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ON THE WAVE OPERATORS FOR THE CRITICAL NONLINEAR
SCHRODINGER EQUATION

REMI CARLES AND TOHRU OZAWA

ABSTRACT. We prove that for the L2-critical nonlinear Schrédinger equations, the wave
operators and their inverse are related explicitly in terms of the Fourier transform.
We discuss some consequences of this property. In the one-dimensional case, we show a
precise similarity between the L2-critical nonlinear Schrédinger equation and a nonlinear
Schrodinger equation of derivative type.

1. Introduction

We consider the defocusing, L2-critical, nonlinear Schrédinger equation
1
(1.1) i0u + §Au = [u[*"u, (t,z) € R x R™.

We consider two types of initial data:
(1.2) Asymptotic state: Uo(—t)u(t)‘t:ioo =uy, where Uy(t) = ez,
(1.3) Cauchy data at t =0 : up—g = uo.

It is well known that for data ut,up € ¥ = H' N F(H*'), where
-~ 1
f = = —
f(&) = 1) 2072 Jon

(1.1)—(1.2) has a unique, global, solution v € C(R;X) ([1I], see also [5]). Its initial
value uj;—¢ is the image of the asymptotic state under the action of the wave operator:

(z)e~ 4 d,

ujp=0 = Wiuy.

Similarly, (1.1)—(1.3) possesses asymptotic states:

Jug € X, [Up(—t)u(t) —usls t—:)ooo ©oug = Witu.
Global well-posedness properties show that the wave operators are homeomorphisms
on Y. Besides this point, very few properties of these operators are known. The
main result of this paper (proved in §2} see also Appendix [A] for an alternate proof)

shows that the wave operators and their inverses are related in terms of the Fourier
transform:

Theorem 1.1. Let n > 1. The following identity holds on X:
(1.4) FoWi'=WxoF.
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In particular, if C denotes the conjugation f — f, then we have:

(1.5) Wit =(CF) "W (CF).

Using continuity properties of the flow map associated to , we infer the fol-
lowing result in §3}
Corollary 1.2. The result of Theorem [I.]] still holds when X is replaced
e Either by F(H?),
e Or by a neighborhood of the origin in L?(R™), for as well as for its
focusing counterpart, i0yu + %Au = —|ul*"u,
e Or by L2(R™) for n > 3, the set of radial, square integrable functions.

Remark 1.3. The usual conjecture on (1.1)) implies that the result of Theorem
is expected to remain valid when ¥ is replaced by L?(R™) (but not for the focusing
counterpart of (I.1]), for which finite time blow-up may occur in H1).

Remark 1.4. So far, the existence of wave operators on F(H?!) is not known. Similarly,
asymptotic completeness in H' remains an open problem. Theorem shows that
the fact that these two problems are simultaneously open is not merely a technical
point: they are exactly related by . This aspect is also reminiscent of the main
result in [I].

Using the asymptotic expansion of the wave operators near the origin, we prove in
(with an extension in Appendix :
Corollary 1.5. Let n > 1. For every ¢ € L2(R"), we have:
+oo w2 +oo N R
| e (e vowe) di= [ tote) (J0a(-031"Uo(~)3) dr.
0

0

Finally, in space dimension n = 1, we relate the wave operators for (|1.1)) with the
wave operators for the nonlinear Schrédinger equation of derivative type

(1.6) i0ptp + %a@ =i\, ([v]*) v, AeR

This equation appears as a model to study the nonlinear self-modulation for the
Benjamin-Ono equation [I6]. For a more general nonlinear Schrédinger equation of
derivative type (see e.g. [I3[19] for the Cauchy problem related to similar equations),

1 —
10 + 5331# = iINY20, + ipp® 0,9,

it is proved in [T4] that a short range scattering theory is available for A, u € R if and
only if A = u: we recover . This is apparently the only cubic, gauge invariant
nonlinearity in space dimension one, for which a short range scattering theory is
available. More precisely, for 7, the wave operators Q4 : us — u(0) are well
defined from X. to H?(R), where

X. ={pe H' nFHY) ; ‘

a+e)9| <<,

and € > 0 is sufficiently small. The following result shows that the nonlinearity in
(1.6 should be thought of as the quintic case (1.1]). This result goes in the same spirit
as the approach followed in [15].
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Theorem 1.6. Let A € R. Consider the quintic, focusing or defocusing, equation

1 A2
(1.7) 10y + iagu = ?|u|4u, (t,z) € R xR,

with associated wave operators W (X) for small L? data. For ¢ € L*(R), define
(320)(a) = o(oyexp (in [ lotw)Pdy).

o If ¢ solves (1.6)), then N (3)) solves (1.7)).

o If u solves (L7)), then N3 (u) solves (L.6).
e The following identity holds when all terms are well-defined:

FoQi' =N o FoWi'oN} = (N}) o FoWiloN).
QroF 1= (N}) " oWioF ' oN).

xX

This result is checked by elementary computations, so we leave out its proof.

2. Proof of Theorem [1.1]

2.1. Formal proof. Introduce the transform ¥ acting on function of (¢, z) as:

2|2 —1
5 »i), for t # 0.

1 (]
Because the critical nonlinear Schréodinger equation ([L.1)) is also conformally invariant,
U maps a solution to (|1.1)) to another solution to (|1.1). Let v = Pu. It satisfies

1
i+ 5 Av = lv|*™v,  (t,z) e R\ {0} x R™.
The Cauchy datum for u at time ¢ = 0 corresponds to scattering data for v:
_ -1
Uo(—t)v(t) T F~ .
Therefore, we have
(2.2) v (0%) = W (F ') -

Define
a(ta x) = UO(ft)u(ta (E) ) 6(157 LL‘) = UO(ft)v(tv iL’)

Denoting by M; the multiplication by eilel’/ (21 and by D, the dilation operator
1 T
Di(e) = 76 (%),

(it)n/2 " \ ¢
we recall the classical decomposition, for ¢ # 0:
(2.3) Uo(t) = My D FMs.

It shows that the functions u and v are related by the relation

a(t) = M7 F (-}51) =F % (?) :

(2.4) 0 (0%) =5 (0%) = F <t i a@) — F (W)

This yields
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Then (2.2)) and (2.4)) yield (1.4)), at least formally.

Remark 2.1. As pointed out by the referee, we could replace v = Wu by the pseudo-
conformal inverse u. defined by

1 2 (1
’U/c(t,])) = W@ 2t U (t’t> : for ¢ 7é O7

that is,
1
Uc(t) = MtDtﬂ <t> .
Then the intuitive proof, as well as the rigorous one, follow the same lines.

2.2. Rigorous proof. The rigorous proof of Theorem relies on a series of lem-
mas, which are stated, and proved, in a slightly different fashion in [I§].

Lemma 2.2. Forn > 1 and ¢ € L*(R"), we have:
. —1 —
i [|Uo()F 6 — ()(t.)] . = 0.

Proof. With (2.3 in mind, we note that ¢ = MD¢. Plancherel formula yields:
[Uo()F16() = (o) (t, )| 1o = [[(Me = D) F16()]| 2 -

Since |M;(z) — 1| < |z|/V/t, the lemma follows for ¢ € H'(R™). By density, we infer
the result for ¢ € L?(R"). O

Lemma 2.3. Let v = Wu. Suppose that there exist 1+ € L?(R™) such that

lo(t) ~ iz — 0.

Then u has asymptotic states in L?:

[Vn(=tyut) = F R 12, — 0.
where R stands for the symmetry with respect to the origin, (Ro)(x) = ¢(—x).
Proof. We note that ¥ is almost an involution: ¥2 = R. Therefore, ©v = URv:

Up(—t)u(t) — F ' Ripz = Uy(~t)¥ Rv <t1> — F ' Rap

=Uy(—t)¥R (v (—151) - ij) + (Uo(—t)¥ — F 1) Ry

Taking the L? norm, we infer:
-1
v (t) s

The first term of the right-hand side goes to zero as t — £oo by assumption. The
second term goes to zero by Lemma [2.2] O

|Uo(—t)u(t) — F Ry |, <

+ [|[ ¥Ry — Uo(t)F ' Rep || 2
L2

Lemma 2.4. Let v = Wu. Suppose that u € C([-T,T); L?) for some T > 0, and
Ujp—o = ug € L*(R™). Then

||U0(ft)v(t) — .7:71u0||L2 T 0.
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Proof. Since Up(—t) = Up(t)~!, we have

Us(—t)u(t) = M7 FID M o(t) = M7 F <1> .

t
-1
u\|\ — — U
t °lI,

The first term of the right-hand side goes to zero as t — +oo by assumption. So does
the second, by the standard argument recalled in the proof of Lemma [2.2 O

Therefore,

[To(=t)u() = F " uol| - < Mot = D) F o]

Proof of Theorem[I.1l Let ug € ¥: there exists a unique solution u € C(R;X) to

(1.1)—(1.3). Set v = Wu. Because of the conformal invariance for (1.1)), v solves the
same equation as u, for t # O:

1
i0pv + iAU = [w[*"0, (t,z) e R\ {0} x R™.
Lemma [2.4] shows that

—1
||U0(7t)v(t) - F LL()HL2 ti)ooo
Let wy denote the solutions to the scattering problems:

|4/n

‘ 1 _
10wy + §Awi = |lwe |V wy UO(_t)wi(t)|t:ioo = F lug.

By uniqueness for ((1.1)—(1.2)), we see that

. w_(t,z) fort <0,
vlt, ) = wy(t,xz) fort>0.

In particular,

t) — .
Jo®) ~ w2 — 0
From Lemma [2.3] u has asymptotics states, given by:

[Uo(~t)u(t) = F 7 Ruz(0)]| 12— 0

that is, uy () = F~'Rw+(0,-). We infer:
FoWiluyg = Fuyr = Rws(0) = RWF u.

Since (|L.1)) is invariant by R, RW;F]:_luo = W;R]—'_luo = WxFuo. This yields
(1.4). The identity (1.5)) follows from (|1.4)) and from the identity

Wi =CoWzxoC,

which was noticed in [7] (see also [A]). O
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3. Proof of Corollary

The first case follows by density, since W are defined and continuous on H*(R™)
[12] (see also [9] for a simplified presentation), and since Wi ' are defined and con-
tinuous on F(H) [10} 1T} 18].

For the second case, existence of wave operators, their asymptotic completeness,
and continuity properties, were proved by T. Cazenave and F. Weissler [6]. We note
that Corollary [I.2] can be proved in this case like Theorem [I.1] provided that we work
in a sufficiently small neighborhood of the origin in L?(R™).

The last case follows from the recent paper by T. Tao, M. Visan and X. Zhang [17].
The proof of Corollarythen relies on asymptotic completeness (in the same space),
along with continuous dependence upon the initial data. For n > 3, let X = L2(R");
X is invariant under the action of the Fourier transform. For ¢ € X, let ¢; be a
sequence in Y, converging to ¢ in X. Define qu as the solutions to:

. 1 " ~
z&tu;t + iAuJi = |uj[|4/ uji ; UO(—t)uj[(t)‘t:ioo = ¢,.

There exists u(jfj = uf(O) = Wi@ € X. Since u(ﬂfj = fW;quj from Theorem

the results in [6, [17] imply that there exists uf € X such that Hugj —uZ||Le — 0 as
j — o0. Let u™ solve

it + %Aui = [uF |t “|th:0 =u.
We have
To(=t)u*(t) = Bll 2 < [[Uo(=t) (w* (1) = uf ()| o + [To(=t)us (t) = byl

+ ll¢; — ol
The global well-posedness for (|1.1)) in X implies

i s [0~ (1) = Bz <F (s = w5 122) + 105 — ol

— =00

where F' is a continuous function such that F(0) = 0. Finally, by letting j — oo, we
see that u® solves

~

| 1 n
0" + 5 AuF = [ [hE s U0, = -

Let V be a neighborhood of ¢ in L. From [6], we see by Strichartz estimates and a
bootstrap argument that the problem (1.1)—(1.2) is well-posed in L>°(] — oo, —T; V)
(we consider only the minus sign for simplicity) for some 7" > 0 possibly depending
on V. By uniqueness, we infer

VLo = uf.
Since under our assumptions, W ! are homeomorphisms on X, we also have:

uy = lim ug; = Jim FWrlo; = FWL! lim ;= FIW'o,

J—0o0

hence Corollary
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4. Proof of Corollary

Corollary [1.5]is a consequence of Theorem [L.1] and of the asymptotic expansion of
the wave operators near the origin in L?:

Proposition 4.1. Let n > 1 and ¢ € L*(R™). Then for e > 0 sufficiently small
W (e"*p) and Wit (e™/*¢) are well defined in L*(R™), and, as € — 0:

+oo
Wy (e5¢) =€ +ict™1 / Uo(~t) (|Uo(t)¢|4/"U0(t)¢> dt + 0 (%) |
0

+o0
Wil(eie) :e%fis”%/o Uo(—1) (U6(®)8]/"Uo(8)8) dt + O (%)

Proof. The proof follows from the same perturbative analysis as in [§] (see also [3] for
the nonlinear Schrodinger equation). First, it follows from [6] that W (e™/%¢) and
Wit(e"/*¢) are well defined in L?(R") for ¢ > 0 sufficiently small.

We prove the asymptotic formula for the minus sign, since the proof of the formula
for the plus sign is similar. Consider u® solving:

1
i0pu® + §Au5 = [uf|YmuE Uo(—t)us(t)] = /4y,

t=—o00

Plugging an expansion of the form u® = £™/%(ipg + &1 +e7°) into the above equation,
and ordering in powers of ¢, it is natural to impose the following conditions:

e Leading order: O("/4).
) 1
Wpo + 5800 =0 Uo(=t)po(t)|,__. = ¢.

e First corrector: O(e'+7/4).

. 1 "
i0p1 + 5 A1 = o005 Uo(=Dr(t)]__, =0.

The first equation yields
eo(t) = Uo(t)o-
From the second equation, we have:
t
or() =i [ alt =) (leo() " 0(s)) ds:
— 00

We also have:

1
10yr° + iArs =G (po +ep1 +er®) — G(po) UO(—t)re(t)|t__Oo =0,
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where G(z) = |2|*/"z. Let v = 2 + 4/n, and denote L} , = L"(] — oo, —t] x R™).
Strichartz and Holder estimates yield

Ir¥lleg, S || (leol*™ + legrl/" + [er* ¥ ) & (lea] + Ir<])|

’
o
Lt,m

4 4 4
S (leoll " + llewrll " + el ) (ellenlleq, + llerslley, )

4 4/n+16/n? 4/n 1+4
< (155" + /1838 + ller 135 ) (Nl ™ + llerlzz, ) -

1+4
Setelrloy, + lerl 24"

A bootstrap argument shows that for 0 < e <« 1, r¢ € L7(R x R"™), and
||7”8HLv(RxR") Se
Using Strichartz estimates again, we infer:
7€l Loe (m;L2®m)) S €-

Considering u® at time ¢t = 0 yields the first part of the proposition. The second
part can be proven in the same way, but can also be inferred from the first part via
Neumann series, since W, are small perturbations of the identity near the origin. [

Now Corollary [L.5]follows from Corollary[I.2]and Proposition[£.1] where we identify
the terms of order e't4/™.

Remark 4.2. Considering the asymptotic expansion of the wave operators and their
inverse to higher order would yield other formulae, similar to Corollary We have
not written them, for they are more intricate (they involve several integrations in
time), and we do not know if they can be of some interest.

Appendix A. Alternate proof of Theorem

For z € R™ and ag € X, consider the semi-classical limit € — 0 for:

2 |2
(A.1) iedyu® + %AUE = 2 VE  uE(t=0,2) = ag(z)e
Define:
(A.2) P = e i,
It is proven in [2] (with a different normalization for the Fourier transform), that:
1 .
€ R — p—
W)= o (2)| =0

where ¢ = W_«_, W_ the wave operator associated to (1.1). The norm on X° is:

1l = IFllz2 + €9 12 + || 2]

It is the usual norm on X, up to an L?-unitary rescaling at scale . Introduce a
“semi-classical” conformal transform (see [4]):

|z]2

e'2et-10) e €T
€ _ (>4
u(t,x)—(lit)n/ﬁb (1—t’1—t>7 t<1.

2’
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Then (A.1) is equivalent to:
1

(A3) 10,67 + 500° = [6°V"0° 5 G =ag
Since (1.1)) is globally well-posed in 3, we also have:

100 (=) (&°(8) = ¢l oo (10, 4001,2) 2, 0
where

. 1 n
(A4) 106+ 506 =66 5 =0 = ao.
On the other hand, asymptotic completeness in 3 yields:
|Uo(=t)op(t) — Wi taol|y, e

Let A > 0: we have

H"’

. e '2xe2 (1 =
u (1—)\8,.13): ()\E)"/2¢ <)\7>\€>

We infer, by continuity in the rescaled variables:
e'x (1 x
P e ? ()\’ )\)

ox—o(1) = limsg)lp lu (1) —u(1 — X&) ||z = lims(l)lp
e— e—

But we have:

il 1 ~/z
o) - i F (5|

This follows for instance from the formula Uy = MDFM, and Uy ~ MDF for large
times (see Lemma[2.2). We now consider L?-norms:

H )\;/2; @ </1\ ;E\) —e i F (Witag) ‘

()2 1 in T
= oo (Jor) -avvre T () v

1 ialz?
= —7:1; — e 2
(3) ;

= ||t (—/1\>¢(/1\,x>—U0 (—i) D n/2e-inE (W ag) (M)

1 -y Lz o
)\) N\ 2ming (Witao) (Ax)

—
L2 t——+oo

L2

L2

e I F (Wila) (Ax)

L2

< oxr_o(l) + HW;lao — U (

L2

= ox—o(1).

< oro(1) + ‘
L2

1
U() <>\> W;lao - 60\‘ )\n/Q _m4.7:( 0) ()\x)

We infer:

or—o(1) = [l —e ™I F (W ao) 1o -
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Since the right hand side is independent of A, we infer:
F (W;lao) =eMip=emiW_ (e_i"%a\o) = W_F(ap),
which yields Theorem

Appendix B. Sub-critical case

In this appendix, we consider more generally the nonlinear Schrédinger equation
1
(B.1) i0pu + iAu = |u[*u, (t,r) € RxR",

in the sub-critical case 0 < 2/n. Following the approach to prove Corollary we
have:

Proposition B.1. Let o < 2/n, with
e og>1/nifn<2.
e 0>2/(n+2)ifn>2.
Then the following identities hold for every ¢ € 3:
+oo

too )2 N R
[ e F (o vatos) = [ 12000) ((Uo(~03P7o(~0)3) .
0 0
+oo i \z\2 +oo o~ N
[ e et S oo vaia) = [ oo (Wol-03R7vn(-0) d.
0 0

Sketch of the proof. Let u solving (B.1)). Then v = Yu solves
1
(B.2) i0wv + iAv = [t|"2|v|*v, (t,x) € R\ {0} x R".

It follows from [7] (see also [0]) that wave operators exist, are continuous and invert-
ible, near the origin in X, both for and . We can then mimic the proof
of Theorem with the remark that in Theorem the operators Wi ' on the
left-hand side are associated to u, while the operators W+ on the right-hand side are
associated to v.

Adapting Proposition to the cases of (B.1)) and (B.2) proceeds along the same
lines as the estimates in [7]. This yields the first identity in the above proposition.

For the second, we simply notice that U2 = R, so that we can exchange the roles
of u and v. O
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