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GEOMETRY OF POLYSYMBOLS

MASANORI MORISHITA AND YUJI TERASHIMA

ABSTRACT. We introduce a multiple generalization of the tame symbol, called polysym-
bols, associated to meromorphic functions on a Riemann surface as the Massey products
in Deligne cohomology, and also give a geometric construction of polysymbols using
Chen’s iterated integrals. We then deduce some basic properties of polysymbols using
our holonomy formula, and show that trivializations of polysymbols give variations of
mixed Hodge structure.

Introduction

Let f and g be two meromorphic functions on a closed Riemann surface X. The
tame symbol at x € X defined by

fordx (9)

gord=(f) (@),

(01) {f’ g};v = (_1)0rdm(f)0rdm (9)
where ord, (f) stands for the order of f at z, is a function-theoretic analog of the
Hilbert symbol and plays important roles in class field theory and algebraic K-theory.
Among many works on the subject, there is a geometric interpretation of the tame
symbol {f,g}., due to S. Bloch ([Bl]) and P. Deligne ([D]]), as the holonomy of a
line bundle with holomorphic connection (f,g) over X = X \ (S(f) U S(g)) which
is given by the cup product f U g in the Deligne cohomology H%(X,Z(2)), where
S(f) denotes the set of zeros and poles of f. We note that this construction may be
regarded as a complex analytic analogue of the linking number of two knots (cf. [Mo]).

The purpose of this paper is to generalize the construction of Bloch and Deligne
and introduce a multiple generalization {f1,..., fn}. of the tame symbol associated
to meromorphic functions fi,..., f, on X, following after Milnor-Massey’s construc-
tion of higher order linking numbers of a link ([Ms],[Tu]). In fact, associated to
meromorphic functions fi,..., f, on X, we introduce the set of isomorphism classes
of line bundles with holomorphic connection (fi,..., f,), called a polysymbol, over
X = X \ U, S(f;) as the Massey product in the Deligne cohomology H% (X, Z(n)),
and then define {fi,..., fn}z, polysymbol at x, by the map (fi,..., fn) — C sending
each isomorphism class in (f1,..., f,) to the holonomy of the associated line bundle
with connection along a loop encircling . Our theorem (cf. Theorem 2.5 below) then
gives an explicit formula for this holonomy in terms of Chen'’s iterated integrals ([C2]).
We also give a geometric construction of the polysymbol (fi,..., f,) which may be
regarded as a natural extension of Bloch-Ramakrishnan’s ([Bl],[R]) and Hain’s ([H]).
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Namely, using the iterated integrals, we define a map associated to fi1,..., f, and a
defining system A for (fi,..., fn)

T(f1,..-,fn)a: X — N(Z)\N(C)/C,

where N(R) for a commutative ring R denotes the group of R-valued points of the
Heisenberg group of degree n 4+ 1 and C' is the center of N(C). The manifold P :=
N(Z)\N(C) has a natural structure of a principal C*-bundle over N(Z)\N(C)/C and
carries a standard connection form #. By comparing the holonomies, the polysymbol
(f1,..., fn)a relative to A is interpreted as the isomorphism class of the pull-back
of the bundle with connection (P, ) under T(f1,..., fn)a. We then show, using our
holonomy formula, some basic properties of polysymbols which generalize those of the
tame symbol. Finally, we show that trivializations of polysymbols give variations of
mixed Hodge structure.

1. Deligne cohomology and tame symbols

In this section, for the convenience of readers, we recall the basic materials on
Deligne cohomology which will be used in the sequel. References are [Br] and [EV].

Let X be a complex manifold. The Deligne cohomology, denoted by Hj, (X, Z(p))
for an integer p > 1, is by definition the hypercohomology of the Deligne complex
Z(p)p defined by the complex of sheaves on X

Z(p) = (2nV/—1)PZ — Ox S 0k ... L ort

where Z(p) is in degree 0 and Ox and Q% (1 < k < p — 1) denote the sheaf of
holomorphic functions and of holomorphic k-forms on X respectively. The map Ox —
1 1

O% defined by z — exp(mx) and the multiplication on Q% by G T

induce a quasi-isomorphism

Z(p)p ~ (0% T — - = ) [—1]
and hence we have the isomorphisms

HY(X,Z(p)) ~ HI (X, 05 BF 0k — - - 05, ¢> 1.

)

For low values of p and ¢, the isomorphisms above are given as follows.
1.1. p=¢q=1: An element of H}(X,Z(1)) is repsesented by a Cech 1-cocycle a for
a suitable open cover {U,} of X

= (Qavaa) € CI(Z(l)) S CO(OX)v qab = 6Fa

where § stands for the boundary map for Cech cocycles with respect to open covers.
Then we associate to a the function f € H(X,0%) so that F, is a single branch of
log f restricted on U,. This yields the isomorphism

Hp(X,Z(1)) ~ H°(X,0%).

In the following, for f € H°(X,0%), we denote by log,, ., (f) for a single branch of
log f restricted on Uy, . 4, = Uy N---NU,,.
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1.2. p=¢=2: An element of H?(X,Z(2)) is represented by a Cech 2-cocycle
B = (qabe, 108,y [, Q) € C*(Z(2)) ® CH(Ox) @ C%(2x)

which is subject to the relations gup. = dlog,, f, dlog,, f = 0€2,. We then associate

to 3 the Cech 1-cocycle with value in the complex 0% 4o oL

1

(fabawa) S CI(O;<() S CO(Q}()a fab = eXp( T\/_—lga

yWa =

1
———1lo
27_‘_\/_71 Eab f)
with 0&,, = 1, dlog€&., = dw,. This gives the isomorphism

H2(X,2(2)) ~ H'(X, 0% 22 k).

1.3. The hypercohomology H! (X, 0% e QL) is interpreted as the group of isomor-

phism classes of line bundles over X with holomorphic connection, where the group

structure of the latter is induced by the tensor product of bundles with connection.

Suppose we are given such a pair (L, V). As usual, we identify L with the associated

principal C*-bundle L*. Take a suitable open cover {U,} of X such that L™ has a sec-
Sb V(sa)

tion s, over U,. Then the pair ({4, w,) defined by £up := 2+ and w, 1= ~>* gives a

Cech 1-cocycle with value in the complex 0% dlog QL by the relation dlog €., = dw.
Conversely, we easily see that any such cocycle comes from the pair (L,V). This
association preserves the group structures. We also note that when X is a Riemann
surface, H2(X,Z(2)) is isomorphic to H(X,C*), the group of isomorphism classes
of smooth flat line bundles on X.

1.4. A crucial property of Deligne cohomology for our purpose is that it is equipped
with a cup product on Deligne complexes

Z(p)p @ Z(p")p — Z(p+p)p

given by
-y  deg(z) =0,
cUy=( zAdy deg(x) >0, deg(y) =7p',
0, otherwise.

The cup product is anti-commutative up to homotopy and so we have a U g =
(-1)7"BUa for « € HL (X, Z(p)), 3 € HH (X, Z(p')).

1.5. As an application of the cup product, one can describe the tame symbol {f, g},
in terms of Deligne cohomology. Suppose that f and g are meromorphic functions on
a closed Riemann surface X. Set X = X \ (S(f) U S(g)) so that f,g € H(X,0%),
where S(f) denotes the set of zeros and poles of f. By 1.1, f and g are represented
by the 1-cocycles
(qab, log, f) and (q/ab’ log, 9)

respectively with ¢, = dlog, f, ¢., = dlog,g. By 1.4, the cup product f U g is
represented by the 2-cocycle

dg
(qabhes Gab logy g, 10g, f ;)
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which corresponds to the 1-cocycle with value in the complex O% dloe QL via (1.2)
1 dg
, ———=log, f—).
SR )
We write (f, g) for the corresponding isomorphism class of line bundles with holomor-

phic connection on X by 1.3. Noting that 2:\;% = —(log, f —log, f), the holonomy

of (f,g) along a loop [ with base point z( in X is given by

1 dg ﬁ
eprW\/jl (/llogfg logg(xo)/lf)

which is precisely the tame symbol {f, g}, at x € X in (0.1) by Cauchy’s theorem
when [ is a small loop encircling z.

(gzm/fl

2. Massey products and polysymbols

In this section, generalizing the construction in 1.5, we introduce polysymbols as
Massey products in Deligne cohomology, and compute their holonomies explicitly in
terms of Chen’s iterated integrals. For Massey products and iterated integrals in gen-
eral contexts, we refer to [Kr], [My] and [C2].

_ Let X be a closed Riemann surface. Let fi,---, f, be meromorphic functions on
X and let S(f;) be the set of zeros and poles of f. Set X = X \ U, S5(f;) so that
fi € H'(X,0%) = HH(X,Z(1)) by 1.1.

In the following, we omit the subscripts a,ab, - -- in the Cech cochains, which stand
for open subsets Uy, Uy, - - -, for the sake of simplicity.

Definition 2.1. The Massey product (f1,..., fn) is said to be defined if there is an
array A of Cech 1-cochains
A= {ail“ik = (qh'-ikvlog fulk) € CI(Z(k)) S5 CO(OX)‘ ip+1 = iP + 1(VP)}1§’€§”—1

such that

(2.1.1) «; = (gi,log f;) is a 1-cocycle representing f; for 1 <i <n,

(212) DOZil.Aik = Oy gy —1 U Qi + gy egp—2 @] Qg — 14y, + -t [o7% @] gy oy, for 1 S k S
n—1,i,41 = i, +1 where D stands for the boundary operator of Deligne cohomology.

An array A is called a defining system for (fi1,..., fn). The value of the Massey
product relative to a defining system A, denoted by (fi,..., fn)a, is then defined to
be the cohomology class of HZ (X, Z(n)) represented by the 2-cocycle

c(A) =armgUap+ 1o Uap_1n+ -+ a1 Uag.p.

The Massey product (fi, ..., f,) itself is usually taken to be the subset of H3,(X, Z(n))
consisting of (f1,..., fn)a for some defining system A.

Since dim X = 1, the multiplication by W induces the isomorphism

(2.2) H (X, Z(n)) ~ Hp(X,Z(2))
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and hence each (f1,..., fn)a is identified with an isomorphism class of line bundles
over X with holomorphic connection by 1.3 via (2.2). We also note that a line bun-
dle over X with holomorphic connection is flat, namely its curvature is zero, since
dim X = 1.

Definition 2.3. We call (f1,..., fn)4 and the associated isomorphism class of line
bundles over X with holomorphic connection a polysymbol relative to A, and call
(f1,---, fn) simply the polysymbol for meromorphic functions fi,..., f,.

For z € X, let H;, ((f1,...,fn)a) denote the holonomy of (f1,..., f,)4 along a small
loop I, encircling z and we define the polysymbol at z, denoted by {f1,..., fn}ts, by
the map

{f17~-~7fn}z : <f1a~~-7fn>_>C; <f1a-‘-7fn>AHHZI(<f17'~~7fn>A)'

It is easily seen by Stokes’ theorem and the flatness of (fi,..., fn)a that the map
{f1,--, fn}z is well-defined, namely depends only on fi,..., f, and z.

Remark 2.4. (1) For n = 2, (f1, f2) consists of a single class f; U fy and so the map
{f1, f2}» in Definition 2.3 is identified with the classical tame symbol by 1.5.

(2) Suppose that all k-th order polysymbols {gi,...,gxr}. at z are 1 for any k < n
and all meromorphic functions gi,...,gx. It implies that all k-th order polysym-
bols (g1, ...,gx) restricted to a neighborhood of x are trivial for any k < n. Then,
by the well known property of Massey products ([Kr],[My]), the n-th polysymbol
(f1,..., fn) restricted on a neighborhood of x consists of a single cohomology class
and hence {fi,..., fn}z € C is numerically defined.

Now, we compute the holonomy of a polysymbol (fi,..., fn)a relative to a defin-
ing system A in terms of Chen’s iterated integrals ([C2]). Recall that for 1-forms
wy,...,w, on X and a path v : [0,1] — X with v*w; = F;(t)dt (1 < i < n), the

iterated integral /w1 -+, is defined by
v

/wl...wn ;:/ Fy(t1) - Fy(ty)dty - dt.
10 0<t; < <t, <1

Theorem 2.5. For a loop | with base point xy in X, the holonomy of the polysymbol
(fi,..-, fa)a relative to a defining system A (Definition 2.1) along I, denoted by

Hl(<f17"'7fn>A), 18 given by

Hi((fr- - fa)a) = exp (Wll)n_lMu“.n(l))

where M., (1) is given by
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dfy  dfn dfs  dfn dfn

lf .fn +10gf1(x0) lg fn N +10gf1“n71(x0) l fn
i1 dfis;

+ Z Z (=1)"log f1..i(wo) ivr | Yo log fitjt1-itjrk (To)

Cibith=n kit thp=k Lfivr i

ZV,J)ZL,RZ

X 10g fitjtky+1itjthi+ke (T0) .. log fi+j+lc1+~-+kp71+1»-n(1’0)~

For example, we have

Mao(l 6%10;{;2 og fi1(zo) ]{ — log fa(xo /fl
dfy dfz dfs dfz dfs 3
Mi23(1) /EEK—H g fi(zo) T fs + log f12(wo /f
—/Tlogfzs(xo)— Cj{zlicfjl g f3(xo) —log fi(zo /f log f3(x0)
+ C;{long(xo)logfg(xo)

Proof. First, note that the condition (2.1.2) is expressed in terms of cocycles by

(2.6) <§qil..ik,qil..ik+510gfi1~ik7 i k)

fir-i
[ Tiri 16, + Giy iy —2Qi—14, Tt Qi Qi a
Qi i —1108 fir, & Gy iy —2108 fir 10 + - + 43,108 fiy iy 108 fi i1 7 -

In particular, we have

(2.7) q1..k = 0log 1.k — (q1..k—110g fi + q1..k—210g fe—1x + -+ + q1log fo..x) -
The cocycle ¢(A) is expressed by

(2.8) ¢(4) = (*7 q1-n—1108 fr + q1..n—210g fn_1n + -+ + q1log fa..n, log f1~~n71%) :

y (2.7) and (2.8), we have

DY > (=1)P16log f1.4108 fig1-idk,
I4k=n kit tkp=k
C(A): 1>1,k>1

d
x1og fiik,+1. 1+k1+k2~~10gfl+k1+ thpo1+1m, 108 [ 1 5>

Using the relation % log fiy ip—1 f Yix from (2.6), the contribution of the term
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log f1..n‘j¢—7’: to the holonomy is exp of

/logf1 o fj{j

= log fl-Anfl(‘rO) iﬂfn (j(‘]‘il . 11 C.i}.fn

= log f1~n—1(350)/f: +/l<10gf1--n26j{7_11) %
dfnfl dfn df1-~n72 dfnfl dffn

— log fr.m_1(20) /—+logf1 O e el B e o

=log f1..n—1(z0 /f+10gf1 n—2(z0) df”1%+--~+logf1(xo)/lc;22...(?”

lfn—l .fn
dh dfs
T

The contribution of the term

+

(—0log f1..1)10g fi1.14k,108 fitky 1114k +ks - - - 108 fl+k1+“+kp—1+1~n

to the holonomy is exp of

1 f1
(/log fra- 1%) log firs1.14k, (T0)

X 108 fitky+1-14kr+hs (T0) - - 108 fr by -tk 1 +1-n(T0)
(log f1~l—1($o)/% + log fi1..1-2(w0) li{::l % + -+ +log fl(xo)/l(j; . (j{ll

6%1 C?cl) log fit1..144, (z0)

X 108 fitky 4114k +hs (T0) - - 108 fiky +o k1 +1.n(20)

dfi df;
= Z log f1..i(xo) Jit1 f+]10gfl+j+1 itj+k (To)
it+j=l l fiJrl erJrJ
i>0,5>1

X108 fitjthyt1-ititkatha (T0) - - 108 fis kst thy_s+1-n(T0)-

dfy..
< h l> 108 fit 114k (20)108 fipby+1-14k1+k> (T0) - - 108 fiphy +4kp 1 +1.n(Z0)

Since (f1,..., fn)a corresponds to the class [WC(A)} € H*(X,Z(2)), getting
all these together, we obtain the desired formula. O

3. Geometirc construction of polysymbols

In this section, we give a geometric construction of the isomorphism class of line
bundles with holomorphic connection represented by the polysymbol (f1, -, fn)a
relative to a defining system A introduced in Section 2. Our method may be regarded
as a natural generalization of Bloch-Ramakrishnan ([Bl],[R]) and Hain’s ([H]). We
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keep the same notations as in Section 2.

Let N = N, 11 be the Heisenberg group of degree n+ 1 so that the set of R-valued
points of N for any commutative ring R is given by

1 =z 12 ... T12.n-1 Ti2..m
0 1 T2  T23 T23..n
N g e e | i € RY.
1 Tn—1 Tn—1n
1 T
0o ... 0 1
We set
1 0 0 =z
0 1 0 0
C:={ S | z € C} = the center of N(C) ~ C,
1 0
0 0 1

B:= N(Z)\N(C)/C.
We fix base points zg € X and N(Z)AC € B where the matrix A is given by

1 a1 a2 ... ai2.n-1 0

1 as Q23 - as3..n
A=

1 Ap—1 Ap—1n

1 Qn,

1

For simplicity, we set
1 df;

BTV

We then define a holomorphic map
T(fiveoo f)a : X — B

by
T(fl?"'afﬂ)A(x)
L[ e [, wiws J, wiewn 0
=N(2Z)A c
1 f% Wn—1 f% Wn—1Wn
1 L Wn
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where 7, is a path from x( to z in X.

For a loop I based at g, we define m;, ; (1) and m;, ;, (1) € Cinductively as follows:

(3.1) mi(l) = /l% = my(l), mj, (1) := /lw“ e Wi
My g (l) - mzl Ak (l> +ai,m zz ik (l) + a’ilizm;g...ik (l) + ai1~~~ik71m;k (l)
= (Mg (D, +miy iy, (Daig i, + -+ miy (D, )

For example, we have

miz(l) = miy (1) + armi(l

/w1w2 + a1 /wz - /wmz,

mig3(l) = migs(l) + armiz(l) + arems(l) — (ma(l)ags +maz(l)as)

= /w1w2w3 + a1 /w2w3 + a2 /ws
l l l
— </w1a23 + /w1w2a3 +ax /wza?, - /w1a2a3> )
! ! l l

mig n(l) = My, (1) +army (1) + -+ a1 n1my, (1)
— (M1 m—1(D)an +mi po(l)an—1n +---+mi(Daz. n)

:/wl...wn+a1/w2...wn+---—l—al..n,l/wn
l l l

— Z Z (—1)p_1a1..i/lwi+1 ...ij

itjth=n kit thkp=k
i>0,5>1,k>1

X Qi j41eitjthn Vi jrka+1itj+hi+ke - - - itjthi+4kp_1+1-n-

Lemma 3.2. Under the assumption that
My .. iy (l) €7 (1 <k<n- 1,ip+1 = ip +1, [l] S 7T1(X, 370)),

the map T(f1,--+ , fn)a does not depend on the choice of a path ~,.

Proof. Take another path 7/, and set { =+, Vv !. By the formula (1.6.1) of [C2], we

have
/ wil...wik:/ wil...wik
Vi e
=S [ [
0<p<k Ve

- E mzlzk p / wlk p+1 0ttt lk'
v

0<p<k @
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Writing simply my, . i,,m;, ,, for mq, i, (1), m; ; (I) respectively, we have

1 , W1 , W12 , W1 ... Wnp—1 0
v 7. .
1 fv’ Wo f”/’ Waws3 f, Wy ...Wn
A .
1 A Wn—1 o Wp—1Wn
1 - Wn
1
/ / /
1 my miy ... mis 1 0
/ /
1 my Moz mMa3 . .n
= A .
/ /
1 mn—l mn—ln
/
1 m,
1
1 f’y w1 ~ W12 f,h w1 Wn—1 0
1 f%w2 e Y203 frwg...wn
% :
1 Ya Wn—1 f’h» Wn—1Wn,
Ve Wn
1
1 my mi2 ... Mi2.n-1 0
1 ma ma3 ma3..n
= : A
1 mMp—1 Mp—1n
1 My,
1
1 f’h w1 f%n Wiwso RN f ” W1 ...Wnp-1 0
1 f% Ws f% Wows fzwg...wn
X s :
n— n— n
1 w.
Yz n
1

where the second equality follows from (3.1). By definition of T'(f1,..., fn)a, the
assumption then implies the conclusion. O

Proposition 3.3. If the matriz A is given by a defining system for (f1,..., fn) in
Definition 2.1, namely

1 . .
Qi .ipy = 7logfi1...ik ((,Co) (1 S k S n— 172p+1 =1p + 1)7

(/=D
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then we have

Miy..i,(1) € Z (1] € m(X,20)).

Proof. A defining system A for (f1,..., fn) also provides a defining system, say A
again, for (fi,,..., fi,) in an obvious manner and its value (f;,,..., fi,)a = 0 for
1 <k <n-—1,i,41 = i, + 1. Since the holonomy of (fi,,..., fi,)a along I is
exp(2mv/—1my, i, (1)) by Theorem 2.5 and (3.1), we have m;, ;. (1) € Z. O

Next, we let P := N(Z)\N(C) and consider a holomorphic line bundle
m™: P—DB

induced by the natural projection. As usual, we identify P with the associated prin-
cipal C*-bundle where exp(2my/—1\) € C* acts on a fiber z € C ~ C by z + A. Let
6 be the 1-form on N(C) defined by

n—1

o k
o = E E (D) %21. iy @iy +1.in - Tig 41 in AT 41,1

k=0 1< <ip<--<i<n—1
= the (1,n + 1)-component of x~!du.

Proposition 3.4. The 1-form 0 gives a connection form on the bundle P.

Proof. Since (yz)~td(yx) = x~1dx for y € N(Z), 0 is left N(Z)-invariant and hence
boils down to a 1-form on P. To show that 6 is a connection form on P, we need to
check that (i) 6 is a right C*-invariant and (ii) 6 is a Maurer-Cartan form along fibers
([KN, Ch.II,1]). (i) is, as above, obvious by the definition of 6 and (ii) also follows
from that 6 is of the form

0 = dx1. -1 + (terms without z1 _,—1). O

Definition 3.5. Under the assumption that
miy () €EZ (1 <k<n-—1p41 =ip,+1,[l] €m(X,x0)),

we define ((fi,..., fn))4 by the isomorphism class of the pull-back of (P,#) under
T(fla"'afn)A:

((fi,-- -y fn)) 4 = isom. class of T(f1,..., fu)a(P,0).
In the following, we shall compute the holonomy H;(((f1,..., fn))4) of ((f1,-- -, fa))a

along | € m1(X) and show that it coincides with Hy((f1,..., fa)4)-

For this, let us consider the map for a path v : [ — X

sy : 1:=1[0,1] — P
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defined by
sy(t) = N(Z)AZ(1),
1 f% wi [, wiws f,yf wioowpot [ wiewy
1 f% ws ., Waws f% Wa ... Wy
Z(t) = '
1 Ve Wn—1 f% Wn—1Wn
W,
Tt
1

where a path v : I — X is defined by v:(t') := v(tt'), and we let
Sy I —({f1,.- -, fa))a
be the map defined by 5,(t) := (v(t), s,(t)) :

((frs--s fad)a

Theorem 3.6. The map 5, is a parallel displacement of v in ({f1,..., fa))a.

Proof. Let PX be the space of all paths in X. We regard /wil ...w;, as a function

on PX by
</wil...wik) ("}’) 1:/(.01'1 cee Wi
Y

For v € PX, we define p, : I — PX by

Then we have

<pf{/wi1...wik> (t):/ Wiy oo Wiy -
Yt

By Proposition 1.5.2 of [C2], we have

k k—1
d/px/wil...wik:— E /wil...deip...wik— E /wil...(wip/\wipﬂ)...wik
p=1 p=1

* *
- evowil/\/wi2 ce Wy T+ /wil ce Wiy NeViw;,
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where ev; : PX — X is defined by ev;(y) := (t). Hence we have

ES
d[/ Wiy «v o Wiy Zdjpv/wil...wik
Tt

*
=p,yde /wil Co Wiy

* * *
=p; (—evowil/\/wi2 coewyy, T /wil ...wikl/\evlwik>

= 770%1/\/ Wiy ++ Wiy, +/ Wiy e Wiy NV Wiy,
Ve Yt

= / Wiy - .wikfl/\'y*wik.
vt
Since the connection form 6 is the (1,n + 1)-component of 2~ 'dz (z € N(C)) and

sy (1) drs,(t) = (AZ(t))"*d(AZ(t)) = Z(t)"*d;Z(t), it suffices to show that the
(1,n + 1)-component of Z(t)~'d;Z(t) = 0. In fact, we have

(1,n + 1)-entry of Z(t)d;Z(t)
n—1
:Z Z (—1)k/wl...wil/wi1+1...w¢2...
vt gt

k=0 1<i1<ia<--<ip<n—1
X / wik71+1...wikd1/ Wi 41 -+ -Wn
vt Tt

n—1
:Z Z (—1)k/ wl...wil/ Wi 41+ Wip v v e
vt gt

k=01<i1<ia< - <ip<n—1

*
X/ wik_lJrl...wikd[/ Wig41 -+ - Wn—1A\Y Wp
Yt Tt

and here the term

k
(—1) / wl...wil/ wi1+1...wi2.../ Wi 141 - Wy,
Tt gt vt

*
X d]/ wik+1...wn_1/\’y Wn
vt

is cancelled out by the term

k+1
(—1) / wl...wil/ wi1+1...wi2.../ Wi 141 - Wy,
vt gt vt
Xd]/ wik+1...wn_1d1/ Wn
Tt Tt

and therefore the above sum = 0. O

By Theorem 3.6, we can compute the holonomy of ((f1,..., fn))a as follows.
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Theorem 3.7. Assume that
m“lk (Z) c Z (]. S ]{3 S n — 1,ip+1 = ip + ]., [Z] c ’iTl(X, xo))

Then the holonomy H;({{f1, ...
Hi({((f1, -

7fn>>A) Of <<f1, e

Proof. The initial point of §; of [ based at xg is

(x0, 51(0) = N(Z)AC).

The terminal point of §; is (xg, s;(1)), where

1 fl w1 fl Wiwso fl W1 ...Wp-1
1 ZLL)Q leUJ3
N(Z)A . .
1 flu}n,1
1
! ! i I
I my miy ... Mg o Mig 4
li i i
1 Mg Mag . Ma3. . .n
N(Z)A i
A !
1 my, 1 My _1n
!
1 my,
1
1 mpy mi2 ... Mi2.n-1 Mi2.n
1 mg mag3 ma3..n
N(z)
1 Mp—1 Mp—1n
1 Moy,
1
1 mi Mi2 NN mi2..n—1 0
1 ma mag3 ma3...n
N(Z)
1 Mp—1 Mp—1n
1 My,
1
1 a1 apo a12..n—1 Q12..n + M12...
1 ax ass a23..n
X
1 Ap—1 Ap—1n
1 an,

, fu))a along 1 is given by

yfa)YA) = exp (277\/—71m12,,_n(l)) .

flwl...wn
flLUQ...o.)n

fl Wn—1Wn
Jywn

(by (3.1))
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1 a1 a2 ... ai2..n-1 ai2.n+mMi2.n
1 ax a3 . a23..n
= N(Z) R - : (by assumption)
1 Ap—1 An—1n
1 an
1

where we write simply m;, ., ,m;, ;. for m, i, (1),m;, ; (I) respectively.
Hence the holonomy H;({{f1,..., fa))) is given by exp(2mv/—1mis ). O

Theorem 3.8. If the matriz A is given by a defining system for (fi,...,fn) in
Definition 2.1, namely

1 . .
iy ify = 7k10gfi1...ik (o) 1<k<n-—1/,1 =1i,+1),

(2mv/—1)
then we have

(fir- s fu)a = ({fi,- o, fa))a

Proof. By Proposition 3.3, the assumption of Theorem 3.7 is satisfied and hence
Hl(<<f17 ey fn>>A> = exp (2W\/j1m12n(l)) . Since Mlgn(l) = (27T\/j)nm12n(l)
by Theorem 2.5 and (3.1), we have H;({f1,...,fn)a) = Hi({{f1,..., fn))a) for all
[l] € m1(X,z0). Since the isomorphism class of line bundles with holomorphic connec-
tion on X is determined by its holonomy representation (1.3), (f1,--- , fn)a coincides

with ((f1,-+, fa))a. D

4. Properties of polysymbols

In this section, using our holonomy formula, Theorem 2.5, we show some basic
properties of polysymbols which generalize those of the classical tame symbol. We
keep the same notations as in Sections 2 and 3.

Proposition 4.1 (multiplicativity). Assume f; = fi - fi’ for meromorphic functions
1 17 on X. Suppose that A' = {(q) _,, 105 f}, )} and A" = {(q!_,, £}
are defining systems for (fi,..., fi,..., fa) and (f1,..., f',... fa) respectively as in
Definition 2.1 such that f{ . = fi' . ifj & {i1,...,i}. Then an array A =

{<Qi1...ik710g flllk)} deﬁned by

Q1.0 . . .
b qglzk qgllzk7 J € {Zla"'azk}

f. R { 7{1~~<ik = 7,/;% ] ¢ {ilv s 7ik}7
Gk T

7;,1..‘1;)c ' ’L/ilk’ je{l‘17"'7ik}
gives a defining system for (fi,..., fif{,..., fu) and we have

<f1a"'7f]/'f_§/a"'af7l>z4:<f1""7f_§a"'7fn>-4/+<f17"'a 3{/7"'7fn>A”'

Proof. Tt is easy to see that A is a defining system for (fi,..., f;f{,..., fn) under
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the assumption. By Theorem 2.5 and by the general formulas

log(fg)(wo) = log f(x0) + log g(wo), d(f? = % + %,

we have

H((froe ooy £ fada) = Hi((frse ooy Py Fudar) - Hi((fry e £y ) an)

for any [I] € m1(X, xo). This proves the assertion. O

Proposition 4.2 (symmetric relation). Let &,, be the symmetric group on {1,...,n}.
For each permutation o € &y, let 0(A) = {(Go(ir)...0(ir)> fo(ir)...o(ir))} be a defining
system for (fy(1),-- - fom)). Then we have

Z <ff’(1)7"'>f0n> A)—O

O'Een

Proof. By Theorem 2.5 and cancellation in pairs, we have

1 dfoty  dfon)
H - n))o = €X I
H l fd(l)? 7f0( > (A)) €xp ((271-\/7 n—1 Z / fa(l) )

ceG, ceG, fa(n)

for any [I] € m1(X, xo). Using the general formula (1.5.1) of [C1]
/ /wr+1 *Wrts = Z /wa © Wo(r4-5)
! oceSH
where SH denotes the the set of all (r, s)-shuffles, i.e. permutations o with o=1(1) <
<o Y r), o7 (r+1) < <o7l(r+s), we have

dfor) dfa(n) AR I
age; / (n) 1 fn <@ ﬁ) .

Hence we have

I B(foy - fom)oa) =1

(TEGn

for any [I] € m1(X, xo). This proves the assertion. O

The following theorem is regarded as a generalization of the classical reciprocity law
of Tate and Weil (Ch.IIL4 of [Se]).

Theorem 4.3 (reciprocity law). Assume that (f1,..., fn) is defined. Then we have
the following product formula

IR e =1

z€X

Proof. Let Y be the surface obtained by removing from X small open disks centered
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at points in U supp(f;) and let Y =13 U- - Uly (disjoint union) be the boundary
of Y. Then for any defining system A for (fi,..., fn), we have

11 A (froe fada)

z€X
N
=1 H.(fr- o fada)
i=1
= exp / —curv. of (f1,...,faya | ([Br, Prop.2.4.6, 6.1.1])
Int(Y)
= ]_’
since the curvature of (fi,..., fn)a is zero. By Definition 2.3, the assertion is proved.

a

5. Variation of mixed Hodge structure

In this section, we show that trivializations of polysymbols give variations of mixed
Hodge structure (cf. Section 7 of [H]).

First, recall that a variation of mized Hodge structure on a complex manifold X
consists of a triple (Vz, W,, F'®)
(i) a local system V7 of finitely generated Z-modules on X;
(ii) an increasing filtration W, of V7 by local systems of finitely generated
Z-modules;
(iii) a decreasing filtration F'® of Vz ® Ox by holomorphic subbundles
which are required to satisfy
(1) (Griffiths’ transversality) VF' C Q! @ Fi~1
where V is the canonical flat connection on Vz ® Ox;
(2) for each point in X, W, and F'* define a mixed Hodge structure on each fiber.

Now, let us go back to our previous setting and keep the same notations as in
Section 2,3. So, fi,..., f, are meromorphic functions on a closed Riemann surface X
and X = X \ U, S(fi)-

Definition 5.1. A trivialization of a polysymbol (fi,..., fn)a relative to a defining

system A = {ay, i} = {(¢,...5,, 108 fiy. i)} is a 1-cochain a1, = (q1...n,108 f1..n)
satisfying the relation

doy..n =01 . no1Uoy +---+ay U n.

Assume in the following that we have a trivialization of (fi,..., fn)a as in Definition
5.1, which yields (f1,..., fn)a = 0. We set

1
Ay .. 4 = m log fi,...ix (950)-
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For the standard basis {eq, ..., e, } of C"*1, we consider the vectors vy, . . ., v, defined
by
Vo 1 a1 ... ai..n 1 f% wi ... f% Wi ... Wy €o
. : - . (2mv=1)ex
: 1 an 1 f Wn
Up 1 1 (2mv/—1)"ep,.
The proof of Lemma 3.2 shows that the map F : X — N(C) defined by

1 a ... Q1..n 1 f’mel fmwl...wn
F.CL' — . . .'. t. :
() 1 a, 1 J, wn
1 1

modulo N(Z) does not depend on the choice of a path v,. Therefore, the Z-span
Vz(x) of the vectors vy, ..., v, is well-defined. These vectors induce an increasing
filtration of Vz(z) defined by

Wy = spang{vg, ..., v, }, W_1 = spang{vi,...,vn},..., W_,, = spang{v,}.
In addition, we have a decreasing filtration on C**! defined by

FO = spanc{eo}, F~' = spanc{eg,e1},..., F~" = spanc{eo,...en}.

Theorem 5.2. The triple (Vz,W,, F'®) defined as above is a variation of mized
Hodge structure on X with Vo @ Ox = X x C*! whose graded quotients of W, are
7Z(0),Z(1),...,Z(n).

Proof. First, we consider a connection V on X x C*"*! — X defined by
Vv =dv —ww
for a section v : X — C™*1, where
0 w ... O

w=2rv—-1

The connection V is flat because
dw =0 and wAw =0

by the fact that each component of w is a closed and holomorphic 1-form on a 1-
dimensional complex manifold X. By the definition of the (multi-valued) map F :
X — N(C), we find that the vectors vy, ..., v, as sections satisfy Vv; = 0. Therefore,
Wo, W_q,...,W_, are local systems on X because the monodromy representation has
values in N(Z). The Griffiths’ transversality follows from the fact that the connection
matrix w is a strictly upper triangular matrix. O

This theorem means that polysymbols are obstructions to getting variations of mixed
Hodge structure.
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Example 5.3. Let X = P! = CU{o0o} and consider invertible holomorphic functions*
fizsl—z fo=z f3=((-2)°

on X =P\ {0,1,(, 00} where ¢ := exp(%‘éjl) and z is a coordinate in C.

Proposition 5.4. (f;, f;) =0 (1 <i#j <3).

Proof. Tt suffices to show (1 — z, (¢ —2)®) = (2, (¢ — 2)%) = 0. Recall that if f,1— f €
HY(X,0%), then (f,1 — f) =0 (Cor. 1.15 of [BI1]). Then using ¢® = 1, we have

<Z7 (C_Z)6> :6<Z7<_Z>
=6(2,¢) +6(z,1 = ¢ '2)
=6(z,1—-("12)
=6{(C"12,1—("12)
=0.

Noting (¢ —1)% =1 and changing z by 1 — z, (1 — 2, (¢ — 2)®) = 0 is proved. O
Let Lia(z) be the dilogarithm function defined by

_ i dz = 2"
Lis(2) := —/ log(1 — z)7 = Z 3
0

n=1

Proposition 5.5. The functions

fi2 = exp(/: log(1 — Z)%) = exp(—Lia(2) + Li2(()),

dz
(—=z

frla) = expl~ [ Tlog(z) -

give rise to a defining system for (1 — z,z,(C — 2)%) so that the line bundle with
holomorphic connection (1 — z,z,({ — 2)%) 4 is trivial.

Proof. Tt suffices to show that (1 —z, 2, (( — 2)%) 4 has a flat section over X. We define
a (possibly multi-valued) map ¢ : X — N(Z)\N(C) by

1 tl(z) tlQ(Z) t123(z)
{(z) := N@2)t(2), t(2) := 8 é t2§z) tt233((;)) |
0 0 0 1

*This example and Proposition 5.4 are due to M. Asakura.
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where
t = ! log(1 t = L 1
1(2) = 27_‘_7_1 Og( 72)’ 2(2) = 27T\/jl Og(z)7
t4(2) = 5 (log(C = 2) ~log(C — 1)
1 , , =6 (a4
() = G (~Linle) 4 LiaQ), 1) 1= s [ lonte) 22
6 A dz ,
hoale) = (| Be) 2 — Lia(C) log(c — 2).

The monodromies around 0 of ¢5(z), t23(2) and other ¢,(z)’s are 1,¢3(z) and 0 respec-
tively and so the analylic continuation of ¢(z) around 0 is

1 tl(z) tlg(z) t123(2§) 1 0 0 O
0 1 tQ(Z) +1 t23(2) + t3(2) . 0 1 1 0 t(z)
0 0 1 t3(2) 0010
0 0 0 1 0 0 0 1

= t(z) mod N(Z).

The monodromies around 1 of ¢1(z), t12(2), t123(2) and other t,(z)’s are 1,t2(2), ta3(2)
and 0 respectively and so the analytic continuation of t(z) around 1 is

1 t (Z) +1 tlg(z) + tQ(Z) t123(2’) + t23(2) 1 1 0 0
0 1 tQ(Z) tgg(Z) o 01 0 O t(Z)
0 0 1 t(2) =l o010
0 0 0 1 0 0 0 1
= t(z) mod N(Z)

The monodromies around ¢ of ¢5(z),t23(2) and other t.(z)’s are 6, —1 and 0 respec-
tively and so the analytic continuation of ¢(z) around ¢ is

1 tl(Z) tlg(Z) t123(2’) 1 0 0 0
0 0 1 t3(2)+6 “loo1 6
0 0 0 1 0 0 0 1

= t(z) mod N(Z).

Hence the map £ : X — N(Z)\N(C) is a single valued map. Moreover, by a straight-
forward computation, we have

#(0) = 0.

Therefore the map t gives a flat section of (1 — 2,2, ({ — 2)%)4 over X. O
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