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FINITE PRODUCTS OF REGULARIZED PRODUCTS

FrANcCISCcO DiAz Y DiaZz AND EDUARDO FRIEDMAN

ABSTRACT. The product (ﬁmam) . (ﬁmbm) of two regularized products is not in general

equal to the regularized product ]:[m(am - bm). We consider the discrepancy F, defined
by

M (@m bm)
(Hma"L) . (Hman)

When the terms a,, and b,, depend on parameters, we show in certain cases that F is
a polynomial in these parameters.

exp(F) :=

1. Introduction

The regularized product ﬁmam of a countable set {ay, as, ...} of non-zero complex
numbers is defined as

ﬁmam = exp(— f'(0)),

where we assume that f(s) := >  a,.° converges in some right half-plane and has
a meromorphic continuation to the s-plane which is regular at s = 0, so that its
derivative f’ can be evaluated there. Several authors [KW] [Mi] have found examples

where . . .

(L) (L) L
but Mizuno [Mi] has pointed out that this does not hold in general.! For instance
[FR, eq. (3.10)], if z; and 7; (i = 1,2) are positive real numbers, then

ﬁj”oz()(m’rl +21) - (m72 + 22) =ex 1 z1 22 lo n .
i) ey GG -2 @)

A more complicated example was obtained by Mizuno [Mi, p. 157], namely,

2 T1 T2 T2

Hl,mzo(lﬁ +mny + 21) - (IT2 +mn2 + 22)

(1) =55 ——
(Hl,mzo(lTl +mn + Zl)) : (Hl7m:()(l7_2 + mng + 22))

2) F= TiN2 — T2 <10g(2f) B, (22— 2102 log(:—f) B, (2L AT )
= — 2
4 mne2 T2 — T17)2 T1T2 TiM2 — T2M
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By(z) = 2% —x+ %, all parameters z;, 7; and 7; are again assumed real and positive,
and 1112 — Ton1 # 0.
Shintani [Sh, pp. 204, 206] had earlier considered a related example

HmEN’é‘\Hj:l Lj(y +m) P
[Ty Mo Ly + )

Here Ly, Lo,..., L, are n linear forms with positive coeflicients in r positive variables
y = (y1,...,9-) and Ny := NU {0}, where N denotes the positive integers. Shintani
showed that F' is a polynomial in y of degree at most r and used this to study the
derivative at s = 0 of L-functions L(s, x) attached to Hecke characters x of a totally
real number field. In this case L; is a real embedding of a linear form with coefficients
in the number field and Hj L; is the norm form.

Given a regularized product Hm(Hgbzl a%)) of terms that factor in some natu-
ral way, we may compare it with the product of the individual regularized products

(3)

ﬁma%) (when these are defined). Mizuno suggests studying the discrepancy F, de-
fined by

S [T ai’

[T Mook
as it seems that F' is often far simpler than the regularized products themselves. In
(1) this is certainly born out since the regularized products involved are essentially
Barnes’ double I'-functions. The discrepancy F' in (2), on the other hand, is just a
polynomial in the constant terms z; of the regularized product, and a somewhat more
complicated function of the coefficients 7; and 7; of the terms in degree one.

As the few known examples of the discrepancy F' only involve products of terms of
degree one in m, here we consider products of general polynomials. However, in order
to ensure the existence of the regularized products we must make some assumptions
on the polynomials. Several authors [Ma] [Ca2] [Sa] [Li] have given conditions on the
polynomial P guaranteeing the existence of a meromorphic continuation in s of the
Dirichlet series ) - P(m)™%, or more generally of » . ¢(m)P(m)~*, where
©(m) is an arbitrary complex polynomial. We choose Mahler’s conditions, as they
are simple to state and imply that a meromorphic continuation of the series to the
whole s-plane exists and is regular at s = 0.

(4) e

Mabhler’s hypothesis on P [Ma, p. 385, Klasse A]. P(x) = P(x1,2a,...,2,) € C[X]
does not vanish anywhere in the closed real first “octant” z; > 0 (1 < i < r). Its
homogeneous part of highest degree Piop(x) is not constant and vanishes nowhere in
the closed real first octant, except for Po,(0) = 0.

Notice that if P;j(x) satisfies this assumption for 1 < j < n, then so does H?Zl Pj(x).
Under Mahler’s hypothesis on P;, we can choose for each j a continuous branch
of log Pj(x) for real x in the first octant, this choice being unique up to adding
a fixed single multiple of 27i. Having fixed these branches for each j, we define

log [Tj—; Pj(x) = 32}, log Pj(x).
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Theorem 1. Let Pj(x) € C[x| be n complex polynomials in r variables, all satisfying
Mahler’s hypothesis above, and define F = F(Py, Ps, ..., P,) by

Manere Ty Py m)
[T Tamese P (m)

Then F' is a polynomial of degree at most r in the coefficients of the P; of non-mazximal
degree.

(5) el =

In other words, if we decompose P;(x) = Pjop(x)+>_;, ar x!i, where the degree |I;]|
of the multi-indices I; is strictly less than the degree of P;, then F'is a polynomial of
degree at most 7 in the ar; (1 <j <n). We note that the logarithm branch for F' in
(5) is clear, as it is obtained directly from the Dirichlet series defining the regularized
products (see (8)).

Shintani and Mizuno’s examples cited above show that F' in (5) is indeed not a
polynomial in the coefficients of the top-degree forms Pj yop. Our proof, based on [FR,
§3], sheds no light on the dependence of F on these coefficients and yields surprisingly
little about F'. Rather than compute F' explicitly, we show that it is a polynomial by
proving the vanishing of all sufficiently high-order partial derivatives.

A direct corollary of Theorem 1 is a generalization to higher-degree polynomials of
Shintani’s result on products of linear forms (3).

Corollary 2. Fiz n polynomials P;(x) € C[x] in r variables as above. For real
yi 20 (1<i<r), let F(y) = F(y1,...,yr) be defined by

F) . [Tmene [Lj=1 Pi(y + m)

[T [imen- P (y +m)
Then F is a polynomial in'y = (y1,...,yr) of degree at most r.

This follows since P;(y + x) has the same top-degree form in x as P;(x).
We can also treat the Hurwitz form of a regularized product [JL, p. 1].

Corollary 3. Fiz n real polynomials P;(x) in r variables, all satisfying Mahler’s
hypothesis and having non-negative coefficients. For real z; > 0 (1 < j <mn), let

oF@) . ﬁmEN’/‘\H?:l (Zj + Pj(m))'
[T7—1 [Tmen- (25 + Pj(m))

Then F is a polynomial in z = (21,...,2,) of degree at most r.

We will give in §2 a sharper bound on the degree of F(z). In particular, when
deg(P;) > r (1 < j <mn), we will show that F' depends on the polynomials P;, but
not on z.

In §2 we state and prove a slightly more general form of Theorem 1, where we allow
polynomial powers ¢(m) and show that F' in

eF — ﬁmeNr ( H?:l Pj (m)>90(m)
Hy:l [Tmen (Pj(m)w(m))

also satisfies the conclusion of Theorem 1, with the bound r on the degree of the
polynomial replaced by r + deg(¢). In §3 we list some formal properties of F'.
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2. Proof of Theorem 1

We first describe Mahler’s results concerning the meromorphic continuation of
Dirichlet series of the form

o) 20 = Z(sstog )= 3 el
meN”

where ¢ is an arbitrary complex polynomial in r-variables and P satisfies Mahler’s
hypothesis (see §1). Since we have assumed that P(x) # 0 for all x = (x1,...,,)
in the (real) first octant z; > 0 (1 < i < r), a continuous branch of log P(x) can
be chosen in this simply connected region [Ma, §3]. To define Z(s) we fix such a
branch. Note that any two continuous branches differ by a continuous discrete-valued
function, and so must differ by a fixed multiple of 2mi.

Mahler showed [Ma, pp. 397-398, Satz II] that the series (5) converges absolutely
and uniformly in compact subsets of the right half-plane defined by

(6) Re(s) deg(P) — deg(p) >,

and that Z(s) has a meromorphic continuation to all of C, regular at s = 0. Mahler’s
proof also yields that Z(s) is analytic in the coefficients of P in a small enough
neighborhood (in coefficient-space) of P. The point here is that a branch of log P(x)
on the entire first octant can be chosen locally analytically in coefficient-space.

We shall need the following computation, readily proved by induction on k.

Lemma. Write the polynomial P in r variables x = (z1,...x,) as P(x) =Y, arx,

where I = (I,..., 1) runs over distinct multi-indices, ay € C and x! = H:Zl xf

— ok
L6t D - 8@1(1)8a1(2) BaI(k)
derivatives with respect to any sequence ayay, Gy, . -.,apw of coefficients of P. Then

be a differential operator consisting of k successive partial

k—1
s kg e
D(P60 ) = (-0 (TG4 )77 P
p=0
We now prove the following generalization of Theorem 1, which we state in terms
of Dirichlet series rather than regularized products.

Theorem 4. Let Pj(x) € C[x] be n complex polynomials in r variables, all satisfying
Mahler’s hypothesis above, and let p(x) € C[x] be any polynomial in x. Define for
Re(s) >0,

M h0= 3 g Gsisn 6= X gtp

m
meN” meNr

and, after analytically continuing the f; (0 < j <mn),
(8) F = —f5(0)+ Y £;(0).
j=1

Then F is a polynomial of degree at most r + deg(p) in the coefficients of the P; of
non-mazximal degree.

Note that F', and even each f;(s), depends linearly on ¢, so we ignore this dependence
in the above theorem.
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Proof. We shall actually prove a more precise bound on the degree of F'. Namely,

Claim. Given n non-negative integers ¢; < deg(P;), consider F as a functwn of just

the aj(;) appearing in the P;j(x) (1 < j <n) as coefficients of terms almx havmg
degree at most ¢; in x. Then, as a polynomial in these a;;) (1 < j <n), the degree

, rtdeg ()
of F does not exceed 11%1?%(71{ {W%J } .
Here, [t] is the integer such that |¢] < < [¢] + 1.
To prove the Claim, let
ok

D =D1Dy---D,, D; =
J )
a1 0ayG.2) « - 0a,G.k))

be the composition of n commuting differential operators D;, each involving only
coefficients a;(.» of P; in degree at most £;. Our Claim amounts to showing that if
the order k =37, k; of D satisfies

r + deg(p)
(9) k = 1rélj'a§Xn { deg(Pj) — Ej ’

then D(F') = 0 identically. For the remainder of this proof we assume (9).
We first prove the formula for 1 < j <mn,

(10)
5 (DR (k= 1S pm)mZes 97 p(m) % if D = D;;
—| D(f(s) = T j ]
s=0

0, otherwise,

where we shall presently see that the Dirichlet series on the right converges absolutely.
If ® # Dj, so that ® involves derivatives with respect to coeflicients of some Pj
(j # 7)), then Z)(fj (5)) = 0 since f; depends only on P;. In proving (10) we may

therefore assume ® = Dy, so that k; =k > %.
J

Take Re(s) > 0 and apply the Lemma to obtain

k-1 oo
1) D) = ((1)’” H(8+p)> > (m)ymErt T Py )
p=0 meN”

To check where the above series converges, note that

(kj + Re(s)) deg(P;)— deg(y Z |76P)]

(12) ((p) — £;k; + (k; + Re(s)) deg(P;)
=— deg(w) kj(deg(P;) — €;) + Re(s) deg(Py),

since we have assumed that D; involves only coefficients of terms z! of degree |I| at
most ¢;. By (6) and (12), the right-hand side of (11) converges and gives an analytic
function of s, provided

k(deg( i) — €)+Re( )deg(P;) > r + deg(ep).
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r+deg(¢p)
deg(P;)—¢;°

absolutely in an open right half—plane containing s = 0. Thus, although (11) was
derived for Re(s) large enough, by analytic continuation it also holds at s = 0. We
may therefore differentiate both sides of (11) with respect to s and set s = 0 to obtain
(10).

To state the next formula it will be convenient to call © pure if ® = D; for some
j (1 <7 <n). Otherwise we will call © mixed. We now prove

0 0, if D is mixed;
g(fo(s)) = {a .
s

In particular, since k; > we find that right-hand side of (11) converges

(13)

ds _D(fi(s8) ifD=D;.
As before, the Lemma gives for Re(s) > 0,

s=0

(14)
n kj—1

2(9) = (V' (ITTL 6 +9) 3 ctmm=25 1 T pyo
Jj=1 p=0 meN”

Note that here we have used our choice of branch of log [[; P;.
For convergence of the Dirichlet series (14) we need

n

Z(k + Re(s)) deg(P Z\I(“’ >>r+deg(gp).
j=1
But |1UP)| < ¢}, so for convergence it suffices to ensure that

n

kJ deg(P; +Re Zdeg ) > r + deg(p).
=1

<.

Setting s = 0 on the left-hand side above, we calculate

Zk (deg(P; Zklr%lgn{deg (P) — ¢}

— klinfg { deg(P;) — £;} > r + deg(yp),

by (9). The series in (14) thus converges in an open neighborhood of s = 0, so (14)
holds there.

We can now conclude the proof of (13). If ® is mixed, then H?:l Hﬁ;gl(s +p) on
the right-hand side of (14) includes a factor of s>. We then have the trivial vanishing

_ Z)(fo(s)) = 0. If ® = D, is pure, we have only a single factor of s. From (14)
we then find, using ® = D; and k = kj,

% OCD(fo(s)):(—l)kf(kj—l)!E:@(m)mzzill(M)Pj(m)_kj g 2(f3(5)),
s= meNT
by (10).

Having now established (10) and (13), we deduce

o(F) =2 - o) + ifj’-(s)) 0,

Jj=1
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as claimed after (9). O
We can sharpen Corollary 3 by taking all £; = 0 in the Claim above.

Corollary 5. Fiz n real polynomials Pj(x) in r variables, all satisfying Mahler’s
hypothesis and having non-negative coefficients. For Re(z;) > 0 (1 < j < n) and
Re(s) > 0, define

fi(s) == Z p(m)(z; + Pi(m)) ", fo(s) := Z H zj + Pj(m)) ",

meN” meN” j=1

and,

Fi=—f3(0)+ Y f(0).
j=1

r+deg(p)
Then F' is a polynomial in the z; of degree at most 1r£1Ja<xn{ { deg(P)) J } .
In particular, F' is independent of z if ¢ is constant and if all the P; are of degree at
least r + 1.
We conclude this section with some remarks on Theorem 4.

1. Examination of the proof shows that the conclusion of Theorem 4 still holds if in
the definition of f;(s) (0 < j < n) the sum )\ @(m)P;(m)~* is replaced by the
integral [ ery P p(x)P;(x)”* dx. Here Py(x) := szl Pj(x). The only additional point

needed in the proof is Mahler’s result [Ma, p. 392, Satz I] showing the convergence
and meromorphic continuation of these integrals (still assuming Mahler’s hypothesis
for each P;, of course).

2. We have assumed that the polynomials P; satisfy Mahler’s hypothesis, but the
formal nature of our proof shows that what matters is that the Dirichlet series f;(s)
is defined, converges absolutely for Re(s)deg(P;) — deg(¢) > r, and analytically
extends to a function regular at s = 0. As we mentioned in §1, other authors have
found alternative hypotheses that guarantee this.

Even the polynomial nature of the P; or ¢ is not essential, as we could consider

series of the form
Zw (m, a5) ",

where P; depends on some parameter a; ranging over some open subset of some
Euclidean space, and m runs over a countable set. Aside from the obviously necessary
convergence for Re(s) > 0 and the existence of a meromorphic continuation in s of
fi(s) (0 <j < n),what matters in the proof of Theorem 4 is that all sufficiently high-
order derivatives D;P;(m, a;)”° (taken with respect to a;) decrease quickly enough
with m for )" ¢(m)D;P;(m, aj)*s}szo to converge.

3. Our proof yields that the values f;(0), and more generally the values f;(—N) for
each fixed non-negative integer N, are also polynomial functions of the coefficients
of P; of non-maximal degree (1 < j < n). To see this it suffices to take k; >

%ﬁfegw in (11) and set s = —N. Thus, for fixed j, ¢; < deg(P;) and

N, considered as a function of just the a;;) appearing in P;(x) as coefficients of
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terms aI(J)X havmg degree at most ¢;, fj(—N) is a polynomial of degree not

N deg(P;)+r+deg(yp)
deg(P;)—¢;

of polynomials see [Cal] [Ca2].

exceeding { { J } . For a detailed study of f;(—N) for certain classes

4. The discrepancy F in
(J)
F — Hm H] 1@
H] 1 H a(])

has the curious property of being unaltered by the omission of any finite number of
indices m from all the regularized products.

e

3. Properties of F

In this brief section we list some formal properties of F' in Theorem 4. To make
these properties clearer we will write F,,(P,..., Py;¢) for F. One should bear in
mind that F' also depends on the branches of log P; used.

Proposition 6. F has the following properties.

(a) Symmetry: F,(P1, ..., Pp;) is independent of the order of the P;.
(b) Vanishing on the diagonal: F,,(P,P,..., P;¢) =0.
(¢) Reduction of n: Forn > 3,

Fo(P1, P, ..., Pyip) = F1(Pr- Pa,...,Pyip) + Fao(Pr, Pas ).

(d) Reduction to two polynomials: For n > 2,

Fo(P1, Py,..., Pu;p) ZFQ HPk, i1 P
j=1

Proof. Property (a) is immediate from the definition of F' given in (8). If P; = P for
1 < j <, then fo(s) = fj(ns). Property (b) then follows. To prove (c), observe that
for Re(s) > 0,

(13)

>0 X tm)Py(m)* = 3 p(m) _H P,(m)"

j=1 m

=Y p(m)(Py(m)P, Z ==Y ¢(m) Hpj(m)*s
£33 )P (m Z m) P,(m))

where we have used our convention that logarithm branches are always chosen for
products so that (Pi(x)P»(x)- ~-Pk(x))78 = Pi(x)"*Py(x)"% - Py(x)~° for x in
the first octant. Property (c) follows from (13) by analytic continuation to s = 0.
Property (d) follows from (c) by induction on n. O
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