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GELFAND-FUCHS COHOMOLOGY OF INVARIANT FORMAL
VECTOR FIELDS

ILyA SHAPIRO AND XIANG TANG

ABSTRACT. Let I' be a finite group acting linearly on a vector space V. We compute
the Lie algebra cohomology of the Lie algebra of I'-invariant formal vector fields on V.
We use this computation to define characteristic classes for foliations on orbifolds.

1. Introduction

The space of smooth vector fields on a manifold M is naturally an infinite dimen-
sional Lie algebra with the usual commutator bracket. The continuous cohomology
of this infinite dimensional Lie algebra was studied by Gelfand-Fuchs ([Fu] and ref-
erences therein). It is now called the Gelfand-Fuchs cohomology of M. The study of
this cohomology leads to a better understanding of the manifold M, in particular, it
was proved by Bott-Segal and Haefliger-Trauber that the Gelfand-Fuchs cohomology
of M is a homotopy invariant of M and is equal to the singular cohomology of a space
functorially constructed from M.

The Gelfand-Fuchs cohomology turned out to be a very useful tool in the study of
foliations. Berstein-Rozenfeld and Gelfand-Fuchs [Fu] applied it to the construction
of the secondary characteristic classes of foliations generalizing the Godbillon-Vey
class. Connes and Connes-Moscovici, [C] and [CM], adopted the Gelfand-Fuchs co-
homology to the study of the transverse index theory for foliations; a Hopf algebraic
generalization of the Gelfand-Fuchs cohomology was developed by them.

The connection between the Gelfand-Fuchs cohomology and the algebraic index
theory of formal deformation quantizations of symplectic manifolds was developed by
Nest-Tsygan [NT] and Feigin-Felder-Shoikhet [FFS]. The present paper is motivated
in part by the second author’s study of the algebraic index theory of orbifolds [PPT].
An equivariant version of the Gelfand-Fuchs computation of the cohomology is a
crucial step.

Let V' be a vector space over R or C, and I' a finite group acting linearly on V.
Let I/VpF be the space of I'-invariant formal vector fields on V', where p denotes the I"
action on V. We compute the Lie algebra cohomology of WpF as well as some of the
relative cases.

In [PPT] a very special case of the above question was examined. Namely, some
nonzero elements in H*(W), gl(V)") are shown to exist when V is a complex vector
space (gl(V)!' consists of I-invariant linear transformations on V). In this paper,
we give a much more complete answer to the above question when V' is complex, or
when V is real and T is cyclic (with a technical assumption I' may be other than
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cyclic, but the cyclic case is sufficient for an application to the characteristic classes).
The methods we use are similar to those of Gelfand-Fuchs [Fu], i.e. Hochschild-Serre
spectral sequence and invariant theory. However, we need to deal with a somewhat
more complicated algebras and Es-terms. Our result compares the Lie algebra co-
homology to the cohomology of a certain truncated Weil algebra as well as to the
cohomology of a certain topological space naturally associated to a classifying space.
This description of the result mirrors closely that of Gelfand-Fuchs. We remark that
our computation does depend on the field we work with. The endomorphism algebra
of an irreducible representation of I' is C when V is complex, but may be R, C, or H
when V is real. We assume I to be cyclic to avoid the quaternionic case.

As an application, we follow Kontsevich’s take on the Gelfand-Fuchs’ method [FU,
K] to define characteristic classes for equivariant foliations. When a manifold is
equipped with an action of a finite group I', and a foliation F on M is I'-equivariant,
F descends naturally to a foliation on the quotient space M /T". When M/T" is not a
manifold but an orbifold, we obtain a foliation F on the orbifold M /T'. We prove that
a foliation on an orbifold X = M/T" actually induces a foliation on the corresponding
inertia orbifold X = H('y)CF M7 /T7, where (v) is the conjugacy class® of v in ', M”
the fixed point submanifold? of M, and T consists of fixed points of 4 in I under
the conjugation action. Though we work always with M /T" our results hold generally
for arbitrary orbifolds X. Finally, we are able to define characteristic classes for
a foliation on an orbifold X as elements in the de Rham cohomology of its inertia
orbifold X.

The paper is arranged as follows. In Section 2, we compute the Lie algebra coho-
mology of WT'. In Section 3, we prove that a foliation on an orbifold defines a foliation
on the corresponding inertia orbifold; applying our computations of the Gelfand-Fuchs
cohomology, we define characteristic classes for foliations on orbifolds.

2. Cohomology of invariant subalgebras of formal vector fields

Let V be a vector space over R or C, and Wy be the Lie algebra of formal vector
fields on V. Suppose we have an action p of a finite group I' on V, this induces
an action on Wy . We compute in this section the Lie algebra cohomology of the Lie
algebra I/VpF of I'-invariant formal vector fields on V' when V' is a complex vector space,
or when V is a real vector space and I is a cyclic group. We divide the computations
into several steps. In Section 2.1-2.3, we work out the case of a complex vector space
V', and in Section 2.4, we explain how to extend our computation to the case of a real
vector space V' and a cyclic group I' action.

2.1. Eigenvalues of the Euler field. We point out that the I" action on V' can be
made unitary®. Accordingly, as unitary representations of I are completely reducible,

LThis notation is a possible source of confusion as it is also used to denote the cyclic group
generated by v, however its meaning is clear from the context.

2Note that M"Y may have quite different connected components.

3Had T not been a finite or more generally compact group, the condition that the action be
unitary would have to be required.
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V can be split into

k
V =V & @ maWa,
a=1
where Vj is the trivial I' representation, W, is irreducible, and m,, is the multiplicity
of W, in V.
We introduce coordinates on V as follows: 2 on Vp, :EZX)S on Wy s foralll <a<

k, 1 <s<mg,1<j<dim(W,). We consider the following vector field

> g
«,s i
i,00,8 81‘3)‘75

that we denote by X. It is not difficult to see that X is I' invariant and therefore
belongs to WE . We need the following Lemma.

Lemma 2.1. Let g be a Lie algebra and X € g such that adgX is diagonal with
non-negative eigenvalues. Then the inclusion of g~ into g induces and isomorphism
on Lie algebra cohomology.

Proof. That g¥X is a subalgebra follows from the Jacobi identity. Since X acts diag-
onally on g it does so also on A®g* and each eigenspace is a subcomplex. Since the
action of X on cohomology is trivial, only the 0-eigenspace subcomplex contributes
non-trivially to the cohomology. By non-negativity of eigenvalues, the 0-eigenspace
subcomplex is exactly A®(g™)*. O

Corollary 2.2. Let Wx = (W})X, then
H*(Wy) = H*(Wx)

It is possible to give an explicit description of W in terms of the decomposition
of V into irreducibles. Namely, Wx can be identified with Wy, x (@, Poly(Vo) ®
g, (C)), where Wy, is the Lie algebra of formal vector fields on Vg, and Poly(Vp) is
the algebra of polynomials on V. We remark that Wy, acts on Poly(Vp) naturally,
and on Poly(Vo) ® gl,,_ (C) via the first factor. This action defines the Lie bracket
between Wy, and €P,, Poly(Vo) ® gl,,, (C). The bracket on Poly(Vp) ® gl,,, (C) is
extended Poly(Vp)-linearly from that on gl,, (C).

2.2. Spectral sequence and invariant theory. In this subsection, we will work
with the case when there is only one nonzero m, in the representation p. Namely,
we compute the Lie algebra cohomology of Wy, x Poly(Vy) ® gl(W), where Vy, W
are some vector spaces, and the Lie bracket between Wy, and Poly(Vp) ® gl(W) is
defined by the action of Wy, on Poly(Vy).

We consider the Lie subalgebra gl(Vp) @ gl(W) in Wy, x Poly(Vp) @ gl(W), and
use the Hochschild-Serre spectral sequence to compute the Lie algebra cohomology.

The F4 term of this spectral sequence is as follows:

BP9 = g <gr(v0) @ gl(w), \ (Wvo z[(PVZl)ye(Sf[)@ s)sl(W)) )

p *
Sym%*@Vo@W*(XJW@Sym%*)
— H( gI(Vo) @ gl(W), :
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Thus it is equal to H*(gl(Vp) @ gl(W), C) ® Inv, where Inv stands for the following
expression:
. . . * gl(Vo)dgl(W)
</\ Vo \Sym™*Vy @ Vo) AW e W* e Sym>1V0*)>

Let us say a few words of justification for this manipulation. Suppose that V,
V; are some complex vector spaces. It is a well known fact that H®(gl(V), M) =
H*(gl(V)) @ M9(Y) provided that M is a tensor module, i.e. is a submodule of
RV @ QV*. The idea of the proof is to introduce an inner product on V which
is used to define the Casimir element A of the universal enveloping algebra. The
Casimir element (belonging to the center and being self adjoint) gives a decomposition
of QV @ @ V* into kerA & imA as a gl(V)-module. It is then apparent that the
module of gl(V)-invariants (which is exactly kerA) is isolated among these submodules
as the only submodule with the trivial infinitesimal character. Thus it is the only one
contributing non-trivially to the cohomology (as is clear from the Ext interpretation).
These considerations then easily apply also to M itself. Using the above ideas it is
immediate that H*(@ gl(V;), M) = H* (@ gl(Vi)) ® MP (Vo) provided that M C
RV, @V;*), foric I.

At this point we need to describe the structure of the invariants Inv as an algebra.

Lemma 2.3.
. . *gl(Vo)Bgl(W)
(/\ Vo ® /\ (Sym=*Vy @ Vo) ® /\ (W@ W* @ Sym='Vy )>

" * al(Vo)®gl(W)
_Z</\Vo®/\ Sym*V @ V) ®/\ W®W*®Vo)> :

r,8

Proof. This is proved in Proposition 5.2 [PPT]. Here we mention the ingredients.
First of all by gl(Vp) invariance, elements in Vy have to be paired with elements in
Vy'. That is any homogeneous component of an element will have equal numbers of
Vo and V. Next, we observe that one cannot pair AFVj with SymkVO* in a gl(Vp)
invariant way for £ > 1. This is sufficient to prove the Lemma.

O

Using the gl(Vp) @ gl(W)-invariance (c. f. [FU]), we observe that

r+s T *gl(Vo)dgl(W)
(/\ Vo® \(Sym*V5 @ V) ®/\ W®W*®VO)>

is spanned by 1, ., with ¢ € 3,, v € 3, and

/ ’ % %
/(/)U,’y(vlv vy Urtsy P1y Vs ooy Py Uy ooy W1, W1, Ve eeey ’LUS,’lUS7US)

= Z sgn(a)sgn(B)sgn(d Hapﬂ(z) vﬂa ),’ua(z) Hw5 (W5~ () v5(3)(va(T+J))
,B,0€8, 4 s X Tr X Ty

where v;, v} € Vy, ¢; € Sym? Vo', w; € W, wi € W*, and v € V'
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We will use the notation ¥y, ((v:)5%, (93, v;)7, (wi, wi, v})3) to stand for the above
pairing. The way to generate such a formula is to write down an element without any
symmetry conditions first, i.e.

T S
1% Watiy va) T wi (wy)v} (Wagrssy)
i=1 j=1

and then anti-symmetrize it. Re-indexing the above summations, we get another form
of the same element 1), , that is evidently constant on the conjugacy classes of ¢ and

v
> sen(e) [T eiaes—10y va) T w) (wsys—1))v} (Wagrss))-
()(,5,5627~+5><27-X25 i=1 j=1

In order to better understand 1), -, we define ®, € (/\7"V0 ® /\’”(SmeVO" ® Vo))* 9l(¥o)

and ¥, € (MPVh @A (W@ W*® VO*))*Q‘(Vo)@g[(W) by

Do ((vi)1, (wisv5)1) = Z sgn(v) H Pi(Vgo3-1(i) V(i)

v,8€5, i=1
W (03, (wiywi,of)3) = D sen(n) [T w) (@anw10)v} (0n5)-
nwEDs Jj=1
We then have the following;:
Lemma 2.4.
Do - Wy = VYo y

Proof.
P, - \Ij’y((vi);’-i'S’ (902'7 vi)qv (wi7 w:a Uv*)i)
1

= S @)@ (a)h, (PN (W), (w0, 0)7)
o (7<) IININ

~ sl > sen(@) Y sen(v) []@i(vsop-10)s vawiiy)

[e1S) 7RI v,BED, i=1

Z sgn(n) H W5 (Weyw=1()) 05 (Va(r+n(5)))
n,wED j=1

1 i /
= =5 2 sen(n) Y sen(a) [T eiwaes1(0): vavi)
Ty a,B,w =1

S
*

H w; (wwvwfl(j))vj (Va(r+n(i)

j=1
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after re-indexing

= ] Z Z sgn(a H@i Vgop—1 ),’Ua(z)) H ( Weryw— 1(])) (va(r+]))

v, a,B,w

—wav((UZ) *, (i, z)lv(wwwwvz)l)
O
The element ®, obviously depends only on the conjugacy class of o. Furthermore,

if o € 3, can be decomposed as o1 [[oz with o; € ¥, and 71 + r2 = r, then
&, = O, - D,,. This was proved in Theorem 2.1.4 [Fu]. Thus

. . *gl(Vo)
(/\ Voo \(Sym®*Vy @ %))
. 4 4 9 *gl(Vo)
is generated by ®; € (/\ Vo @ A\ (Sym* V5 @ VO))
the elementary cycles of length 3.
To deal with V., we consider the map:

for i =1,...,dimVj, given by

s s *gl(Vo)@gl(W)
T (symr W e ) o (/\ Voo AW e w* e Vo*>>
defined by

W((vi)7s (wi, wi,v7)7) = s((0)7, (7)) (wi, wy)7)

Q((0), (0))}) = Y sen(@) [ [ v (vaw)

aEX, i=1
is the canonical element of (A Vo @ A° Vg)* 8t (Vo)

where

Lemma 2.5. The map ~ is a homomorphism.
Proof. Let U% € (Sym®(W @ W*))*8!") and ¥*" ¢ (Sym® (W ® W*))* ' W) Then
U0 (o)1 (w003
1 T s * * s
= )2(s1)? Z sgn(aB) W5 ((Va(i))Ts (Wae)s Wheiys Vieiy)1)
a,BES o

’

’ ‘I’S,((’Ua(m'))iq s (Wa(sti)s 'LUE(SH), ’UE(SH))i )

S' i ngn *((wpay, i) DY (Wa(s iy, Whsya))T)
: S'S” Z gn a( ))1’ (Uﬁ(z)) )Q ((Ua(s-i-i))i 7(’02(3—}-1'))? )
= Qs+s’((vi)i+s ; l iquS S'S" wﬁ )7wﬁ(z)) ) 9 ((wﬁ(5+l)’w;§(s+z)); )

= W W (o) (i, w, 0] )i“)

1771
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O

The homomorphism ~ obviously factors through the quotient of the symmetric
algebra by the ideal of functions of degree greater than dim(Vp). The induced map
from the quotient is than an isomorphism as it is easy to construct an inverse. Namely,
consider the evaluation map on any partial basis of V{ (this map is choice indepen-
dent):

s s *gl(Vo)@gl(W)
v : (/\%@/\(W@W*@VJ)) — (Sym®* (W @ W*))* ‘W)

U= W((e;)i, (=, —, €)1)

Then clearly ev o~ = Id, and to check that “oev = Id it is sufficient to con-
sider ¥.,. Recall that ¥ ((v;)5, (w;, w}, v}) Z sgn(n Hw Weyw—1(5)) V5 (Vn(5))
nWEX

and con51der the element ¥ € (Sym*(W ® W*))*g[(w) deﬁned by ¥((w;, w])5) =

Z H W} (Wyye-1(5))- Then ¥, = U and this is enough.
weX, =1

Since the structure of (Sym®(W @ W*))* 9V ig well known®, we obtain the struc-
ture of (A*Vo @ A°(W @ W* ® VO*))*QI(VO)@QI(W) as an algebra. Namely it has gen-
erators ¥; and relations [[¥;, = 0 if Y4, > dim(Vp). Note that might mean that
some of the generators are themselves 0. We are now ready for:

Lemma 2.6. Inv is generated by ®;, i = 1,--- ,dim(Vp) of degree 2i and \le, j=
1,- - ,dim(W) of degree 2j subject to the relation that the total degree can not exceed
2dim(Vp).

Proof. The only thing that remains is to show that there are no other relations.
Suppose that Zal J®;U; = 0, where I and J are multi-indices and |I| + |J| <
1,J
dim(V).> We may assume that for all I and J, |I| = r and |J| = s, thus we may
relabel the sum to Z a[0],7P, ¥y = 0 with [o] running over the conjugacy classes of
[o],J
¥,.. Choosing a partial basis (e;)]7° of V, and a 7 € ¥, set ¢., = (ef)? and consider
the following calculation:

@ \I’J(( ) (‘pemeT 1(1)) (wﬂwwer—i-z)s)

- = Y 580(@)o((ea@)is (s €r-1() DR (Catrii)is (€547 W ((wi, w))3).

rls!
Q€Y 4

4The generators are U; € (Sym* (W ® W*))*QI(W) for i = 1,...,dim(W) corresponding to the
elementary cycles of length ¢, and there are no relations.
5By |I| we mean Y i), where I = {i1,...,in}.
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Note that Qs((ea(rt4))1, (€4;)7) = 0 unless o = o [ ap with oy € ¥, and ay € X,
in which case it equals sgn(as), thus

= Wi w)D) oy S sEm(B) 2o (650 (P er20)0)

" pES,
=V ((wi, w)1)Po (€)1, (Peir €r-11))1)
Recalling the definition we see that

¢0((6i)qv(¢e¢767*1(i))§): Z Sgn(”)HSﬁei(erﬂﬁaﬁfl(i),eu(i))

v,3EX, i=1
_JIStab(o)| ifo~T
o else.

Therefore evaluating Z o), 7P Uy at (€)%, (e, er ~1(4))1» (= =, €y4;)] we obtain
[o],J
that Z aj7,7|Stab(7)|¥; = 0 in (Sym' (W @ W*))* 8" W) thus ajz),7 = 0 for all 7 and

J
J. O
Remark 2.7. The above Lemma is actually a description of H*(WL,GLL) as an
algebra. See also Prop. 2.12

2.3. Weil algebras and classifying spaces. In the next step, we relate the coho-
mology of the Lie algebra I/VpF to the cohomology of a truncated Weil algebra as well
as to the cohomology of a certain topological space.

We recall the general definition of a Weil algebra. Let g be a Lie algebra. Define
the Weil algebra W(g) to be A®g* ® S®g*. Introduce a grading on W (g) by assigning
elements from Alg* ® S7g* degree i +2j. The algebra W (g) is filtered by a decreasing
filtration

W(g) = F'W(g) D F'W(g) = F*W(g) > F°W(g) = F*W(g) D ---,

with FPW (g) = @ A°g* ® Sig*
2j2p
A differential dy on W(g) can be introduced as follows:

J
dwp(gr A NG @M @ --hj) = PG A-Agi AN @M ®---h @ ®hy)
t=1

+ZZ D ([gs, B AL A+ Gs o A gi® by @+ hy - @ hy)

s=1t=1
+ Z (*1)31+8271¢([951,gs2]/\91/\"’g81 "‘§52"‘/\gi®h1®"'®h]‘);
1<s1<52<7

and (W(g),dw, F*) forms a filtered differential graded algebra. One computes the
E5 term of the spectral sequence associated to the filtration:

P _ 0, p is odd,
2 H(g; SP/%g*), pis even.
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We note that (W(g),d) is acyclic.

The Weil algebra W (g) has a lifting property which we will use below. Suppose that
(C*,9) is a differential graded algebra. Then any linear map f from g* to C* of (C*, )
can be lifted to a homogeneous multiplicative homomorphism F from (W (g), dw) to
(C*,6), which agrees with f on g*. To define such a map F, it is sufficient to specify
the image of the generators:

Flgr®1)=f(g"), FQA®g")=-0(f(g")).

For the purpose of our computation, we need to consider the truncated Weil algebra
W(g)on = W(g)/Fant+1W(g). The filtration F'* descends to a filtration on W(g)ay,
and the Es-term of the spectral sequence associated to the inherited filtration is

EPa — H(g; SP/%g*), pis even and p < 2n,
2 0, otherwise.

We consider the special case of g = gl(Vy) @ gl(W). To compute the cohomology of
the truncated Weil algebra of gl(Vy) @ gl(W), we need to understand the Lie algebra
cohomology of gl(Vy) ®gl(W) with coefficient in S®(gl(Vo) @ gl(W))*. The cohomology
H* (gl(Vo) @ gl(W); S*(gl(Vo) @ gl(W))*) is isomorphic to

H*(gl(Vo); S°gt(Vo)") @ H* (gl(W); S*gl(W)").

By the Casimir element argument, as is explained in Section 2.2, we see that

H* (gl(Vo); $*al(Vo)*) = H*(g1(Vo)) @ (S°g1(Vo)")* "),

H* (g(W); S*gl(W)*) = H* (gU(W)) ® (S°gl(W)")# ™).
Furthermore by [Fu][Theorem 2.1.5], (S®gl(Vp)*)8'(V0) is generated by &, i =1,-- -,
dim(Vy), with deg(&;) = 2 and

§ilg, -+ ,9i) = Z Tr(ga(l)"'ga(i))a
o€eY;

for gs € gl(Vp). Here we view an element g in gl(Vp) as a linear endomorphism on
Vo, and T'r is the trace functional on linear endomorphisms. The same holds for
(S*gl(W)*)8'") . Summarizing, we observe that

H*(gl(Vo) @ gl(W); S*(al(Vo) @ gl(W))")
=H"*(gl(Vo)) ® H*(gl(W)) ® Cl&1, -, &aim(ve)] @ Clna, -+, Natirm(wr)]-

Let us compute the Lie algebra cohomology of Wy, x Poly(Vy) @ gl(W) using the
Weil algebra. Consider the “natural” projection pr from Wy, x Poly(Vy) ® gl(W) to
gl(Vo) @ gl(W). The dual of this map defines a linear map from (gl(Vy) @ gl(W))* to
(Wy, x Poly(Vp) @ gl(W))*. By the universal lifting property of the Weil algebra we
obtain a map

X : W(gl(Vo) @ gl(W)) — A*(Wy, x Poly(Vo) @ gl(W))".
We write out y explicitly on the generators of W(gl(Vy) @ gl(W)),
W x(gr®l)=g", x(h"®1)=h"
x(1®g")=—dg*, x(1®h")=—dh",
for g € gl(Vo), h € gl(W).
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We notice that for g € gl(Vp), h € gl(W), dg* € Vo A Sym?Vy @ V and dh* €
VoAVy @W*@W. Tt is easy to see that the x image of F2" W (gl(Vy) @ gl(W)) will
be contained in AZ" TV @A® - --. When n+1 is greater than the dimension of V{, then
the above is automatically zero. Therefore, the map x factors through the quotient
F2Aim(Vo) 117 (g1(Vy) @ gl(W)). Furthermore, observing that both x(1 ® g*) = —dg*
and x(1 ® h*) = —dh* are contained in

SymVg VoW oW ® SymVO*)*
WwWeVveW*eW ’

and both y(¢* ® 1) = ¢* and x(h* ® 1) = h* are contained in gl(Vy) @ gl(W), we
conclude that the map x is compatible with the filtrations on W (gl(Vp) & gl(W))
and A*(Wy, x Poly(Vp) ® gl(W))*. We remind the reader that the filtration on
A (W, x Poly(Vo) @ gl(W))* (its associated spectral sequence is the Hochschild-Serre
spectral sequence for the Lie subalgebra gl(Vy) @ gl(W)) is defined by the powers of
the wedge

A2 (

.(Sym%*®%@W*®W®Sym%*)*
VioaVWweW oW '

In conclusion, we have constructed a filtration compatible differential graded alge-
bra morphism

X : W(g[(%) D g[(W))Zdim(Vo) — /\.(WVO X POly(Vo) ® g((W))*,
where W (gl(Vo) © gl(W))2dim(vp) is the truncated Weil algebra.
Lemma 2.8. The map x defined above is a quasi-isomorphism.

Proof. Since x is compatible with the filtrations, it is sufficient to prove that x is an
isomorphism on the F5 terms of the spectral sequences associated to the filtrations. As
we know that y is multiplicative, it is sufficient to show that x defines isomorphisms
on E?? and EYY.

For Eg’q, we easily see from Equation (1) that x is an identity map on A°gl(Vp) ®
N gl(W).

For Ef ’0, we observe that Ej 0 forms an algebra. And as x is multiplicative, this
reduces to checking the statement on the generators. Observe that E3° of W (gl(Vp) @
gl(W)) is generated by & and n;, ¢ = 1,--- ,dim(Vp) and j = 1,---dim(W). We
compute x (&) and x(n;).

(1) The image x(&;) was already considered in the proof of Theorem 2.2.4’, [Fu].
Hence, we skip the particulars of this part. The conclusion is that up to a
nonzero constant the image of x(&;) is ®;.

(2) For x(n;), looking at Equation (1), we observe that x(n;) is in

NVo@ NW* W @ V*),

as x(1®@h)isin Vo @W* W e V.

Recall that for an element h € gl(W)*, x(h)(v,w @ w* @ v') = h(jv,w ®
w* @v']) = v (v)h(w @ w*), for v e Vy, v € V*, we W, and w* € W*. As
X is an algebra homomorphism, we generalize the above evaluation to x(n;),
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i.e.
X(nj)(vla"' avjawikawiavikf" ,w;,w;,v;)
= H SgH(U)UT(UJ(l)) o 'U;(Uo(j))nj(wf ®w/1>' T ,w;‘ ®w;)
oey;

We recall that 7; is the element in (Sym?gl(T7)*)#'("W) corresponding to the

j-cycle in the permutation group ;. The second line of the above equa-

tion agrees with the \T/j’s evaluation on vy, -+, vj, Wy, w1, vy, 1 WS, Wy, V.
Therefore, we have that x(n;) = \le.

With Lemma 2.6, we conclude that y is an isomorphism on the Fs terms of the

spectral sequences and therefore induces an isomorphism on the cohomologies. O

Having dealt with the special case of a single nonzero m,, we can state the result
in full generality. The proof is identical though more notationally intensive and so we
omit it.

Theorem 2.9. Let I" be a finite group acting linearly on a complex vector space V.

Suppose that V decomposes as V =V} @@221 Mo We into irreducible representations
of T, with Vo = V'. Then

k
H* (W) = H*(W(gl(Vo) & ED gl (C))2aim(ve))-

a=1

We now wish to give a topological description of H '(WE ). Consider the principal
bundle

k k
m: B(GL(Vy) x [[ GLm., (C)) = B(GL(Vo) x [[ GLm., (C)).

a=1 a=1
Denote by Bj, the 2dim(Vj)-th skeleton of B(GL(Vp) x HZ:l GLy,, (C)), and by X}
its m preimage inside F(GL(Vp) x H];:l GL,,,(C)). The following Theorem is then
almost an immediate corollary of Thm. 2.9
Theorem 2.10. H*(W}) = H*(X}).
Proof. The proof is identical to that of Theorem 2.2.4’, [Fu]. Here we outline the
main ingredients. We compare the spectral sequence associated to the filtration on
W(gl(Vp) @ @];:1 L. (C))2dim(vy) with the spectral sequence of the bundle XI —
Bg. From the previous computation, we have seen that Fo terms of the two spectral
sequences agree as algebras. Furthermore, by the acyclicity of the untruncated Weil
algebra W (gl(Vo)&@D,, 8l (C)) and the cohomology of E(GL(Vo)x[[5_, GLum, (C)),
we see that in the two spectral sequences the exterior generators of the algebra

k k
E3* = H*(gl(Vo) & P al,,.. (C) = HY(GL(Vo) x [[ GLm.(T))
a=1 a=1

are transgressive and mapped to the multiplicative generators of the algebra

k
., . \81(V0)8D, 8limy (C) _ 7re
E3" = (8"(@l(Vh) & €D gl (O) Voo™ " = Ho(B])
a=1
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by the transgression. Therefor, we conclude that the limits of the two spectral se-
quences agree.
O

Remark 2.11. When both V and W are 1 dimensional, the Lie algebra cohomology
of Wy x Poly(V) ® gl(W) can be computed directly without using spectral sequence.
Let x be the variable on V and y be the variable on W. Consider the vector field
2 € gl(V). We find that the adjoint action of x2 on Wy x Poly(V) @ gi(W)
and therefore on the cochain complex is diagonal. Accordingly, the cohomology of
Wy x Poly(V) ® gl(W) is computed by the 0 eigenvectors in

/\ (Wv x Poly(V) @ gl(W))".

We can find these 0 eigenvectors explicitly and compute the Lie algebra cohomology
eastly without using spectral sequence.

We now have the language to state the following Proposition:
Proposition 2.12. H*(W[,gl(Vo) ® @%_, gl (C)) = H*(BY).

2.4. The real case. In this subsection, we consider the real Lie algebra WE of
I" invariant formal vector fields on a real vector space V, where p denotes the I'
representation. Let us assume that I' is a finite cyclic group as that is the case we
need for defining characteristic classes of foliation on an orbifold.

As T' is finite, the T' action on V is completely reducible. Suppose that U is
an irreducible component. There are two possibilities: U ® C is irreducible, thus
Endr(U® C) = C and so Endp(V) =R or U®C =W & W with W irreducible in
which case Endr(U®C) = C2 since® W = W (they correspond to different eigenvalues
of the generator of I'), and so Endr(V) = C. Therefore, we can write, similar to the
complex case:

k
V=Voom W1 &P maWa,
a=1
where I acts on V; trivially, W_; is the one dimensional representation with character
-1, W, is an irreducible representation of I' with dimg(W,) = 2, and m, is the
multiplicity of the representation W, in V.

Similar to the complex case in Section 2.1, there is a I'-invariant Euler vector
field X on R™, which acts on Wy, diagonally with nonnegative eigenvalues. As with
Corollary 2.2, by looking at the eigenvalues of X we reduce the Lie algebra I/VpF to
Wx, where Wx consists of eigenvectors of X in W{ with zero eigenvalue. We see
that Wx is somewhat different from the complex case:

k
Wx = Wy, x Poly(Vo) ® (gl,, ,(R)& Pagl,..).
a=1

where gl,,, is the complex general Lie algebra gl,,, (C) viewed as a real Lie algebra.
Extending results 2.2-2.8, we have

6This is where one needs the assumption that I' is cyclic. Alternatively, we may simply assume
that W # W. This rules out the quaternions.
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Proposition 2.13. There is a natural quasi-isomorphism x from the truncated Weil

algebra
k

a=1

to the cochain complex of the real Lie algebra W;.

Proof. The proof is a copy of that of Lemma 2.8. The map x is defined by the
projection from Wx to gl(Vp) @ gl,,,  (R) @ @Zzl gl,,... To prove that x is a quasi-
isomorphism, we compare the Es terms of spectral sequences associated to the filtra-
tion on the Weil algebra W(gl(Vp) @ gl,,,_ (R) @ ®§=1 9., )2aim(vy) and to the Lie
subalgebra gl(Vp) @ gl,,_, (R) ® @Z:l gl,,. of Wx. One change we need to make is
to replace gl,, (C) by gl,, , while the algebra of invariant polynomials on gl,, is
computed in Proposition 2.16.

Furthermore, we may choose a I'-invariant metric on V' and consider the Lie subal-
gebra o(Vo) @0, _, (]R)EBEBZZI Uy, inside WpF, where o is the Lie algebra of orthogonal
matrices, and u is the Lie algebra of skew-hermitian matrices.

We now use the relative version of the Hochschild-Serre spectral sequence to com-
pute the relative cohomology H*(W}',0(Vo) @ 0,n_, (R) @ @];:1 U, ). We need the
following Lemma:

Lemma 2.14. Let V; be real vector spaces, W; complex vector spaces, o; and u;
reductive subalgebras of gl(V;) and gl(W;) respectively, then

H (@ al(V) © D gl Poi & Pui M)
= 1 (D olvi) o P ot(Wo), Do © Pu) @ MBI

provided M is a “tensor” module.

Proof. Observe that H*(g,¢, M) = H*(g,%) ® M? if its complexified version holds.
Note also that gl(W) ® C = glo(W) @ glo(W); this decomposition is given by the
eigenspaces of the “forgotten” multiplication by i acting on gl(W). The meaning of
a “tensor” module is now clear. We may use the Ezt interpretation of the relative
cohomology (valid for reductive subalgebras, see [BW] for example) to conclude that
only a module with a trivial infinitesimal character contributes and thus the earlier
discussion of cohomology of tensor modules over € gl(V;) applies. O

Proposition 2.15. Let
k k
W(g[(‘/b) D g[m,l (R) D @glmu7 U(VO) Dom_, (R) & @ uma)2dim(\/0)
a=1 a=1
be the truncated (at degree > 2dim(Vy)) relative Weil algebra. The map x descends
to a quasi-isomorphism to the relative cochain complex C*(W, ,0(Vy) ® 0pm_, (R) @

@Z:l uma ) :

Proof. The proof consists of checking that the x is a quasi-isomorphism on the F,
terms associated to the relative spectral sequences, which is analogous to the proof
of Lemma 2.8. (]
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To obtain a topological description of the cohomology we compute the invariants
of gl,, as follows.

Proposition 2.16. There is an isomorphism of algebras
(S*gly,) 9tn = Rl y )iy
with degree of xs and ys equal to s.

Proof. As is explained in the proof of Lemma 2.14, the complexification of gl,, is
isomorphic to gl,,C @ gl,,,(C). While (S®gl,,(C))*?'(©) = C[z,]", with z, of degree
s given by the symmetric trace, and so (S°gl,, ® (C)*glm@‘C is a complex polynomial
algebra with 2m generators z; and ts. It is straight forward to trace through the
isomorphisms to check that (S®gl,, )*glm (as the subalgebra on which conjugation

.. .. . stts ze—ts
acts trivially) is isomorphic to R[Zs%= Ze=te], O

Proposition 2.17. There exist isomorphisms:
(1) H*(gl,,) = H*(Un X Upn),
(2) H*(gly, um) = H*(Un).

Proof. For statement (1), we notice that gl,, @ C = g[,,,(C)&gl,,,(C) = (u,, Bu,,) @C.
Therefore, H*(gl,,,) = H® (1, D uy,) = H* (U, X Uyy) because U, x U, is a compact
Lie group.

For statement (2), we observe that under the isomorphism gl,, ® C = gl,,(C) ®
gl,,,(C), the complexification of u,, is identified with gl,,(C) embedded diagonally into
gl,, ® C. Furthermore, the pair (gl,,(C) @ gl,,,(C), gl,,,(C)) is the complexification of
(U, DUy, Uy, ) With 1, embedded into u,, ®u,, diagonally. Therefore, H*(gl,,,, um) =
He (W, @ty ) = H*(Upy X Up, /U,) = H*(Uyy). O

By Proposition 2.16, (S'glm)*glm is isomorphic to the cohomology ring of the
classifying space B(U,, X Up,), a polynomial ring with 2m generators. This brings to
mind the fibration E(U,, x Uy,) — B(U,, x U,,) with the fiber U,,, X U,,,. Thus we ob-
tain the following topological description of the cohomology computed in Proposition
2.13 and 2.15. Consider the fibration

k

EUgim(vy) X Um_, % H(Uma X Unm,))

a=1
k
- B(Udim(Vo) X Um_1 H me X Uma )

Let X} be the 7 preimage in E(Ugim(vy) X Um_, X Ha 1 U, xUy,,)) of the 2dim(Vj)-
th skeleton B}, of B(Ugim(vy) X Um_, X H 1(Un., x Up,)). Note that SO(Vp) x
SOp,_, (R) x Hk_ Up.. and O(Vy) x Oy, (R) x [T%_; Upn., act on the fibers of X —

a=1 a=1

B} (Up,’s are embedded diagonally in Up,, X Uy, ). We then have:

Theorem 2.18.
HHOV]) = ()

HO(W57g[(VO) (&) g[m 1 @ @gl — H* BF)
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k k
H* (W, 0(Vo) @ 0m_,(R) & P ) = H* (X} /SO(Vo) X SO, (R) x [] Unm..);
a=1 a=1
k k
H* (W}, 0(Vo) X Op_, (R) x [[ Um.) = H* (X} /O(Vo) X O, (R) x [] Unn,.)-

Proof. The proof of the first statement is similar to that of Theorem 2.10, ones uses
Proposition 2.13. The second statement was essentially demonstrated in the process
of proving 2.10. With Proposition 2.15, the last two statements follow by comparing
the cohomologies of the Weil algebras and the topological spaces. Compare to [FU]
Thm. 2.2.6.

O

3. Characteristic Classes for foliations on orbifolds

In this section, we apply the computations of the Lie algebra cohomology above to
define some characteristic classes for foliations on orbifolds.

3.1. Foliations on orbifolds. Here, we introduce a notion of a foliation on an
orbifold. Because all of the following constructions and computations are local, instead
of general orbifolds, we will work with the global quotient, i.e. X = M/T"; where T’
is a finite group acting on a smooth manifold M. We consider a foliation F on M,
which is invariant under the I' action, and call it a I equivariant foliation on M. We
denote by F both the foliation and the distribution defining the foliation.

Theorem 3.1. Let F be a I' equivariant foliation on M. Then for each v € ', F
restricts to a foliation F¥ on MY, where M"Y is the v fized point manifold.

Proof. Note that FY on M" is given by F) = T, M" N F,. We will prove that F7 is
indeed a foliation on M7, i.e.

(1) F7 is of constant rank on each connected component of M7;
(2) F7 is integrable.

We check (1) and (2) separately.

For (1), we notice that for x € M?”, v acts on T, M with F, a submodule, and
F) = (F.)¢. Where G = (v), a finite cyclic group generated by 7. Since in the repre-
sentation space of G, the trivial representation is an isolated point’, the dimension of
F7 is locally constant on M?. Therefore, 77 is of constant rank on each component
of M7.

To check (2), we observe that a pair of sections 7, v of F7 can locally be extended
to a pair 7, v of G-invariant sections of F. Since F is closed under the commutator
bracket, and the G-action commutes with the bracket, we see that [17,7] is a G-
invariant section of F. Thus [n,v] = [, V]|p~ is a section of F7. O

"This phrasing of the proof is motivated by the remark that follows it. To prove only the statement
of the theorem one can observe that the eigenvalues of vy are n-th roots of unity and so cannot change
continuously. This in effect proves the discreteness of the representation space.
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Remark 3.2. As is clear from the proof, we can extend Theorem 3.1 to the following
setting. Let G act on a manifold M such that M has a G-invariant hermitian struc-
ture. Suppose that F is a G-invariant foliation on M. Then F restricts to a foliation
on the fized point manifold ME when G satisfies property T.

3.2. Characteristic classes. In this subsection, we want to define some character-
istic classes for a foliation F on an orbifold X. As foreshadowed by Theorem 3.1, our
characteristic classes map takes values in the cohomology group of the inertia orbifold

H*(X).

We review the theory of characteristic classes for foliations on a manifold. Possible
references for the standard approach to this are [Fu], [KT]. Our approach differs
and owes much to the point of view of [K]. In addition we develop the equivariant
version of these methods. Let G be a Lie group with its Lie algebra denoted by g.
Our discussion takes place over R, i.e. all manifolds and Lie algebras are real. It
readily modifies, where appropriate, to C by considering almost complex manifolds
and complex Lie algebras.

Recall that a g-structure on a smooth manifold M is a smooth 1-form w on M
with values in g, satisfying the Maurer-Cartan equation:

1
dw + §[w,w] =0.

The g-structure on M is equivalent to the structure of a trivialized flat principal
G-bundle P = M x G over M. The flat connection on P defines a g-structure on M.
Given a g-structure w on a manifold M, we can define a characteristic classes map
Xw by
Xw: AgT — QM)
10) —  ¢ow.
(Note the abuse of notation in writing w for Alw.) Because w satisfies the Maurer-
Cartan equation, it is straightforward to check that x, commutes with differentials,
therefore we have a map on the cohomologies:

X« H®(g) — H*(M).

The cohomology classes in the image of x,, can be considered as characteristic classes
of the g-structure w.

In the case of a not necessarily trivialized P over M, with the flat connection
given by a G-equivariant w € Q!(P) ® g satisfying the Maurer-Cartan equation, we
analogously obtain a map x,,

Xo: A°g" — Q%(P)
¢ —  ¢ow.
This again induces a map on cohomologies: x, : H*(g) — H*(P). Should a trivial-
ization of P exist, by choosing one, i.e. picking a section s of P — M we obtain a
map s* o x, : H*(g) — H*(M) that recovers the above case; it depends on s up to
homotopy.

In order to deal with the case when a trivialization does not exist we can also
consider the relative version of the above construction. Suppose that K C G is a
subgroup, denote by p : P — P/K the projection map. The form w in Q}(P) ®
g specifying the flat connection on P can be considered as a G-equivariant map
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g* — Q. This restricts to a K-equivariant map (g/f)* — p*Q%,/K. Thus we have

(A (g/R))E — (p*Q;D/K)K = €% ;- In this way we obtain the relative version of
characteristic classes:
Xwg + H®(9,K) — H*(P/K).

As before, we may pick a section s of 7 : P/K — M (if it exists) to get the relative
characteristic classes map s* o, that again depends on the section up to homotopy.
However if G/K is contractible we obtain a canonical map (7)1 o -

In order to deal with orbifolds we must adapt the above to the equivariant setting.
That is we consider a principal G-bundle P over M with a I" action. This means that
in addition to the usual structure we have the action of I' on P and M that makes the
projection map I'-equivariant, and the actions of T and G commute, i.e. y(zg) = v(x)g
forvyeT', x € Pand g € G. If P is equipped with a flat connection, we require the
connection to be I'-equivariant, i.e. the connection form w is in (2} ® g)*'. We may
now proceed as before with the additional observation that x., is I'-equivariant and
thus

Xow + H* (g, K) — H*(P/K)"

and in the case that G/K is contractible the image of (7*)~! o x,,, is contained in
He (M),

Consider a v € T and let M7 = [[M;", where M is a I'"-orbit of a connected
component of M7. To any z € M, we may associate (v,) a conjugacy class in G
of v, € G that satisfies yy, = (y) for some choice of y € P|,. While 7, depends
on y, its conjugacy class in G does not. If P is equipped with a I'-equivariant flat
connection then (vy,) will be constant on each connected component of M, and thus
on M itself. Thus for a choice of v; € (v,) (notice that v; € G unlike v € ') we may
reduce the structure of P| My to G7¢. Explicitly, we consider the principal G7-bundle
with the fiber over # € M consisting of all y € P|, such that v(y) = yy;. Let us
denote this principal G7i-bundle over M, by P7i. It is evidently I'"-equivariant and
it is easy to see that the I'-equivariant connection on P will induce a I'’-equivariant
connection on P7i.

The characteristic classes formalism above can then be used to supply the classes
associated with P. Namely, for every v € T' (we need only choose one per conjugacy
class), and a choice of M; C M", choose a v; € (7,;) C G and suppose further that
we have a K,, C G with G7* /K, contractible. Then we get a characteristic classes
map

H.(g%aK"/q‘,) - ILI.(]\4;Y)FAY

that essentially does not depend on the choices of conjugacy class representatives. We
note that the classes obtained in this way are located inside the cohomology of the
inertia orbifold X.

Now we can apply all this to obtain characteristic classes of foliations. The key
to the application is the consideration of an appropriate principal G-bundle with
flat connection. The “group” G will be the cross product of the group of formal
coordinates around 0 € R™ and the group of formal translations in R™. Denote this
group by Dif f, and note that its Lie algebra is W,,. Observe that GL,,(R) C Dif f,
and Dif f,/GLpy(R) is contractible.
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First, let us recall the non-equivariant situation. Let F be a foliation on a man-
ifold M of codimension n. We define the principal Dif f,-bundle Pp;¢s over M as
follows. Let R{} denote the formal neighborhood of 0 in R™ and Aut,, the group of
diffeomorphisms of Rg With this notation Dif f,, = Aut, x Rg Define the Aut,,-
bundle P4, by setting the fiber over x € M to be the set of diffeomorphisms from
Rg to the formal neighborhood of x in the local leaf space around x, i.e. the quotient
of the formal neighborhood of x € M by the connected components of the leaves.
Let Ppirr = Paut X Aut,, Dif fn. The resulting Dif f,-bundle has a canonical flat
connection. By the general theory we get a map:

H*(W,,,GL,(R)) — H*(M)

that encodes information about the foliation F. More precisely, these are the real
Pontryagin classes of the normal bundle NF to F (see Remark 2.7). As pointed
out in [FU] this gives the well known vanishing theorem of Bott: monomials of the
real Pontryagin classes of NF that have degree > 2n are equal to 0. However one
does obtain extra information using this method, namely since GL,(R)/0,(R) is
contractible we have:
H* (Wi, On(R)) — H*(M)

that extends the map above and thus defines extra classes called secondary charac-
teristic classes for a general foliation.

We can refine this type of analysis in the special case of a framed foliation. Suppose
that NF is trivialized. Choosing a metric yields an exponential map that gives a
reduction of structure of Pp;ss to F(NF), the frame bundle of NF. At the same
time the trivialization provides a smooth section of F(NF) and since any two metrics
are homotopic, we have a canonical map:

H*(W,,) — H*(M)

encoding the data of the framing as well.

Now we want to use the above idea to define characteristic classes for a foliation on
an orbifold. For simplicity of exposition let us assume that we are in the setting of a
manifold M with a finite group I' action that preserves a foliation F (of codimension
n) on M. Then the principal Dif f,-bundle Pp,¢s as defined above is automatically
I'-equivariant with an equivariant flat connection. One can choose a I'-equivariant
metric on NF (any two such metrics are homotopic), then the exponential map
gives a I'-equivariant reduction of structure of Pp;ss to F(NF). This reduction
allows us to choose 7v; € GL,(R). Since Dif f)i /GLY (R) is contractible, we have the
characteristic classes map:

H* (Wi, GLY (R)) — H* (M)

that can, similarly to the non-equivariant discussion, be interpreted as a mixture
of Pontryagin and Chern classes for the direct sum decomposition of the restriction
of NF to M, induced by the action of v. Namely, by restricting NF to M, we
obatin a real vector bundle with a fiberwise action of . This action produces a
decomposition into irreducible component subbundles. The components on which the
action is diagonalizable give rise to the Pontryagin classes, whereas the remaining
part of the decomposition acquires a complex structure and so defines Chern classes.
Consequently we obtain an equivariant version of Bott’s vanishing theorem that is
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stronger than the original. More precisely, monomials in the Pontryagin and Chern
classes having degree exceeding 2rank(NFY) are cohomologically trivial(see Lemma
2.6 and Remark 2.7).

To obtain extra information beyond the standard characteristic classes, observe
that GL)i (R)/O7 (R) is contractible, thus we have:

Xyt HY (W), 00 (R)) — H* (M)

Explicitly, using the conventions of Section 2.4, the action of v; on R" gives a decom-
position R® = Vym_1W_, @@];:1 Mo We. Then GLY (R) = GL(Vy) X GLy,_, (R) x
[IGL,, . (C) and O}i(R) = O(Vp) X Op,_, (R) X [[ U, -

Definition 3.3. For a foliation F on an orbifold X, we define the characteristic
classes of F to be the elements in the image of the map

X=®xyi: @ H (W], 0F(R))— H*(X).
(v)cr,i

The cohomology of H*(W7i, O (R)) is computed in Theorem 2.18. It is isomor-
phic to the cohomology of the topological space X /OYi, which is fibered over B
The cohomology ring of BJ’ is the polynomial ring with dim(Vp) + m_1 + 23 mg
generators truncated at degree > 2dim(Vy). The images under x of these gener-
ators correspond to the Pontryagin and Chern classes as explained above. Fur-
thermore, we notice that X;“/Ozf’ — B} has a cohomologically nontrivial fiber
Udimo) X Um_y X [I(Umy X Um,)/O(Vo) X O, (R) X ] Upn,,. Thus the cohomology
group of X /O is larger than the one of BJi. The extra cohomology classes give
rise to the secondary characteristic classes of F. For example, looking at the Fs term
of the spectral sequence associated to the fibration, we see that any class in the upper
right hand corner will survive as a class in the cohomology of X737/O7¢. These can be
thought of as generalizations of the Godbillon-Vey class.

Example 1. We consider the 0-dimensional foliation F on a manifold M. Any finite
group I' action on this manifold preserves F. Definition 3.3 defines on each piece of
M7 characteristic classes of the tangent bundle T M7, and also characteristic classes
of the normal bundle NM"” of the embedding M” — M. Correspondingly, on the
inertia orbifold X, Definition 3.3 defines characteristic classes of both the tangent
bundle of each X7 and also the normal bundle of X7 «— X. These provide all the
characteristic classes needed in the topological index of an elliptic differential operator
on an orbifold [PPT].

Example 2. Let F be a foliation on a manifold M. We consider the manifold
M x M with the foliation F x F. We have the group Zs = Z/27Z acting on M x M
by switching the components. This action preserves the foliation F x F. We write
elements in Zo as id and o. Associated to the element id, Definition 3.3 defines
Gelfand-Fuchs classes of the foliation F x F on M x M, which are invariant under Z,
action. For the element o, its fixed point set is the diagonal A in M x M, which is
diffeomorphic to M. The intersection J of the foliation F x F with the diagonal A
defines a foliation on A, which is equal to F if we identify A with M. We denote the
restriction to A of the normal bundle of F x F inside TM x T'M by NF. o acts on
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N F fiberwisely, and we denote the corresponding -1 eigen subbundle in NF by NJ.
Then associated to the element o, Definition 3.3 defines Gelfand-Fuchs classes of J
on A, and also the characteristic classes of NJ on A. Under the identification (A, J)
with (M, F), the Gelfand-Fuchs classes of J on A and F on M are indentified. We
see that the o component of the Definition 3.3 contains the information of the original
foliation (M, F). We remark that one easily generalizes this example to M *™ and the
n-th permutation group ,,. Definition 3.3 provides much more information than the
Gelfand-Fuchs classes of the foliation F*™ on M *".

Remark 3.4. Different approaches such as [K'T] can also be used to define character-
istic classes for foliations on orbifolds. Here, the Gelfand-Fuchs cohomology approach
is used as an application of the Lie algebra cohomology computation.
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