more general
property:

Theorem 1. Let X be any closed complete pluripolar subset of C2 and let A denote
the unit disk in C. Then there exists a proper holomorphic embedding ¢: A — C?
such that o(A)NX = @.

Since any analytic subset of a Stein manifold is a complete pluripolar set, this proves
the existence of properly embedded disks in the complement of analytic subsets of
C2. It should be remarked that the corresponding result for C instead of the disk is
false since Kobayashi hyperbolicity of C2\ X is an obstruction. In fact it is known
that any analytic subset X of C? can be embedded in a different way f: X < C2
into C? such that the complement C? \ f(X) is Kobayashi hyperbolic (see [1, 2]). In
such a situation there is not even a non-constant holomorphic map from C into that
complement. An easier example is the following:

Example 2. Let X be the union of the following three lines in CZ
l1 = {w =0}, lo ={w=1}, I3 ={z=w}.

If a holomorphic map ¢: C — C? avoids I; and I it is of the form ¢(6) = (f(6),¢)
since the projection 7, o ¢ is a map from C into C\ {0,1} and thus constant = c.
For ¢ to be an embedding means that f(0) = af + b, a # 0. Therefore the image of
© meets l3.

Note that in this example C? \ X is not Kobayashi hyperbolic. The maps 6
(exp 0+ ¢, ¢) provide non-degenerate holomorphic maps from C into C2\ X if ¢ # 0, 1.
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Hyperbolicity of C?\ X is the reason why additional interpolation on discrete (or even
finite) sets is not possible in general for embeddings as in our theorem.

2. Construction
Recall the following (simplified) definition from [6]:

Definition 3. Given a smooth real curve I' = {y(t);t € [0,00) ort € (—o0,00)} in
C? without self-intersection, we say that T has the nice projection property if there
is a holomorphic automorphism o € Autp.(C?) of C? such that, if 3(t) = a('y(t)),
I'" = a(T), and 71 : C? — C denotes the projection onto the first coordinate, then the
following hold:

(ii) There is an M € R such that for all R > M we have that C\ (m1(I'") U Ag)
does not contain any relatively compact connected components.

Note that if a curve I" has the nice projection property and © € Auty(C?), then
O(T') has the nice projection property. To see this let a be as in the definition and
consider the composition o’ := a0 ©7 L.

The reason for introducing this notion is the following lemma from [7]:

Lemma 4. Let T’ be a curve having the nice projection property, let K C C2\ T be
a polynomially convex compact set, and let € > 0. Then for any R € R there exists a
® € Autpe(C?) such that:

(i) [|®(2) —z|| <€ forall z€ K, and
(ii) ®(T) c C*\ Bg.

Starting with an embedded surface in C? with such a boundary I, one can apply
the lemma to create a proper embedding of the surface by carrying the boundary
inductively to infinity (see also [6]).

Let W denote the set W := A\ {1} and let I" denote the set I" := {z € W; |2| = 1}.
We will say that a subset W C W is b-nice if W has a smooth boundary, and if there
is a disk D centered at 1 such that W ND = W ND. We let T denote 9W NW. Note
that if (W) is an embedding such that ¢(I") has the nice projection property, then
go(f‘) has the nice projection property. This is because the two embedded curves are
the same near infinity.

The following lemma will provide us with the inductive step in our construction:

Lemma 5. Let X be a closed complete pluripolar subset of C? and let ¢: W — C?
be a smooth embedding, holomorphic on the interior, such that the following hold for
some integer N:

(1) lim;jooll(2;)|| = o0 for all {z;} C W with z; — 1,
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Let S denote the set S := ¢ (W) NBy), let V be a connected component of S
and let e > 0 (by (iv) we have that S C A). Then there exists a b-nice subset W of
W with V.cc W, Wn(S\V) =@, and an embedding $: W — C? (smooth, and
holomorphic on the interior) such that:

—~

a) lim;_o||@(2)|| = oo for all {z;} € W with z; — 1,
b) @(I') has the nice projection property,
c) pW)NX NByy1 =2,
d

—~

G(I') € C?\ Byo,

A~ —~

)

) @(W) intersects OB 41 transversally,
) ¢ —¢llv <e, and

) @W\V) CC*\By_..

e
f
g

A~ —~

Proof. Tt is not hard to see that (i) and (iv) implies that there exist positive real
numbers 0 < 7,4 < 1 such that the set A, := {z € W;|z| > r} satisfies

(*) ©(A,) C C*\ Byyi4s.

It follows that the set P := ¢~ (o(W) N (X NBy41)) has a connected complement
since the total intersection set Z := ¢~} (go(W) NnxXx ) is a complete pluripolar set in
W and since P C Z N (W \ A;). The set S is clearly also contained in W \ A, and
by (v) it is a finite disjoint union of smoothly bounded sets.

Now for an arbitrarily small neighborhood N of P we have that dist (o ((W \ A,)\
N), X NBn41) > 0. Since we also have () we get that

dist (@(W \N), X NBy41) > 0.

This means that we may choose a b-nice domain W C W\ (PU(S\V)) such that
V cC W and such that dist(ap(W),X NBy11) > 0. Note that ©(T') ¢ C?\ By and

that (T") has the nice projection property since I' is the same as I" near 1.

Since K := By U (X NBy1) is polynomially convex (for the proof remark that the
plurisubharmonic convex hull and the polynomial convex hull in C™ are the same and
then use the same idea of proof as in [5, Lemma 2]) there is an open neighborhood
Q of K such that © is polynomially convex and such that Q N ¢(I') = @. Thus by
Lemma 4 (see also [6]) there exists a ® € Autp(C?) such that ||® — Id|lg < & and
such that ®(p(I')) € C?\ By2. By possibly having to decrease ¢ we may assume
that @(@(W)) N(X NBx,1) = @ and so we may put ¢ := ® o . The conditions
(a), (¢), (d), and (f) are then immediate. Since ® is an automorphism we have that
gﬁ(f‘) has the nice projection property and so we get (b). Condition (g) follows since we
chose W such that ¢(W\ V) € C?\ By and because ||® —1d|g < e. Finally, consider
the case where the intersection of @(W) with any sphere 0B, is not transversal. In
that case there is a point z € W with ||¢(z)|| = p and (#(2),dp(z)) = 0. Hence
the set of problematic points is analytic and thus discrete in W. So there exist p’s
arbitrarily close to 1 such that the intersection of @(W) with OB, (n41) is transversal.
Thus there are arbitrarily small linear perturbations of ¢ that give us (e), and the

other properties are clearly preserved. O
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Proof of Theorem 1. We will inductively construct an increasing sequence of simply
connected sets in the unit disk along with a corresponding sequence of holomorphic
embeddings.

To start the induction we embed the disk into C? as follows: Start by letting
fi: A — C? be the map z — (3z,0). We may of course assume that f(A)NX = 2.
For 6 > 0 let fs denote the rational map fs: C* — C? given by (z,w) — (z,w + 253)'
Let W be as in Lemma 5. If we put ¢; := fso fi: W — C? for a small enough § it
is not hard to verify that all conditions in Lemma 5 are satisfied with N =1 (to get
the nice projection property, project to the w-axis). Let Uy := o1 (W) NB; — a set
we may assume to be connected and (automatically) simply connected — and choose
€1 > 0 such that if : U; — C? is any holomorphic map with || — ¢1llz7, < e1 then

1 is an embedding and ¥(U;) N X = @. Choose ;1 such that &7 < 272.

Assume that we have constructed/chosen the following objects with the listed
properties:

(1) Smoothly bounded simply connected domains U; C A and b-nice domains
W; such that Uy CC Uy CC -+ CC Uy CC Wy CWy_1 C---CWj CA,

(2) Holomorphic embeddings ¢;: W; < C? such that ;(U;) C B; and ||¢;(2)|| =
j for all z € 0Uj,

(3) #i(U;\Uj-1) C C*\ B, 125,

4) ¢;(U;)NX =2, and
(5) The pair (pn, Wy) satisfies the condition in Lemma 5.

(Technically Wy is not the same as in Lemma 5, but by the Riemann Mapping
Theorem it does not make a difference.) Additionally, assume that we have inductively
chosen a sequence €1 > €3 > --- > en > 0 with g5 < 27971 and assured that

(6) If ¢: U; — C? is a holomorphic map with [y — ¢illz, < €; then 4 is an

embedding and ¢(U;) N X = &, and
(7) HCPj - @j—l”ﬁj71 < Ej_12fj.

We now show how to get Unt1, ¢n+1, Whn+1, and ey41 so that we have (1)—(7)
with N 4+ 1 in place of N.

To apply Lemma 5 we let ¢ := oy, W := Wy, V:=Up, and € := ey2~ V=L Let
on+1 and Wiy, denote the objects corresponding to ¢ and W in the conclusion of the
lemma. We get immediately then that the pair (on41, Wi41) satisfy the conditions
in the lemma, i.e. we have (5). In particular this means that

eN+1(Wnt1) N (Byy1 NX) = 2.

Since Uy = V by assumption we also get that |[pni1 — apN||ﬁN <e=¢en2 V71 e
we get (7). To define Uy41 we consider the set S := oy (on41(Wns1) N Byy1).
Note first that Uy C S since we just established (7). This means that we may
define Uy 41 to be the interior of the connected component of S that contains Uy.
By (e) we have that Uy is smoothly bounded, and we get (1), (2), and (4). Since
Un+1\Un C Wn41\Un we get (3) from Lemma 5 (g). Finally we choose £y41 small
enough to get (6).
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To finish the proof we construct a sequence (Uj, ¢;) according to the above pro-
cedure. We define U := U72,U;. Then U is an increasing union of simply connected
domains and so U is itself simply connected. By the Riemann Mapping Theorem, U
is conformally equivalent to the unit disk. We define a map v¢: U — C? by

U(e) = lim y(2)

To see that this is well defined we consider a point z € Uy: For m > n > k we have
by (7) that

lom(2) = < D leiz) =1 < D &ma27  <en <277
i=n+1 1=n+1

This shows that {¢;(2)} is a Cauchy sequence and so v defines a holomorphic map
from U into C2. Tt also shows that

() 14 = ¢rlly, < e

so it follows from (6) that ¢ is an embedding and that Y(U) N X = @.

To see that 1 is proper, consider a point z € Uy \ Uy for some k. By (3) we have
that [¢re1(2)|| >k — 27571 and so by () we get that |[1(2)|| >k —27F "1 —¢g; >
k — 27k, This means that ||¢)(2)|| > k —27% for all z € U \ Uy, hence 1 is proper. [0

3. Concluding remarks

We note that if n > 2 the analogous result to our main theorem holds with C™
instead of C? (if the codimension of X is bigger than one, this is an easy consequence
of transversality).

Corollary 6. Let X be any closed complete pluripolar subset of C", n > 2, and
let I\ denote the unit disk in C. Then there exists a proper holomorphic embedding
©: AN — C™ such that p(A)NX = 2.

The construction in the proof of Theorem 1 works in this case also. On the other
hand one can simply take a 2-dimensional C-linear subspace C' of C™ such that XNC' #
C' and apply Theorem 1 to embed A into C'\ (X NC).

As pointed out in the introduction there is no way to add interpolation conditions
at two or more points due to hyperbolicity obstructions, but it is a trivial addition
to the proof in order to assure interpolation at one point, i.e. we can assure that
the origin of the disk passes through a prescribed point in the complement of the
pluripolar set. In fact, we believe that it is possible to to make the image of the
embedding containing a prescribed discrete subset A of C" (with AN X = @).

Acknowledgements

In the original version of Theorem 1, the result was formulated for the special case
of analytic subsets. We thank the referee for pointing out the paper [3] to us and
asking whether Theorem 1 could be proven for complete pluripolar sets as well, thus
suggesting the present result.

All authors supported by Schweizerische Nationalfonds grant 200021-116165/1.



826 S. BORELL, F. KUTZSCHEBAUCH, AND E. F. WOLD

References

[1] S. Borell and F. Kutzschebauch, Non-equivalent embeddings into complex Euclidean spaces, In-
ternat. J. Math. 17 (2006), no. 9, 1033—1046.

[2] G. T. Buzzard and J. E. Fornaess, An embedding of C in C? with hyperbolic complement, Math.
Ann. 306 (1996), no. 3, 539-546.

[3] B. Drinovec Drnovsek, Proper discs in Stein manifolds avoiding complete pluripolar sets, Math.
Res. Lett. 11 (2004), no. 5, 575-581.

[4] F. Forstneri¢ and J. Globevnik, Proper holomorphic discs in C?, Math. Res. Lett. 8 (2001), no. 3,
257-274.

[5] F. Forstneric, J. Globevnik, and J.-P. Rosay, Nonstraightenable complez lines in C2, Ark. Mat.
34 (1996), no. 1, 97-101.

[6] F. Kutzschebauch, E. Lgw, and E. F. Wold, Embedding some Riemann surfaces into C2 with
interpolation, Preprint (2007), ArXiv:math/0702051v1.

[7] E. F. Wold, Proper holomorphic embeddings of finitely and some infinitely connected subsets of
C into C2, Math. Z. 252 (2006), no. 1, 1-9.

MATHEMATISCHES INSTITUT, UNIVERSITAT BERN, SIDLERSTR. 5, CH-3012 BERN, SWITZERLAND

E-mail address: stefan.borell@math.unibe.ch

Current address: Department of Mathematics, University of Oslo, P.O. Box 1053, Blindern,
N-0316 Oslo, Norway

MATHEMATISCHES INSTITUT, UNIVERSITAT BERN, SIDLERSTR. 5, CH-3012 BERN, SWITZERLAND
E-mail address: frank.kutzschebauch@math.unibe.ch

MATHEMATISCHES INSTITUT, UNIVERSITAT BERN, SIDLERSTR. 5, CH-3012 BERN, SWITZERLAND

E-mail address: erlend.wold@math.unibe.ch

Current address: Department of Mathematics, University of Oslo, P.O. Box 1053, Blindern,
N-0316 Oslo, Norway



