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A NEW APPROACH TO MINIMISING BINARY QUARTICS
AND TERNARY CUBICS

ToMm FISHER

ABSTRACT. We prove a theorem on the minimisation of genus one curves, generalising
work of Birch and Swinnerton-Dyer [3], Cremona and Serf [5], [13] and Cremona and
Stoll [6], [7]. The advantage of our approach over earlier methods is that we do not need
to treat residue characteristics 2 and 3 as special cases.

1. Invariants

Let C be a smooth curve of genus one defined over a field K, and let D be a
K-rational divisor on C' of degree n > 2. We write [D] for the linear equivalence class
of D.

1.1. Binary quartics. If n = 2 then we pick z,y € K(C') such that £(D) and £(2D)
have bases 1,z and 1,z,2z2,y. The 9 elements 1,z,22,y, 23, 2y, %, 2%y, y? in the 8
dimensional vector space L£(4D) satisfy a linear dependence relation. Furthermore
the coefficient of y? is non-zero. We deduce that the pair (C,[D]) has an equation

(1) 92 + (040132+Q1I+az)y:az4+bz3+cz2+dx+e.

If char (K) # 2 then we may complete the square so that ag = a3 = ag = 0. The
classical invariants of the binary quartic

f(x,2) = ax* +bx32 + cx?2? + daz® + ez?
are

I 12ae — 3bd + 2,
J T2ace — 27ad? — 27b%e + 9bed — 2¢3.

We define the invariants ¢4 and cg of (1) by taking ¢y = 2*I and ¢ = 2°J in the case
ap = a1 = ag = 0. We then extend to the general case by demanding that ¢4 and cg
are preserved by all changes of co-ordinates of the form y — y + 79z2 + rx + ro. In
addition we put A = (¢ — ¢2)/1728. We find that c4, ¢g and A are primitive integer
coefficient polynomials in the indeterminates ag, a1, as, a, b, ¢, d, e. This enables us to
define the invariants ¢4, ¢g and A in arbitrary characteristic. Moreover if we put

(040,041, a2, a, b7 c, da 6) = (Oa ai,as, 0) 170’2,0’470’6)

then our expressions for ¢4, c¢g and A reduce to the standard formulae for an elliptic
curve in Weierstrass form (recalled in §4.1). It is convenient to rewrite (1) as a
homogeneous equation of degree 4, where x, z,y are assigned degrees 1,1, 2.

(2) v+ (a2 + qzz + a2y = ax* + bz + cx?2? + do2® 4 ez’

By abuse of terminology we call (2) a binary quartic.
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1.2. Ternary cubics. If n = 3 then we pick a basis z,y, z for £(D). Writing down
10 elements in the 9 dimensional vector space L(3D) we deduce that (C, [D]) is defined
by a ternary cubic
F(z,y,2) = ax®+ by’ + c2® + axz?y + azz?z
+bixy? + bay’z + crx2? + coyz? + mayz.
The Hessian of the ternary cubic F(z1, z2,z3) is

0*F
H(:El,xQ,xg)l/Qxdet( ) .
0202 /1 j=12

The factor —1/2, although not standard, is a convenient choice. The Hessian of any
linear combination of F' and H again belongs to the pencil spanned by F and H.
Following [8], [12], the invariants ¢4 and cg are determined by the relation

H(\F + pH) = 3(ca)?p + 2c6\p® + ) F 4 (A* — 3eadpu® — 2cop®) H.

In addition we put A = (¢ — ¢2)/1728. We find that c4, cg and A are primitive
integer coefficient polynomials in the indeterminates a, b, ¢, as, as, b1, bs, c1, co, m. This
enables us to define the invariants ¢4, cg and A in arbitrary characteristic. Moreover
if we put

(a7b7 ¢, a2,as, bla b37 C1, CQam) = (71707 —ag, 0; *(1270, 1a —Q4,0as, al)

then our expressions for ¢4, cg and A reduce to the standard formulae for an elliptic
curve in Weierstrass form (recalled in §4.1).

1.3. Computing the Jacobian. It was observed by Weil [16] that the invariants of
a binary quartic may be used to compute its Jacobian. The generalisation to ternary
cubics may be found in [1].

Theorem 1.1. Let ¢4, cg and A be the invariants of a binary quartic, respectively a
ternary cubic.

(a) The binary quartic, respectively ternary cubic, defines a smooth curve of genus
one if and only if A # 0.

(b) If char (K) # 2,3 then the Jacobian has Weierstrass equation

(3) y? = 23 — 27cqx — Sdcg.

Notice that (3) has invariants 6%cy, 6%°cg and 612A. As pointed out in [2] these
formulae for the Jacobian can be improved by minimising at 2 and 3. We give details
in Appendix A.

1.4. Equivalence of models.

Definition 1.2. We say that a pair of binary quartics, respectively ternary cubics,
are equivalent if they arise from the same pair (C,[D]).

More concretely, binary quartics are equivalent if they are related by making a
substitution of the form
r = ax' + B2
z = ~x'+62
y — M_ly/ +’I"0$/2 +r1x/z/ —‘r?“gZ/Q
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and then multiplying through by p?. This transformation is denoted [, r, A] where

r = (rg,r1,72) and
_(a B
A_<7 5).

Similarly, ternary cubics are equivalent if they are related by making a substitution
of the form
T !/
y| =AY
z Z
and then multiplying through by p. This transformation is denoted [u, A]. In both
cases it is to be understood that pdet A # 0. Putting A = pdet A we find (again in
both cases) that ¢j = Acy, cf = A¢g and A’ = A2A.

2. Statement of global results

Let E be an elliptic curve defined over a number field K with ring of integers O
and class number hyx. We write [n] for the multiplication-by-n map on E.

Definition 2.1. An n-covering of E is a pair (C,7) where C is smooth curve of
genus one defined over K and 7 : C' — E is a morphism defined over K, such that
7 = [n] o4 for some isomorphism ¢ : C = E defined over K. By abuse of notation we
usually refer to the n-covering as C rather than (C, 7).

Giving C the structure of n-covering of its Jacobian is equivalent to specifying a
K-rational divisor class [D] on C of degree n. Indeed given an n-covering 7 : C — E
with 7 = [n] o ¢ we put D = ¢*(n.0g). Conversely given D we define 7 : C —
Pic’C = E; P + [n.P — D]. We say that an n-covering has trivial obstruction if
it is possible to represent the given divisor class by a K-rational divisor D. In the
cases n = 2,3 this is the condition for the n-covering to have an equation of the form
described in §1.

We are ready to state our main theorem.

Theorem 2.2. Let E be an elliptic curve defined over a number field K, with O -
coefficient Weierstrass equation

(4) y? + arzy + asy = 2° + asx? + agx + ag.

(i) Assume (hi,2) = 1. If C is an everywhere locally soluble 2-covering of E, then
C has an Ok -coefficient equation

(5) y? + (apx? + onx + ao)y = az? + ba® + ca® + da + e

with the same invariants cy, cg and A as (4).
(i) Assume (hg,3) = 1. If C is an everywhere locally soluble 3-covering of E, then
C has an Og-coefficient equation

ax® + by + c2® + asx’y + asz?z + bizy® + bsy?z + crx2? + ez’ + mayz =0

with the same invariants cy4, cg and A as (4).
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We give examples in Appendix B to show that the hypothesis on the class number
cannot be removed.

Theorem 2.2 is most fruitfully applied in conjunction with the standard techniques
for computing local and (where possible) global minimal Weierstrass equations. In
the case K = Q we refer to [4, §3.2]. For K a general number field one should consult
the original papers of Kraus, Connell, Laska and Tate cited there. Tate’s algorithm,
which provides more detailed local information, is also described in [15]. A discussion
of the passage from local to global in this context may be found in [14, Chapter
VIIIL,§8].

Remark 2.3. By completing the square, Theorem 2.2(i) implies a weaker version
where ap = a1 = ap = 0, but the binary quartic (5) has invariants 2%cy, 2%cs, 2'2A
for ¢4, cg, A the invariants of (4).

Remark 2.4. Theorem 2.2 constructs a model for C with exactly the same invariants
as (4). If our models for C and F have invariants ¢}, ¢g, A" and ¢y, cg, A respectively,
then an apparently weaker version would give that A’ divides A in O. In fact the
full result may be deduced from this. Indeed Theorem 1.1 gives ¢, = Acy, cf = A¢q
and A’ = A2A for some A € K*. So once we know A\~! € O, we can reduce to the
case A = 1 by rescaling, say, the x co-ordinate of our model for C.

We recall a standard definition.

Definition 2.5. Let F be an elliptic curve defined over a number field K. The
minimal discriminant Dy, is the integral ideal of K generated by A(ay, az, as, a4, ap)
as

y2 +aixy +asy = 3+ a2x2 + a4 + ag
ranges over all Og-coefficient Weierstrass equations for E.

The minimal discriminant D¢k of a 2-covering or 3-covering C' with trivial ob-
struction is defined in an entirely analogous manner. The proof of Theorem 2.2 also
gives

Theorem 2.6. Let E be an elliptic curve defined over a number field K. Let C be a
2-covering or 3-covering of E with trivial obstruction.

(i) There is an integral ideal | of K such that Dg/x = [12DE/K.

(i) If C is everywhere locally soluble then [ = 1.

Remark 2.7. We suspect it may be possible to give a general definition of the minimal
discriminant of a genus one curve C that agrees with our definitions in the case C' is
equipped with a K-rational divisor D of degree n = 1,2 or 3. Theorem 2.6(ii) would
then be a special case of the statement that if two genus one curves are everywhere
locally isomorphic then they have the same minimal discriminant.

In order to compare Theorem 2.2 with earlier work on minimisation we combine it
with Kraus’ conditions for the existence of a Weierstrass equation with given invari-
ants. In the case K = Q these state:

Theorem 2.8. Let cy,cq be integers such that A = (c3 — ¢2)/1728 is a non-zero
integer. Then there exists an integer coefficient Weierstrass equation with invariants
cs and cg, if and only if

(i) ords(ce) # 2, and

(i) either c¢ = —1 (mod 4), or ords(cs) > 4 and cg = 0,8 (mod 32).
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Proof. This is [9, Proposition 2]. In fact the necessity of these conditions is immediate
from Tate’s formulaire, i.e. (8) and (9). d

Theorem 2.8 may be used to determine whether a given integer coeflicient Weier-
strass equation is minimal. Indeed a Weierstrass equation with invariants ¢4 and cg
is minimal at p if and only if p~*c4 and p~ ¢ fail to satisfy Kraus’ conditions.

Definition 2.9. An integer coefficient binary quartic, respectively ternary cubic, with
invariants ¢4 and cg is p-reducible if it is equivalent to an integer coefficient binary

quartic, respectively ternary cubic, with invariants p~*cs and p~Scg.

Theorems 2.6 and 2.8 have the following corollary.

Corollary 2.10. Let ¢4 and cg be integers such that A = (ci — c2)/1728 is a non-
zero integer. The following conditions are necessary and sufficient for every integer
coefficient p-adically soluble binary quartic, respectively ternary cubic, with invariants
c4 and cg to be p-reducible.

p=95 p*les and p°|es,
p=3 either 3°|cy and 3% |cg, or 3*||ca, 3°||c and 312 | A,
p=2 either 28| cy, 2%|ce and 27 % = 0,1 (mod 4),

or 2%||cq, 25||c6, 212| A and 2 %cg = —1 (mod 4).

The analogue of Corollary 2.10 for binary quartics without the cross terms (i.e.
putting @g = a1 = ay = 0) is established by Cremona and Stoll [6, Appendix A]
based on earlier work of Birch and Swinnerton-Dyer [3, Lemmas 3,4,5], [4, Proposition
3.6.1]. Their result is identical to ours at all primes p # 2, but is changed beyond
recognition at p = 2. The method of Birch and Swinnerton-Dyer has been extended to
quadratic number fields by Cremona and Serf [5], [13]. In the case of ternary cubics,
Corollary 2.10 is a theorem of Cremona and Stoll [7].

The method of Birch and Swinnerton-Dyer, and its generalisations cited above, re-
quire an analysis of a large number of tedious (yet elementary) special cases, especially
when dealing with the primes p = 2,3. As observed by Cremona and Stoll [6], [7] the
results for p > 5 generalise immediately to an arbitrary number field. In contrast for
p = 2,3 it seems necessary to treat each possible value of the absolute ramification
index as a new special case.

Our proof of Theorem 2.2 avoids all these special cases, and so gives a more general
result. Nonetheless the old approach retains the following advantages:

e It gives efficient algorithms for minimising binary quartics and ternary cubics.
This is useful in the number field method for 2-descent and 3-descent, where
we obtain binary quartics and ternary cubics that initially have very large
coefficients. An algorithm for minimising based on the proof of Theorem 2.2
would need to begin by finding explicit local solutions. It is therefore unlikely
to be more efficient than the existing methods.

e In the invariant theory method for 2-descent (introduced in [3] and improved
by Cremona in his program mwrank) it is more efficient to search for binary
quartics without the cross terms. See [6] for a detailed discussion.

e As pointed out by Cremona and Stoll [6], [7] the hypothesis of local solubility
may be weakened to that of solubility over an unramified extension of each
local field. It is not clear how to match this result using our methods.
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It has long been known that Theorem 2.2 is false if one does not make the hypothesis
that C is everywhere locally soluble. Our favourite examples are given by the curves
(6) C,: y? = az* + a3 A = 212412

Cy: 22 +ay’ +a?23 =0 A = —3%1'2
One finds that for p > 5 a prime, C, has Jacobian Ci, yet C} is not p-reducible.
Indeed if C, were p-reducible then one would obtain a model with good reduction at
p. It would follow that C,(Q,) # 0 which, upon inspection of (6), is plainly not the
case.

It is easy to show that the converse of Theorem 2.6(ii) is false. For example
the binary quartic y? = 32* + 2222 — 2% has discriminant A = 28.3.13% yet is 2-
adically insoluble. Similarly the ternary cubic x® + 2y3 + 523 = 0 has discriminant
A = —2%.3%.5% yet is 3-adically insoluble.

The following is an overview of the proofs of Theorems 2.2 and 2.6. First we reduce
to a local statement, using strong approximation in the case of Theorem 2.2. Then
we use our hypothesis of local solubility to rewrite our binary quartics and ternary
cubics as equations of a particularly simple form. These special equations, which
we call generalised Weierstrass equations, are introduced in §4.2. QOur proofs are
completed by enacting a subtle variant of Tate’s algorithm to minimise generalised
Weierstrass equations.

In a sequel to this paper we plan to generalise Theorem 2.2 to n-coverings of elliptic
curves. The proof will be by induction on n (in the local setting) starting from the
case n = 3 considered here. The case n = 4 should be compared with Womack’s
algorithm [17] for minimising a pair of homogeneous quadratics in 4 variables.

It is clear that the models obtained in Theorem 2.2 are far from unique. An
interesting problem would be to determine the number of integral equivalence classes
of solutions. Here we say that two models are integrally equivalent if, in the notation
of §1.4, they are related by an integer coefficient transformation with A a unit.

3. The passage from local to global

Let K be a finite extension of Q, with ring of integers Ox. Theorem 2.2 has the
following local analogue.

Theorem 3.1. Let E be an elliptic curve defined over K. Let ¢y, cg and A be the
invariants of an O -coefficient Weierstrass equation for E. Then
(i) Every soluble 2-covering C of E has an Ok -coefficient equation

y2+ (pr? + oqz + ag)y = ax® + bz’ + cx® +dx + e

with invariants cq, cg and A.
(i1) Every soluble 3-covering C of E has an Ok -coefficient equation

az® + by3 +c2d + a2x2y + a3x22 + blny + b3y22 + oz + czyz2 +mayz =0
with invariants cq, cg and A.

We give the proof of Theorem 3.1 in §4. First we show how to deduce Theorems 2.2
and 2.6 from Theorem 3.1.

PROOF OF THEOREM 2.6: Let n = 2 or 3. We recall that E is an elliptic curve defined
over a number field K, and that C is an n-covering of E with trivial obstruction. We
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fix a prime p of K and put v, = ord,(Dc/k ), €p = ordy(Dg k). We aim to show

(i) vp = €p + 12m for some integer m > 0, and

(ii) if C(Kp) # 0 then m = 0.

We choose an O -coefficient model for C' whose discriminant A« satisfies ord, (A¢) =
7p, and an Og-coeflicient Weierstrass equation for E whose discriminant A g satisfies
ord, (Ag) = &p.

To prove (i) we use the formulae of Appendix A to construct an Og-coefficient
model for E with discriminant Ac. (Notice that for p 1 6 it suffices to use The-
orem 1.1.) Thus ¢, < v,. Moreover Ag = M2Ag for some A € K*. Putting
m = ordy () gives vy, = €, + 12m as required.

To prove (ii) we use Theorem 3.1 to construct an O,-coefficient model for C' with
discriminant Ag. In the notation of §1.4 this new model is related to the old by a
transformation [py, 7, Ap], respectively [up, Ap]. For t € K° the following transfor-
mations are identical:

(7) n=2 [:upvrpaAp] = [t72upat27ﬂp,t"4p]
n=3 [ps Ap] = [t pp, tAp].

We may therefore assume that r, € Og’ and A, € Mat,(0,). We approximate 7,
by a vector r € O3 and A, by a matrix A € Mat,,(Ok). Since we can find a finite
set of primes, not containing p, that generates the class group, there exists yu € K*
with ord, () = ord, (py) yet ordy (p) > 0 for all p’ # p. Finally the transformation
[, 7, A, respectively [u, A], gives a new O g-coefficient model for C' whose discriminant
A satisfies ord, (A) = e,. Thus 7, < €, as required. O

Before proceeding with the proof of Theorem 2.2 we need two lemmas on strong
approximation. For A = (a;;) € Mat,,(K,) we put ||A||, = maxi<; j<n ||aijl|p-

Lemma 3.2. Let S be a finite set of primes of K. Suppose we are given A, € SL,(O,)
for each prime p € S and let € > 0. Then there exists A € SL,,(Ok) such that
[|A—Apllp <e forallpesS.

Proof. Let E;; be the n x n matrix with entry 1 in the (¢, j)-th place, and zeros
elsewhere. Using the identities

CHIEHICHRCR)
o D6 D6 )6 )

one can show (via row and column operations) that SL,(O,) is generated by the
matrices I, +AE;; for A € O, and ¢ # j. So it suffices to treat the case Ay, = I, +\p E;;
with Ay = 0 for all but one prime p in §. We are done by the Chinese Remainder
Theorem. O

and

Lemma 3.3. Let S be a finite set of primes of K and let § € Og. Suppose we are
given A, € Mat,,(O,) with det(Ay) = & for each prime p € S and let € > 0. Then
there exists A € Mat, (Ok) with det(A) = § such that ||A — Ayll, <€ forallp e S.
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Proof. By Lemma 3.2 it suffices to treat the case where each local matrix A, is
diagonal. We aim to construct a matrix A with the required properties, say A = (a;;).
Let b € Ok be an S-unit which is p-adically small for all p € S. (This is possible by
the finiteness of the class group.) We set a; ;41 = b for all 1 <i <n—1. We then use
the Chinese Remainder Theorem to choose diagonal entries for our matrix A that are
p-adically close to the diagonal entries of A, for all p € S. We put

am = (=1)™([IZ; au —6)/0" "

Setting all remaining entries zero gives the required matrix A. [l

PROOF OF THEOREM 2.2: Let n = 2 or 3. We recall that F is an elliptic curve
defined over a number field K, and C is an everywhere locally soluble n-covering of
E. In particular C has trivial obstruction everywhere locally. It is shown in [11] that
the obstruction takes values in the Brauer group. So by global class field theory, C has
trivial obstruction. (This is the only stage in the proof where we use the hypothesis
of local solubility at the infinite places. This is only an issue for n = 2.) Thus C is
represented by a binary quartic or a ternary cubic. We use the transformations of
§1.4 to find such a model with Og-coefficients.

Let A¢ and Ag be the discriminants of our models for C and E. By Theorem 1.1
we have Ac = M2Ap for some A € K*. Let S be a finite set of primes containing a set
of generators for the class group, and all primes p with ord,(A) # 0. Theorem 3.1 tells
us that for each p € S our model for C is equivalent to an Op-coefficient model with
discriminant Ag. In the notation of §1.4 the equivalence is given by a transformation
[1p, 7p, Ap], respectively [up, Ap], with p, € K5, rp, € K2 and A, € GLy(K,). We
are free to make adjustments of the form (7). Not only does this allow us to assume
that 7, € OF and A, € Mat,(O,) for all p € S, but also, since (hg,n) = 1, we can
find p € K* with

ord forpe s,
ordp(p) = {0 ple) forggzs.

Our local transformations are now of the form [u,7,, Ay], respectively [u, A,] with
rp € Op and A, € Mat, (Oy).

Let A\, = pdet A,. Since A¢ = )\;QAE it follows that A/\, is a root of unity.
Making adjustments to r, and A, (say, by rescaling the = co-ordinate on our local
model) we may suppose that A = X, for all p € S. We put § = Au~!. Then
det A, = ¢ for all p € S, and moreover § € Og. We use Lemma 3.3 to construct a
matrix A € Mat, (Ok) with determinant ¢ that is p-adically close to A, for allp € S.
In the case n = 2 we also approximate the r, for p € S by a vector r € O%. Finally
the transformation [u,r, A], respectively [u, A], gives a new Og-coefficient model for
C with discriminant Ag. We are done by Remark 2.4. (]

4. Proofs in the local case

We work over a local field K, complete with respect to a discrete valuation ord :
K* — 7. We write R for the ring of integers and 7 for a uniformiser. The residue
field is k = R/mR. We make no restriction on the characteristic of k (or for that
matter K).
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4.1. Weierstrass equations. We recall some standard facts about elliptic curves
and Weierstrass equations, many of which we have been using already. The formulae
are taken from [14, Chapter III].

Definition 4.1. An elliptic curve (E,0) defined over K is a smooth curve of genus
one defined over K equipped with a rational point 0 € E(K).

We choose z,y € K(E) such that £(2.0) and £(3.0) have bases 1,z and 1, z,y.
Then the 7 elements 1,z,y, 2% 2y, 23, y? in the 6 dimensional vector space L£(6.0)
satisfy a linear dependence relation. Furthermore the coefficients of 2% and y? are
non-zero. Rescaling x and y we deduce that (E,0) has a Weierstrass equation

yz +a1zy + azy = 2% 4+ agr? + agw + ag.

Following Tate’s formulaire we define

by = a% + 4ao
b4 = 2CL4 -+ aias
(8) b6 = ag + 4&6
bg = a%aﬁ + dasae — arazaq + agag — ai
and
Cq4 = b% — 24b4
(9) cg = —b3+ 36byby — 216bg
A = —bgbg — SbZ — 27b<23 + 9bobybg.

As noted in §1 these formulae for c4, c¢g and A may also be obtained by specialising
the invariants of a binary quartic or ternary cubic.

Definition 4.2. A Weierstrass equation for (F,0) is minimal if ord(A) is minimal
subject to the condition aq,as,as,aq,a¢ € R.

Any two Weierstrass equations for (E,0) are related by making a substitution of
the form
r = ulr'+r
y = udy +ulsx +t
and then dividing through by w®. This transformation is denoted [u;7,s,t]. The
coefficients a of the new Weierstrass equation are related to the coefficients a; of the

old via

uay = a;+2s
u?aly, = ag—saj +3r— s>
(10) uday, = asz+rap+2t
utay = a4 —saz+2raz— (rs+t)ay + 3r? — 2st
ubay = ag+rag+riag+1r® —tag —t2 — rta;.

The associated quantities (8) and (9) are transformed by

Uzbé = by +12r
(11) utby = by +rby+ 612
uSby = bg + 2rby + 72by + 413
qu/S = bg+ 3rbg + 3r2by + r3by + 31

and u'c) = ¢y, ubch = cg, ul2A’ = A.
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4.2. Generalised Weierstrass equations. We generalise the standard definitions
recalled in the last subsection.

Definition 4.3. A generalised elliptic curve (E,0,0’) defined over K is a smooth
curve of genus one defined over K equipped with an ordered pair of rational points
0,0" € E(K). The possibility 0 = 0’ is allowed.

We choose x,y € K(E) such that £(0 + 0') and £(2.0 + 0') have bases 1,2 and
1,z,y. Then the 8 elements 1, z, y, £2, zy, 2>, y2, 22y in the 7 dimensional vector space
L(4.0 +3.0") satisfy a linear dependence relation. Furthermore the coefficient of y? is
non-zero. We deduce that (E,0,0") has a generalised Weierstrass equation

v + arzy + agy = £’y + 02’ + 0pa® + aur + 0.
The invariants ¢4, cg and A are defined as polynomials in &, 0, a1, ag, as, oy, ag by

specialising the invariants of a ternary cubic.

Definition 4.4. A generalised Weierstrass equation for (E,0,0’) is minimal if ord(A)
is minimal subject to the condition &, 1, a1, ag, as, oy, ag € R.

Any two generalised Weierstrass equations for (F,0,0) are related by making a
substitution of the form
z = vwr' +p
y = vy +v%wor + 7
and then dividing through by vSw*. This transformation is denoted [v, w; p, o, 7]. The
coefficients of the new generalised Weierstrass equation are related to the old via

v = ¢
wy' = n+of
vwa] = a; —2p€+ 20
v2w?al, = as+ (2p0 + 7)€ —oay + 3pn — o?
vwlay = a3 —p*&+pag + 27
viwda, = g+ p(po+27)€ — oaz + 2pas — (po + 7)oy + 3p*n — 207
v6w4ag = «p+ p27'§ + poy + p2a2 + p377 —Tasz — 712 — pTOq.

We have arranged that if £ =0, n =1, a; = a; and
[v,w; p,0,7] = [u, 1;7, s,
then these formulae reduce to those recalled in §4.1.

Proposition 4.5. Let (E,0,0") have generalised Weierstrass equation

(12) v+ arxy + asy = Ex%y 4+ nzd + a0x? + agx + .
Then (E,0) has Weierstrass equation
(13) Y24+ XY +azY = X2+ ap X2+ ay X + ap
where

al = Q1

az = az+&as
(14) ag = naz—Eay

g noy + Easas — E2ag
ag = nlag —Enarag + Enasas — Eazag.
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Moreover the generalised Weierstrass equation (12) and its associated Weierstrass
equation (13) have the same invariants ¢4, cg and A.

Proof. The required isomorphism is given by
X = nx+gy
Y = ny+&(—ay+Exy + 02’ 4 aor + ay).
The statement concerning invariants is proved by direct calculation. An alternative

proof is given by specialising the formulae of Artin, Rodriguez-Villegas and Tate
recalled in Appendix A. O

Lemma 4.6. If we transform a generalised Weierstrass equation (12) by [v,w; p, o, T]
then the associated Weierstrass equation (13) is transformed by [u;r, s,t] where

u = vw
o= m+TE

(15) s = 0—p¢
t = 1 —2p%n+ (poaj — pas + oaz + 207)E — p(po + 7)E2.

Proof. A direct calculation. O

4.3. An algorithm for minimising. We continue to write R for the ring of integers
of K. It is clear that every generalised Weierstrass equation is equivalent to one with
coefficients in R.

Theorem 4.7. A generalised Weierstrass equation with coefficients in R is minimal
if and only if its associated Weierstrass equation is minimal.

Proof. Tt is clear from Proposition 4.5 that if a generalised Weierstrass equation is
not minimal then its associated Weierstrass equation is not minimal. Indeed if the
generalised Weierstrass equation is minimised by a transformation [v, w; p, o, 7] then
its associated Weierstrass equation is minimised by [u;r, s,t] where u,r, s,t are given
by (15).

To prove the theorem we give an algorithm for minimising a generalised Weierstrass
equation, subject only to the hypothesis that the associated Weierstrass equation is
not minimal. The basic idea is as follows. By hypothesis there is a transformation
[1;7, 5,t] which when applied to the associated Weierstrass equation gives 7’ | a; for
all i. We hope to solve (15) for p,o, 7. If successful, we apply the transformation
[1,1; p, 0, 7] to our generalised Weierstrass equation, and thus reduce to the case 7| a;
for all ¢. With a bit of luck we can then use (14) to show that the «; are divisible by
certain powers of 7. Finally we minimise using either [r,1;0,0,0] or [1,7;0,0,0].

In practice our algorithm is a hybrid of the above sketch and the first few steps of
Tate’s algorithm: see [15].

Step 1. If 7 | £ and 7 |7 then we repeatedly apply the transformation [, ;0,0,0]
until either £ or 7 is a unit.

Step 2. By hypothesis 7 | A. So the reduction mod 7 of our generalised Weierstrass
equation has a singular point. By Step 1 either 7{£ or w47. So the points at infinity
on the reduction are smooth. Making a transformation of the form [1,1;p,0,7] we
may suppose that the singular point is (x,y) = (0,0). Then 7|as, a4, ag. By (14) we
also have 7 |ag, a4, ag.
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Step 3. By hypothesis 7 | ¢4 = b3 — 24bs. But by Step 2 we already have 7 | by =
2a4 + ajaz. Therefore 7|by where

by = a% + 4ay = ozf + day + 4€as.

Since 7| a3 we deduce 7| (a? +4ay). Making a transformation of the form [1,1;0, o, 0]
we may assume that 7 |q; for all . By (14) we also have 7|a; for all i.

Step 4. By hypothesis there is a transformation [1;7,s,t] for which the transformed
quantities a) satisfy 7*|al for all 4. Since we already have = | a; for all ¢ it follows
by (10) that

m|2s, w|(3r—s?), w|2t, 7w|(3r?—2st), =|(r®—1?).

From these we deduce 7|7, s,t. (Recall that we make no assumption on the charac-
teristic of k.)

The algorithm now splits into two cases.

Case m{7n. Making a transformation [1,7;0, 0, 0] we may assume that n = 1. Let r, s,¢
be as in Step 4. We solve for p, o, 7 satisfying

r = p+<&r
(16) s = o—¢p
t = 7—2p?+ E(ar1po — aop + azo + 207) — E2p(po + 7).
To do this we set (p1,01,71) = (1, 8,t) and recursively define
Pn = T — ng—l
op = S+ fpn
Tn = t+26p2 — E(a1pnon — Qopp + 30y, + 200,70) + E2pn(Pnon + Tn)-

Since 7|1, s,t and 7| aq, ag, as it follows by induction that

poy1 = pn (mod 7")
Ontil = On (mod 7™)
Tatl = Tn (mod 7"+1).

Since K is complete! the sequences p,, 0,, T, converge to p,o,7 € R, a solution
o (16). We apply the transformation [1,1; p, o, 7] and hence reduce to the case 7| a;
for all 4. Since 7|p, o, T we still have m{n and 7|, for all i. We now use (14) to show
that 72 | ag since 72 | ag, then 72| ay since 72 | ay, then 72 | ag since 72 | a3, and so
on. In the end we get 7' |a; for all i. We can then minimise using the transformation
[, 1;0,0,0].

Case 7| n. By Step 1 we have m{¢. Making a transformation [€71,1;0,0,0] we may
assume that £ = 1. Let r, s,t be as in Step 4. Since

aly = ay — saz + 2ras — (rs +t)ay + 3r* — 2st
we have 72 |as. Then using (14) we obtain 72 |ag and 7| ag. Since

ay = asz+ra;+2t
ag = ag+ras+r’ag+1r3—taz —t* —rtay

it follows that 72|t and 7% |as.

IIn fact an approximate solution to (16) would suffice, so we don’t really need that K is complete.
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We apply the transformation [1,1;0,s,7] to our generalised Weierstrass equation.
After this transformation we still have 7|5 and 7 | a; for all i. According to Lemma 4.6
the associated Weierstrass equation is transformed by [1;r, s,t'] where ¢’ = rn+ sag+
2rs. Since t =t =0 (mod 72) it follows by (10) and (11) that

mlay, 72|ag,as, 7 |as, 7 ag
and 7t |b; for all i. Using (14) we obtain 72|y, @ and then
7T2|(CV2+043), 7T3|(0420l3 —046), 7T4|042046.
From these we deduce
mlay, 7lag,az,qu, T |ag.
Since
ag = N0 — Na1ag + N3 — A
it follows that 7°|ag. Next using
b6 = a?,) + 4a6
bg = a%ag + dasae — arazay + a2a§ — ai

we obtain first 72 |a3 and then 7*|ay. By (14) we also have 7® | a4 and 7| ag. We
can then minimise using the transformation [1,7;0, 0, 0]. O

Recall that we defined the invariants of a generalised Weierstrass equation (12) as
the invariants of the ternary cubic

(17) Y2z + anxyz + asyz? — (Exy + nxd + apx?z + aur2® + ag2®) = 0.
A calculation shows that these are the same as the invariants of the binary quartic

(18) 2+ (2% + arxz + a2y = nadz + ana®2? 4+ aur® + ag2t

PROOF OF THEOREM 3.1: Let n = 2 or 3. We recall that F is an elliptic curve
defined over K, with K a finite extension of Q,. We are given an Og-coefficient
Weierstrass equation for E and a soluble n-covering C' of E. The structure of n-
covering determines a K-rational divisor class [D] on C. For 0 a rational point on C
the Riemann-Roch space £(D — (n — 1).0) is 1-dimensional. Hence

D~ (n—1).040

where 0 is a rational point on C. By Theorem 4.7 the generalised elliptic curve
(C,0,0") has an Og-coefficient generalised Weierstrass equation with the same invari-
ants as a minimal Weierstrass equation for E. Then (18) or (17) is a model for the
pair (C, [D]) with discriminant dividing that of our original Weierstrass equation. We
are done by the local analogue of Remark 2.4. O

Remark 4.8. More concretely, a soluble binary quartic, respectively ternary cubic,
may be put in generalised Weierstrass form using (in the notation of §1.4) a trans-
formation [1,0, A], respectively [1, A]. Indeed in the case n = 2 we move the rational
point to (z : 2) = (1 :0). The resulting binary quartic has no z* term and is therefore
of the form (18). In the case n = 3 we move the rational point to (x : y : 2) = (0:1:0)
and its tangent line to z = 0. The resulting ternary cubic has no terms y3 or xy?
and is therefore of the form (17). We can then minimise by following the proof of
Theorem 4.7.
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Appendix A. Formulae for the Jacobian

In §1 we defined the invariants c4, c¢g and A of a binary quartic, respectively a
ternary cubic. We now attempt to “work back” through the formulae (8) and (9) in
order to define quantities bo, by, bg, bg and aq, as, as, aq, ag. In the case n = 2, we find

cs = (02 — dagas +4c)*  (mod 24).

We set by = a2 — 4agag + 4c and solve for by, bg, bg using (9). Next we set a; = o
and as = —agas +c. It turns out that we can write by = apas + 2a4 where ag and ay
are polynomials not involving ;. Putting ag = (bg — a3)/4 we obtain

a; = Q1

as = C— QpQ2

az = Oéod + Oégb

ay = —4ae+bd— (ade+ apazc + a3a)

ag = —4ace+ ad? + b%e — (adce + alae + a3ac + apazbd) + apaibe + ayaqad.

In the case n = 3, we find
ca = (m? — 4(azea + azbs + bier))?  (mod 24).

We set by = m? — 4(agca + azbs + bicy) and solve for by, bg, bg using (9). Next we set
ay = m and as = —(asca +azbs+bicr). It turns out that we can write by = mas +2ay
where a3 and a4 are polynomials not involving m. Putting ag = (b —a3)/4 we obtain

a = m
az = —(asca + agbsz + bicy)
as = 9abec — (absca + bascy + cazby) — (azbscr + agbyics)

ay = —3(abcicy + achibs + beagas)
+a(bicl + b3cy) + blagc? + a3ca) + c(adbs + aszb?)
+ azcoazbz + bicrasca + azbsbicy
—27a?b%c? + 9abc(absca + casby + bazer) + 3abe(azbzcy + azbico)
— (a®bc3 + b%ca3 + c2ab? + a’cb3 + b%ac? + c*ba3)
+ 2(ab0102 —+ bCCLQ(lg —+ Cablbg)(GQCQ + a3b3 -+ blcl)
— 3(abasbscyca + beasasby ey + caagbybscs)
— (bicy + agco)(abder + beaal)
— (c2ag + azbs)(bctas + cazb?)
— (azbs + bic1)(cadbs + abic3)
- agagblbgclcg - 3abc(a202 + a3b3 + blcl)m
+ (ab(asc3 + bzc?) + be(aser + adby) + ac(agb3 + bicz))m
+ (abybserea + bagaseica + cazazbibz)m
— (abcyca + beasasz + cabibs)m? + abem?®.

Qe

We record an immediate consequence.

Lemma A.1. Let ay1,as,as,a4,ag be the quantities associated to a binary quartic or
ternary cubic, as defined above. Then the Weierstrass equation

(19) v+ arxy + asy = 23 + axx® + agx + ag

has the same invariants cq, cg and A as the original binary quartic or ternary cubic.
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These formulae, in the case of a ternary cubic, are due to Artin, Rodriguez-Villegas
and Tate [2]. Moreover it is shown in their paper that (19) is a formula for the Jacobian
that works in arbitrary characteristic. In characteristic different from 2 and 3 this is
already clear from Theorem 1.1.

Appendix B. The class group

We give some examples to show that the hypothesis on the class number in Theo-
rem 2.2 cannot be removed. First we need two lemmas.

Lemma B.1. Let [K : Q,] < 0o with p # 2. Let [u,r, A] with p € K*,r € K* and
A € GLo(K) be a transformation relating two Ok -coefficient binary quartics with
good reduction. Then

ord(p) = ord(det A) =0 (mod 2).

Proof. Since p # 2 we may assume the binary quartics have no cross terms (i.e.
ag = a1 = az = 0) and r = 0. Let 7 € K with ord(w) = 1. Since both binary

quartics have good reduction we have ord(u) = —ord(det A). So without loss of
generality
—a— @ 0
[,r, Al = [n° b’o’(() 7717)]

for some a > b. If a > b then the first binary quartic has singular reduction above
(x:2)=(0:1). Soa="band ord(u) = ord(det A) =0 (mod 2). O

Lemma B.2. Let [K : Q)] < oo. Let [u, A] with p € K* and A € GL3(K) be a
transformation relating two O -coefficient ternary cubics with good reduction. Then
ord(p) = ord(det A) =0 (mod 3).

Proof. Let m € K with ord(m) = 1. Since both ternary cubics have good reduction
we have ord(u) = — ord(det A). So without loss of generality

™ 0 0
A =t 0 a0 ]
0 0 =°

for some a > b > c¢. If b > c then the first ternary cubic has singular reduction at
(x:y:2)=(0:0:1). If a > b = ¢ then the reduction contains the line x = 0. So
a=>b=cand ord(u) = ord(det A) =0 (mod 3). O

Example B.3. Let K = Q(v/—35) and a = (=1 + v/=35)/2. Let E be the elliptic
curve with Weierstrass equation
P =2 —1lz+ 14
and C the 2-covering of E with equation
(20) y? = a(z? —a2?)(2? — 2a2?).

We have Ap = 2° and A¢ = 2°.3'2. The prime 3 factors in O as (3) = pp with
p? = (a). We can minimise (20) locally at p and p by means of the transformations

31,0, (é (1)>] and [1,0,(2) 3(_)1)].
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We suppose for a contradiction that C' has an Og-coefficient equation with the
same invariants as E. Let [u,r, A] be the transformation relating (20) and this new
equation. Then by Lemma B.1 we find

ord, (1) 1 (mod 2)
ordg () 0 (mod 2)

and ordg(p) = 0 (mod 2) for all q12,3. Since 2 is inert in K and hx = 2 it follows
that p is principal. This is the required contradiction. Finally we note that o € (K3)?,
so C' is everywhere locally soluble.

Example B.4. Let K = Q(v/—23) and a = 2+ v/—23. Let E be the elliptic curve
with Weierstrass equation
y? +y =2°+ (2v/-23)z + (8 + 3v/—23)
and C the 3-covering of E with equation
(21) 32 + a(x?y — x2% + 3y%2) + oy = 0.
We have (Ag) = p1p2 and Ac = a'2Ag where p; = (1 + 6y/—23) and po = (1527 +

446+/—23) are prime ideals. The prime 3 factors in Ok as (3) = pp with p? = ().
We can minimise (21) locally at p by means of the transformation

300
37410 1 0]l
00 1

We suppose for a contradiction that C' has an Og-coefficient equation with the
same invariants as E. Let [u, A] be the transformation relating (21) and this new
equation. Then by Lemma B.2 we find

ordy(p) =2 (mod 3)

and ordg(p) = 0 (mod 3) for all g # p,p1,p2. Since p; and py are principal and
hx = 3 it follows that p is principal. This is the required contradiction. Finally we
note that C' is globally soluble.
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