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GENERALIZED CHEREDNIK-MACDONALD IDENTITIES

JASPER V. STOKMAN

ABSTRACT. We derive generalizations of the Cherednik-Macdonald constant term iden-
tities associated to root systems which depend, besides on the usual multiplicity func-
tion, symmetrically on two additional parameters w+. They are natural analogues of
the Cherednik-Macdonald constant term g-identities in which the deformation param-
eter ¢ = exp(2miw4 /w_) is allowed to have modulus one. They unite the Cherednik-
Macdonald constant term g-identities with closely related Jackson g-integral identities
due to Macdonald, where the deformation parameter ¢ = exp(—2miw_ /w4) is related
to ¢ by modular inversion.

1. Introduction

The Cherednik-Macdonald identities, conjectured by Macdonald [15] and proven
in full generality by Cherednik [6], are explicit constant term evaluations for certain
families of densities A on compact tori. The density A (see (3.5)) depends on a
root system ¥ in Euclidean space V', on a multiplicity label k on 3 (free parameters)
and on a deformation parameter ¢ = exp(2miw, /w_) satisfying |¢| < 1. It is viewed
as a density on the compact torus T = V/PV, where PV is the co-weight lattice
of ¥ in V, and can be explicitly expressed in terms of g-gamma functions. In his
well known 1987 manuscript Macdonald [16] showed that A, viewed as density on
the slightly enlarged torus V/QV with @V the co-root lattice of ¥ in V, serves as the
weight function for a remarkable set of multivariate orthogonal polynomials, nowadays
known as the Macdonald polynomials. Cherednik’s [6] proof of the constant term
identities highlights the crucial role of the double affine Hecke algebra in the theory
of Macdonald polynomials.

In this paper we derive natural analogues of the Cherednik-Macdonald constant
term identities for |¢| = 1. They are expected to naturally appear in harmonic
analysis on certain non-compact quantum groups (see e.g. [18, 2, 23, 19] for compelling
evidence in this direction) and in certain classes of integrable systems (compare e.g.
with [11, 5, 9, 12]).

The appearance of the g-gamma function in the Cherednik-Macdonald identities is
the first apparent obstacle for the generalization of the identities to |¢| = 1, since the
g-gamma function is only well defined for |¢| < 1. The key to overcome this hurdle
is Shintani’s [24] observation that a suitable quotient of the g-gamma function and
the g-gamma function, where ¢ = exp(—2miw_/wy) is the deformation parameter
related to ¢ = exp(2miw, /w_) by modular inversion, admits analytic continuation to
a parameter regime with co-linear parameters wy and w_ (i.e. |g| = |g] = 1). The
analytic continuation of this remarkable quotient serves as the natural analogue of the
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g-gamma function for |¢| = 1. Tt has (re)appeared in various guises and in different
contexts over the past century and goes by names as the double gamma function
(Barnes [1]), the double sine function (Kurokawa [14]), the quantum exponential
function (Woronowicz [28]), the hyperbolic gamma function (Ruijsenaars [21]), the
noncompact quantum dilogarithm (Faddeev and Kashaev, see e.g. [9]) and the -
function (Volkov [27]). In this paper we have chosen to relate it to Ruijsenaars’
[21] hyperbolic gamma function (through the formulas (2.1) and (2.3) below). The
precise links with the other close relatives can be easily deduced from the appendices
in [22, 18].

We thus seek a generalization of the Cherednik-Macdonald constant term identities
in which the role of the g-gamma function is taken over by the hyperbolic gamma
function. To achieve this we unite for a suitable restricted parameter domain (for
which in particular |g|, |§] < 1) the constant term identities with absolutely convergent

sums of the form
> AW+
AepV

for suitable dual densities A (see (3.5)) expressible in terms of g-gamma functions.
Alternatively, these sums can be written as multidimensional Jackson g¢-integrals.
The sums are independent of v and can be explicit evaluated using Macdonald’s [17]
summation identities. These identities are in some sense ”"dual” summation versions
of the Cherednik-Macdonald constant term identities. Combining both of them gives
an explicit evaluation of the absolutely convergent integral

(1.1) / A(v)A(v)dv = / A(U)( Z Alv+ )\))dv
v D AEPY

with dv Lebesgue measure on V and D C V a fundamental domain for the translation
action of PV on V. It turns out that the density AA (as well as the explicit evalu-
ation of the integral (1.1)) can be entirely expressed in terms of hyperbolic gamma
functions. Furthermore, after a suitable rotation of the integration region V' within
its complexification V¢, the resulting integral identity admits analytic continuation
to a parameter regime in which the two parameters w; and w_ are allowed to be co-
linear (in which case |¢| = |¢] = 1). The identities thus obtained are the generalized
Cherednik-Macdonald identities referred to in the title of the paper.

Integral identities involving hyperbolic gamma functions (for which we will use
the terminology hyperbolic integral identities), have appeared at various places in the
literature. There is a large supply of univariate hyperbolic integral evaluations, see e.g.
[18, 23, 26, 27, 4]. In particular, the method employed in this paper was used in [26] to
obtain univariate hyperbolic beta integrals (containing as special case the generalized
Cherednik-Macdonald identity for ¥ of rank one). Multivariate hyperbolic integral
evaluations have been obtained in e.g. [20, 8, 25, 3]. The multivariate hyperbolic
integral evaluation relevant to the generalized Cherednik-Macdonald identities is the
type II multivariate hyperbolic integral evaluation from [8, Thm. 4] (see also [20,
Cor. 4.4]). Concretely, its first level degeneration (see [8, Thm. 5]) is the generalized
constant term identity associated to Koornwinder’s [13] extension of the Macdonald
theory (in this case the associated root system ¥ is the nonreduced root system of
type BC). It contains the generalized Cherednik-Macdonald identities associated to
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root systems of type A, B, and C), as special cases. The techniques of the present
paper can in fact easily be generalized to include the Koornwinder case, but we do
not pursue this here in detail.

The contents of the paper is as follows. After a short introduction on the hyperbolic
gamma function in subsection 2.1 and fixing notations on root systems in subsection
2.2 we formulate the generalized Cherednik-Macdonald identities in subsection 2.3.
In subsection 3.1 we fix wy /w_ in the upper half plane (so that |¢|,|q] < 1); then
we use the expression of the hyperbolic gamma function as quotient of g-gamma and
g-gamma functions and rotate the integration regime in order to be able to fold the
integral as in (1.1). In subsection 3.2 we recall the Cherednik-Macdonald constant
term identities and the associated dual summation identities to complete the proof of
the generalized Cherednik-Macdonald identities. In section 4 we show that the gen-
eralized Cherednik-Macdonald identities associated to root systems X of type A1, B,
and C,, are special cases of the first level degeneration [8, Thm. 5] of the multivariate
hyperbolic integral evaluation of type II.

Conwvention: We take the branch of /- which is nonnegative on the nonnegative real
axis and with branch cut along the negative real axis.

2. Formulation of the integral identities

2.1. The hyperbolic gamma function. We consider Cherednik-Macdonald con-
stant term identities in which the role of the g-shifted factorial

—;

(2.1) (z;q)oo = (1 — qu), lg| < 1

7=0

is replaced by Ruijsenaars’ [21] hyperbolic gamma function (the g-gamma function
I, referred to in the introduction relates to the g-shifted factorial by I'y(x) = (1 —
q)® (q;q)oo/(q'l;q)00 for 0 < ¢ < 1). All results stated here can be immediately
traced back to [21] and [22, Appendix A]. See also the paper [27], which gives a nice
overview of some of the key properties of the closely related y-function.

We write

Cy ={2z€C|Re(z) 20}
for the open right/left half-plane in C and
Hy ={z€C|Im(z) S0}

for the open upper/lower half-plane in C. The hyperbolic gamma function, which
depends on two parameters wy € Cy, is defined for [Im(z)| < 1Re(wy +w_) by

” e /00@ sin(2yz) .z
Wi, w_;2z) =exp |1 . v zsinh(ery)sinh(w,y) wWiw_y .

We write G(z) = G(wy,w_;z) if no confusion can arise on the dependence of w..
We denote w = %(w+ +w_)and A = Ay, o = Zsoiwy + Z>piw_ C Hy (where
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H, is the closed upper half plane in C). The hyperbolic gamma function satisfies the
functional equations
G(z +iwy/2)
G(z —iws/2)
whenever the left hand side is defined. The functional equations allows to extend
G(wy,w_;z) to a meromorphic function on (wi,w_, 2) € C5? x C with zero and sin-
gular locus contained in {(wy,w—,2) € C32xC|z € iw+Ay, o }and {(wi,w_,z) €
C{*x C|z € —iw — Ay, .}, respectively.

Important for our considerations is the fact that G(z) may be viewed as a gener-
alization of the g-shifted factorial (2.1) in which ¢ is allowed to have modulus one.

This becomes transparent from Shintani’s [24] product formula
(2.3)

6(z) = T o i (T (25 42 Y ()

(exp(—2m(z +iw) /w4 ); q) C2u4\w_  wy C2wiw_

for wy /w_ € Hy, where the bases ¢ and g are related to wy by

(2.2) = 2cosh(nz/w+)

(2.4) q = exp(2miwy Jw_), q = exp(—2miw_ Jwy).

For a simple proof of (2.3), see e.g. [26, Prop. 6.1]. Note that the requirement
wy /w_ € Hy is necessary for the right hand side of (2.3) to be well defined, since it
implies that |¢| < 1 and |¢] < 1. On the other hand, |¢| = 1 and |¢q] = 1 corresponds
to co-linear wy € C, in which case the hyperbolic gamma function G(z) itself still
makes perfect sense.

2.2. Root systems. The Cherednik-Macdonald constant terms and their general-
izations in the present paper are naturally attached to root systems. We fix in this
subsection the necessary notations. Let X C V be an irreducible, crystallographic,
reduced root system in an Euclidean space V' of rank n. We write (-, -) for the scalar
product of V and || -|| for the associated norm on V. We normalize the root system X
such that ||a||> = 2 for short roots a € 3. The co-roots are oV = 2a/|[|a? for a € %.
Let W be the Weyl group of X, and denote Q, QV, P and PV for the root lattice,
co-root lattice, weight lattice and co-weight lattice of X, respectively. Note that @
(respectively QV) is a sublattice of P (respectively PV) of finite index. We write

(2.5) f=#P/Q)
for the index of ) in P. It is also equal to the index of Qv in PV.
We fix a basis {a;}}_; for ¥. We denote Yt and ¥~ = -2 for the associated sets

of positive and negative roots in ¥, and we write w; € P and w}’ ePV(1<j<n)
for the associated fundamental weights and co-weights.

A W-invariant complex valued function & : ¥ — C is called a multiplicity function.
We write k, for the value of the multiplicity function k& at a € X. Let K be the
complex vector space consisting of multiplicity functions. It is one dimensional if all
roots a € ¥ have the same length and two dimensional otherwise. For k € IC we write
Pr = % > aest koo for the k-deformation of the half sum of positive roots. Note that

(2.6) Pk = Z kow;.
j=1
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Following Macdonald [16], [17], we formulate two types of generalized Cherednik-
Macdonald integral identities associated to X. The two types depend on two different
choices (i) and (ii) of an auxiliary multiplicity function u € K:

(i) ua=1lforal acX.
(ii) ua =2/|a|]? for all a € E
The possible values of u, are 1, 5 or 2. We write o := uqa for o € X, so that o/ = «

3
for case (i) and o/ = oV for case (ii).

2.3. The integral identities. For o € ¥ and for parameters wy € C; we write
Go(2) = Golwy,w_; 2) :i= Glwy, ugw—; 2),

wo = 3(wi + ugw_) and Ay = Zsgiwy + Zsoiugw—. Since G(rwy,rw_;rz) =
G(w4,w_;2) for r > 0 and G(w4,w_;2) = G(w_,wy;2) (both are immediate from
the definition of G(2)) we can alternatively write G, (2) = G(w_,u;wy;u;z).

The integral identities depend, besides on the root system >, on wy and on a
multiplicity function k : ¥ — C. We formulate the integral identities for parameters
in the open, arcwise connected parameter space

2.7) S ={(ws,w_,k) €CF*xK |wiw_ € H_, ko €C_Nuwyw_Cy Vaelh

So for parameters wy € C; satisfying wyw_ € H_ we have (wy,w_, k) € Sfor k € K
iff k& takes value in the non-empty open wedge within C_ bounded by the half-lines
wiw_iR<o and iR<g. Note that the associated deformation parameters ¢ and ¢ (see
(2.4)) for (wy,w—_, k) € S have moduli < 1 (respectively moduli = 1) if wy /w_ € Hy
(respectively wy /w_ € Rxp).

Let dv be Lebesgue measure on V normalized by [ pdv = 1, where D is the
parallelepiped in V' spanned by the fundamental co-weights w (1 < j <mn). The
extension of the scalar product (-, -) to a complex bilinear form on the complexification
Ve of V will also be denoted by (-, -).

Theorem 2.1. For (wy,w_,k) € S we have

(o v>—|—zwa) B
/HG T itkatwa) T

aEX
_ G Gali((prr ) + 1)) Gai({p 0) — wa)
- f#wj]:[ \/7a€2+ (i({pr, V) + ko + wa))Ga (i({pr, V) — ko — wy))’

where the reqularized product H means that the factors Go,; (i((pr, @) — ka; — Wa;))
(1 <j <n) in the denominator should be omitted.

For the set of parameters {(wy,w_,k) € S|ws/w_ € Rso}, Theorem 2.1 gives
generalized Cherednik-Macdonald identities with associated deformation parameters
q and g of moduli one.

Remark 2.2. Using the W-invariance of the integrand, (2.6), and the special value
(cf. [26, A.8])

G g ) = Vo oy
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of the hyperbolic gamma function, the integral identity is equivalent to

/ Go({o/,0) 4 iwq) o =
vt EGa(<a/’U>+i(ka+wa))

(2.8)

— o 1 o Go(i({pr: @) +wa))Ga(i({pr, ") — wa))

et Py V) + ko + wa))Ga (i({pr, @) — ko + Uaw—00 — wa))

where

n
Vi={weV|{yv)>0 VaeXt}= @Rzow}/
j=1
is the closed positive Weyl chamber and 6, (o € £1) is 1 if « € {a1,...,a,} and is
0 otherwise. See also section 4 for alternative expressions of the integral identities for
root systems X of type Ay, B, and C,,.

We now verify that both sides of (2.8) are well defined, and that they depend
analytically on (wy,w_,k) € S. The actual proof of the integral identity (2.8) is
postponed to the next section. Write

(o v} +iwg)
(2.9)
al;[zG +i(ka + wa))

for the integrand of (2.8), viewed as meromorphic function on v € V.

Lemma 2.3. (a) For parameters (wy,w_, k) € S the integral [, I(v)dv is absolutely
convergent. It depends analytically on (wy,w_,k) € S.
(b) The right hand side of (2.8) depends analytically on (wi,w_,k) € S.

Proof. (a) First we show that the integrand I(v) is analytic at v € V. For this it is
convenient to rewrite the integrand I(v) using the reflection equation [21, Prop. I11.2]
(2.10) G(2)G(-2) =1

for the hyperbolic gamma function (its validity is immediate from the definition of
G(z)). Together with (2.2) it yields

(2.11) G(z +iw)G(—z +iw) = 4sinh(mz/w, ) sinh(rz/w_).

Using (2. 10) and (2.11) the integrand I(v) can then be rewritten as

H {4sinh (7 (e, v)/w) sinh (7 (o, v) /w_)
(2.12) ppetses

xGa(<O/, v) —i(ka + wa))Ga (—(o/, v) —i(ka + wa))} ,
from which it immediately follows that the possible poles of v — I(v) are at
(2.13) (' v) € —iko + Aq, a €.

Since (wy,w_, k) €S we have k, € C_ and A, C H, hence —ik, + A, C H, for all
a € X. It follows that I(v) is analytic at v € V.

For the convergence of the integral (2.8) we use asymptotic estimates for the hy-
perbolic gamma function from [22, Thm. A.1] (see also [20]), which imply that for
compacta K1 C C;, K C R there exist R,C > 0 depending only on K1 and K such
that

|G(w4,w_;2)| < Clexp(Fmiz®/2wiw_)|
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when Re(z) 2 R, Im(z) € K and wy € Ki. Applied to the alternative expression
(2.12) of the integrand I(v), we obtain for compacta K C S the estimate

[1(v)| < Cr|exp(—4m(pp, v) /wiw_)], VoeVt, V(wg,w ,k)eK

for some constant Cx > 0. Observing that —k, /wyw_ € C_ (e € X) if (wy,w_, k) €
S and that 2(py,w;) is a non-empty sum of k,’s for 1 < j < n, it now easily
follows that [i,, I(v)dv is absolutely convergent and that it depends analytically on
(wy,w_, k) €S.

(b) For a« € X\ {ay,...,an},

<pka a\/> - ka

is a nonempty sum of kg’s. Furthermore, for (wy,w_,k) € S we have A, C Hy N
wyw_H, . Using these two observations it is straightforward to check that the right
hand side of (2.8) depends analytically on (w4 ,w_, k) € S. O

Remark 2.4. The proof of the lemma shows that the conditions k, € C_ are needed
for the singular locus of the integrand I(v) to be properly separated by the integration
region V', while the conditions k, € wiw_C, are needed for the convergence of the
integral. The requirement w,w_ € H_ is imposed to end up with an arcwise connected
parameter space S.

3. The proof of the integral identity

This section is entirely devoted to the proof of the integral identity

/I(v)dv =H#Wfu"
1%

S || Cali({p,0) + 00))Cail{pi,0) — w0)
Ga(i({pr; V) + ko + wa))Gali((pr, ") — ko + Uaw—00 — Wa))

aext

for (wy,w_,k) € S. As remarked in the previous section, this is equivalent to the
integral identity as stated in Theorem 2.1.

Since S is arcwise connected, Lemma 2.3 implies that it suffices to prove (3.1) for
parameters in the smaller parameter domain

(3 2) S = {(er,w,,k) S (C+ QH,)szK ‘ w+/w, S H+,

’ ka eC_ ﬂer(C+ n (W,H+ — w+) Va € E}
(hereby thus destroying the symmetric role of w; and w_). Observe that for wy €
Cy NH_ with wy /w_ € Hy the set C_ Nw;Cy N (w_H; — wy) is an open triangle
in the third quadrant C_ NH_ of the complex plane.

We thus assume the parameter conditions (wy,w_, k) € §’ throughout this section.
The bases associated to (w4, uqw_) for o € ¥ are denoted by

do = exp(2miwy Juqw_), Ga = exp(—2miuqw_/wy),
which, under the present assumptions, have moduli < 1. We also write

to = exp(—2miky /uqw_), to = exp(—2mike /wy),
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which also have moduli < 1 since w;/w_ € Hy. Finally it is convenient to use the
notation

qZ = exp(2miwi 2 /uqw_), G- = exp(—2miugw_z/wy )

for z € C, which allows us to write t, = q;k“/“”’ and t, = guFo/tew—

3.1. Splitting the integral. The starting point for the proof of (3.1) is the following
observation.

Lemma 3.1. For (wy,w_,k) €S’ (see (3.2)) we have

/‘/I(v)dv: (iw,)”/ I(iw_v)do,

%

with both sides absolutely convergent.

Proof. Write ¥ € (0,7/2) for the argument of iw_ € C4 NH,. Set Ej = {re? |[r >
0, 0 < 60 < 9}, which is the closure of the open wedge w_C; NH in C, and write

Vifi={veVe|{a,v) € Ef, Vae Xt}

Observe that v = Z?Zl )\jw;/ € Vq;r iff A\; € E;r for 1 < 5 < n. We apply
Cauchy’s Theorem to rotate the coordinate-wise integrations over the half lines [0, 00)
to €”]0, 00) in the integral

T S o
/‘Hl(v)dv/)\l_o /AH_OI(ZAM)CZM .

Jj=1

To justify the application of Cauchy’s Theorem, we have to show that the integrand
I(v) is analytic at v € V7 and that |I(v)| has sufficient uniform asymptotic decay
when |v] — oo for v € V.
Since the poles of the integrand I(v) (see (2.9)) are at (o/,v) € —iky + Ay (@ € X)
and
(—ika +As) N (Ef U(-Ef)) =0, Vael,

the integrand I(v) is analytic at v € Vq;r. Unfortunately, the asymptotic estimates for
the hyperbolic gamma function G(z) from [22, Appendix A] and [20, Cor. 2.3] are
not good enough to establish the necessary uniform bounds on the integrand I(v) for
v E VJ. In fact, for our purposes we would need uniform asymptotics of G(z) for z in
suitable translates of Eif, but these regions are not allowed in [20, Cor. 2.3] because
E} includes the half-line R>qe™ running parallel to the wedge iw +Rsgiw; +Rsgiw_
generated by the zeros iw + A of G(z). To bypass this problem, we establish the
necessary asymptotics of I(v) using Shintani’s product formula (2.3) for G(z), which
we are allowed to use since wy /w_ € Hy.

Using the alternative expression (2.12) for the integrand I(v) in combination with
the reflection equation (2.10) and the product formula (2.3) for the hyperbolic gamma
function, we then write

o) = exp [ = 2P 0) A% (¢4 (o, 0))) A% (¢— (e, v)))
(3.3) I(v) = p( Wiw_ >o¢€HE+ B$(¢+(<a/70>))33(¢,(<a,v>))
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with ¢4 (2) = exp(—27mz/w4) and with the four complex analytic functions

A% (2) = (1= 2)(Gatazida) ., A%(2) = (1= 2)(qaty 25 0a) o,
Bi(z) = (f;lz;ija)oo, B%(z) = (taz;qa)oo.

Our goal is to show that the a-dependent factors in (3.3) are uniformly bounded on
Vl;r. Fix o € ¥ 7T, then VJ is mapped onto E:; by the complex linear functionals (c, -)
and (o, -). By the parameter conditions we have Ejf C wyC, (where C; is the closed
right half plane), hence ¢ map E into the closed unit disc D = {z € C | |2| < 1}.
Consequently, AY o¢+, B ogy : Eg — C are bounded. Furthermore, B¢ is zero-free
on D since |t,| < 1, hence (B® 0¢_)~! is bounded on Ej. Now |t;!| > 1, so B¢ has
a finite number of poles {faq~;j }§=0 in D, where r is the largest nonnegative integer
such that ,q;" € D. Yet we still claim that Ej > z — B%(¢4(2)) is zero free
and that its inverse is bounded on E; . For this it suffices to show that the poles
{tag? }7_o of B} in D are not contained in the closure of ¢ (E]).

Fix 0 < j < r and choose an open neighborhood U of k, contained in the open
triangle C_ Nw,C; N (w_H; — w,). Since ¢ is an open map, ¢,’ ¢, (iU) is an
open neighborhood of §;7t,. It suffices to show that ¢+(E$') NG ¢y (iU) = 0, or
equivalently that Ej NU;(l) = 0 for all | € Z, where U;(1) = i(U — juqw— + lwy).

If | <0 then U;(l) C H_ since U C C_ and —wy € C_. On the other hand, EJ is
contained in the closed upper half plane, hence E;; nU;(1) = 0.

If I > 0 then U — juqw—_ +lwy C w_H,, hence U;(l) C w_C_. On the other hand,
E;; is contained in the closure of w_C, hence again E; NU;(l) =0, as required.

The bounds thus obtained now give, in combination with (3.3), the uniform esti-

mate
( 47T<pk’ U> )
exp| ———

Wiw—

1w) < C . Veevs

for some constant C' > 0. In particular, for v = Z;—;l Ajw € VF we have

[I(v)] < CHQXP(47TCj|)\jD

j=1

with

By the parameter conditions we have ¢; < 0 for 1 < j < n, hence Cauchy’s theorem
can be applied repeatedly to obtain

/v+ I(v)dv = (z’w,)"/ I(iw_v)dv.

V+

Symmetrizing both sides yields the desired result. O

The product formula (2.3) applied to the expression (2.9) of the integrand I(v)
gives for (wi,w_,k) € &',

I(iw_v) = KA(v)A(v)
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with the constant

(3.4) K= H exp(—mika (ko + 2wa) /Uawsw_)
aext

and with

Aw) = (exp(27ri<a,v>); qa)oo
5s) L (taexp(2mi(a, v))iqa)
3.5

- (fodn” "1 Ga)

Av) = =

JQL (Ai+<aﬂO§a&)oo

Observe that A(v) is PY-invariant. By Lemma 3.1 we can thus write

(3.6) /VI(v)dv = (z'w,)”K/D A(v) ( > A+ A)) dv

AepPY
for (wy,w_,k) €8’

3.2. Applying the Cherednik-Macdonald identities. As a first step in the cal-
culation of the right hand side of (3.6) we use Macdonald’s summation identity [17, §7],
which reads in our notations as follows: for wy /w_ € Hy, k € K with &, € w,wIIH-L
and for w € V¢ such that (o, w) € Z for all « € 3, we have

(3.7)
o A & o 520 ) —Ka+0a
Z H 1+’i +<a Wt >7qOé f H <P >+N +17Qé¢p « > rect aqa)oo
1 +>‘ K> v +1 K> v
AEA a€X ol >,qa) aESt ,, o« ,qﬁf’ “ >?%)oo

with the sum belng absolutely convergent and with A = PV in case (i) (in which
case u, = 1 and o = « for all @ € ¥) and with A = P in case (ii) (in which case
Uy = 2/||al|?> and o/ = aV for all & € ). We need the following reformulation of
(3.7).

Lemma 3.2. For (wy,w_,k) € 8§ (see (3.2)) and for v € Vi such that {a,v) € Z
for all o € 3, the sum

(3.8) Ni= Y Aw+))
AepPv
is absolutely convergent and independent of v. Moreover,
N1 1] (Gata exp(—2mi{pr, @) Jwi); Ga) (@0t exp(—2mi(pr, V) /wi )i Ga)
(G exp(—27i(pr, V) Jwy ); Ga)  (exp(—27i(pr, V) Jwy )i Ga)

aext

Proof. We relate (3.8) to Macdonald’s sum (3.7) for case (i) and case (ii) separately.
The lemma for case (i) with parameters (w/,,w’ k) € S’ follows from case (i) of
(3.7) with w = v and the parameters specialized to (wi,w_, k) = (=’ k/w’),
where k/w’ is the multiplicity function that takes value ko /w’ at o € 3.
For case (ii) we write ¢ € X for the highest root with respect to X% (which is

a long root). For o € ¥ we define @ = uy?a¥. Then & = {a}aeyx is a reduced

irreducible root system in V', normalized so that short roots have squared length two.
2 ~ 1
We take {a@; }7_; as basis of . Observe that the weight lattice of ¥ is u, 2 PV and that
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Uz = Up/Uq. The lemma for case (ii) with parameters (W' ,w’ ,k) € S’ now follows
~ _1

from case (ii) of (3.7) with X replaced by X, w = uy,*v, (w4, w_) = (—uu,w’ W)

and kg = ko /uow’ . O

Lemma 3.2 and (3.6) thus yield

(3.9) /V [(0)dv = (iw )" KN /D A(v)dv

for (wy,w—_,k) € §’. The Cherednik-Macdonald constant term identity, which was
conjectured by Macdonald [16, §12] and proved by Cherednik in [6] using double affine
Hecke algebras, is the integral evaluation

/ A(v)dv = #WN,
D

(exp(—=2mi{pr, @”) [tuaw_); 4a) _ (qo exp(—=2mi{pr, @) [uaw_); qa)

N =
(ta exp(—2mi{pg, V) /uqw_); qa)oo (‘t]—z exp(—2mi{pg, V) /uqw_); qa)oo

aext

which is valid for (w;,w_, k) € &’ (see (3.2)). Substituting the Cherednik-Macdonald
constant term identity in (3.9) we thus obtain the explicit integral evaluation

)

(3.10) /V I(v)dv = #W (iw_)"KNN

for (wy,w_, k) € §'. By the product formula (2.3) for the hyperbolic gamma function
we have

(iw_)"KNN =
— o I1 Ga(i((pr, @) + wa))Ga(i({pr, ") — wa))
- aes+ Ga(i(<pka a\/> + ko + woz))Ga(i“pka av> — ko +uqw_do — Woc)) ’

hence (3.10) gives the integral identity (3.1) for (ws,w—_, k) € S’. By analytic contin-
uation using Lemma 2.3, the identity (3.1) is valid for (wy,w_, k) € S (see (2.7)). As
remarked before, this result also proves Theorem 2.1.

4. Connection to type II integral evaluations

In this section we show that the generalized Cherednik-Macdonald constant term
identity for root system X of type A, B, and C, is a special case of the first level
degeneration [8, Thm. 5] of the type II multivariate hyperbolic integral evaluation
[8, Thm. 4], see also [20, Cor. 4.4]. This integral identity is the hyperbolic analogue
of the constant term associated to Koornwinder’s [13] extension of the Macdonald
theory. Before giving the identity we first have to introduce some more notations.

Consider R™ with standard scalar product (-,-) and standard orthonormal basis
{€j}j=1. We write d'v for the Lebesgue measure on R™ normalized by f[ dv=1.
Set

0,1]™

Rs = {:tej};l:h R, = {i(eT + 65)}1§7’<s§n7
where R; is the empty-set if n = 1 (all sign combinations are allowed). We write
v = (7,72,73:71) € C* and |7| = 71 + 72 + 3 + 74. Define the parameter space Spc
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to be the set of parameters (wy,w_,7,k) € (C2+ x C? satisfying
wiw_ € H_,
v € C_ (1<r<4),
wi +w- + |y € wiw-Cy,
7@ e CoNwiw_Cy.

(4.1)

It serves as the analogue of the parameter space S for the generalized Cherednik-
Macdonald identities. For n = 1 the space Sp¢ should be interpreted as the set of
parameters (wy,w_,7y) € (Ci x C* that are subject to the conditions given by the
first three lines of (4.1).

For (wy,w_,v,k) € Spc we now consider the integral

G{ev) +iw)G((a,0) + )G (e, 0) + )
Jpc =
- /n {‘ng H?:l G((a,v) +i(w+15))

X H ) +w) d'v.

germ @ +Z(W+ %))

Note that the integrand can be simplified since

H G(2{a,v) + iw) = H G(( 04v)—+—zu))C1’(<04,v>-|-Z‘JJTJF)CT’(<OZ71;>_|_i)7
a€ER, a€ER,
which follows from the identity
(4.2) G(22 +iw) = G(2)G (2 + %)G(z + %)G(z +iw)
(see [21, Prop. III.2]) and the reflection equation (2.10). The integral Jp¢ is then
seen to be equivalent to the integral from [8, Thm 5]. It follows from [8, Thm. 5] that
Jpc is absolutely convergent for (wy,w_,7,k) € Spc and that it is equal to
(4.3)

H (i(w+ K))G(i(w+ (2n — j — 2)k + []))
G(i(w+ (4 + 1K) H1§r<s§4 G(i(w+jk + 7 +7s))

This can also be proved by a straightforward generalization of the arguments in
this paper, replacing the role of the Cherednik-Macdonald constant term identity by
Gustafson’s [10] multivariate Askey-Wilson integral evaluation and the role of Mac-
donald’s summation identity by van Diejen’s [7] multivariate ¢ ¥ summation formula.
It can also be obtained as rigorous limit from the multivariate hyperbolic integral eval-
uation of type II ([8, Thm. 4], [20]), see [3]. For n = 1, the integral identity is the
hyperbolic Askey-Wilson integral evaluation from [23, 26].

We now proceed to show that the generalized Cherednik-Macdonald integrals
fv v)dv for root systems ¥ of types A;, B, and C, are special cases of the hy-
perbohc integral Jpc. We leave the (rather cumbersome) identification of their exact
evaluations to the evaluation formula Ng¢c of Jg¢ to the reader. For this identification
one needs the identities G(0) = 1 (which is obvious) and

G(%) - exp(%/o dy(win B ysinhl(u@y))) = V2,

Npc = 2”71' Vwrw—
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see e.g. [21, (3.17)] for the last equality.

4.1. X of type A; and of type B,. We realize the root system X% of type B,
(n>2)as ¥=%;,U%; CR" with

X, = {i\/iej}?:lﬁ X = {:I:\/i(ﬁr + 68)}1§r<s§n7

s0 By = V2R, and ¥; = V2R, (the awkward normalization is caused by the re-
quirement that the short roots ¥ in ¥ should have squared length two). We include
n =1 as the case ¥ = ¥, = {£1/2¢,}, in which case it is the root system of type A;.
In the discussion below the obvious modifications have to be made for n = 1. We
have PV = % D)1 Zej, so dv = (v/2)*d'v. For a given multiplicity function k € K
we write k4 for its value on the short roots X5 and k; for its value on the long roots ;.

Case (i) (uq = 1 for all @ € ¥): After a change of integration variables the
generalized Cherednik-Macdonald integral becomes

) +iw) G({B,v) +iw)
/ dv*/n 1 G(( ( +w)) H G((B,v >+l(k’z+w))dv

a€ER; BER,;

for (wy,w_,k) € S. It equals Jpc with the parameters (v, k) specialized to

(77 K’) = (ksa -

Wy W
PR
Under this parameter correspondence the requirement (wi,w_,7,k) € Spc exactly
corresponds to (wy,w_, k) € S. ;

In particular, with this parameter specialization, the hyperbolic Askey-Wilson in-
tegral evaluation reduces to the generalized Cherednik-Macdonald identity for 3 of
type Aj:

—w,k‘l).

G(v + w)G(—v + iw) G(i(k +w))G(i(k — w))
e Go+i(k+w)G(—v+i(k+w)) d'v =4y G(i(2k + w))

for (wy,w_,k) €S.

(4.4)

Case (ii) (uq = 2/||@||? for a € ¥): The generalized Cherednik-Macdonald integral
becomes

Gws,w_; (o, v) +iw)
/V f d”/n{H Glwr,ws (o) + ik, +w))

Glwg, 5 B2 +i(% + <))
e, Glwr, 55 82 ik + % + 25))

X

for (wy,w_,k) € S. We rewrite the integrand involving only hyperbolic gamma
functions with parameters (2w, w_) using
w w
Gws,w—;2) = G(2wi,w_;z + %)G(%@,w,;z — %)
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and G(w+,w /2;z2) = G(2wy,w_;2z) (see [21, Prop. II1.2]). We conclude that
fV v)dv equals Jpo with respect to the quasi-periods (2wy,w_) and with the pa-
rameters (7, k) specialized to

w w_
(1, K)) = (k37 ks — W4, —7, —W4 — 7, le)
The requirement (wy,w_,v,x) € Spc then becomes (wi,w_,k) € S.
4.2. ¥ of type C,,. We realize the root system X of type C), (n > 2) as ¥ = X,UY; C
R™ with
Y= {i(er + es)}1§r<s§n7 X = {ier}?zla
so ¥ = Ry and ¥; = 2R,. We have f = #(PY/QY) = 2 and Q" = @]_, Zej, so

dv = %dv. For a given multiplicity function & € K we write ks for its value on the
short roots X5 and k; for its value on the long roots ;.

Case (i) (uq =1 for all @ € ¥): The generalized Cherednik-Macdonald integral
becomes

_ G(2(a,v) +iw) o) tiw)
/vl(v)dv_Q/nale_[ G(2(<a,v>+“” ) + iw) H G( 57 "H(k "H‘J))dv

R BER,

for (wy,w_,k) € S. By (4.2) and (2.10), the product over @ € R can be rewritten

[ Gl i)t + )6 (00 + )
acR, [T G((a,0) +i(% +€))

where the product is over £ € {0, %5, %=, w}. Hence [, I(v)dv equals 2Jpc with the
parameters (7, k) specialized to

(’K):(kl ki wy kb ow_ Ky wkz)

?

272 272 272
The parameter conditions (wy,w_,v, ) € Spc become (wy,w_, k) € S.

Case (ii) (uq = 2/||a||? for all @ € X): The generalized Cherednik-Macdonald
integral becomes

_ Gluos Fifan) +i(5 + %))
/‘/I(v)dv—2/n{aH G(w+, = = (a,v) +i(k; + % ))

€Rs

+
W+,u)_,<ﬁ >+ZUJ) i
<11 Gl o Boo) tilhtw) (LY

We rewrite the integrand involving only hyperbolic gamma functions with quasi-
periods (w;,w_) using

BER;

G(w+,w7_;z) = G(er,w,;z—i— MT_)G(er,w,;z— %)7

cf. [21, Prop. II1.2]. We conclude that [, I(v)dv equals 2Jpc with the parameters
(7, k) specialized to

w_
= (kb — =, -2
(’Y,/‘E) (lal 27 27
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The parameter conditions (wy,w_,v, ) € Spc again become (wi,w_,k) € S.
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