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ON THE INTEGRAL SYSTEMS RELATED TO
HARDY-LITTLEWOOD-SOBOLEV INEQUALITY

FENGBO HANG

ABSTRACT. We prove all the maximizers of the sharp Hardy-Littlewood-Sobolev in-
equality are smooth. More generally, we show all the nonnegative critical functions are
smooth, radial with respect to some points and strictly decreasing in the radial direction.
In particular, we resolve all the cases left open by previous works of Chen, Li and Ou
on the corresponding integral systems.

1. Introduction

The classical Hardy-Littlewood-Sobolev inequality states that for 0 < a < n,
1 < po,qo < % such that p% + q% =1+ 2 (see [10, theorem 1 on p119])

/(@) W)
/ ) Gudy| < ¢ (n, 90, @) |l o ey 19] oo iy -
S r—

In [9], it was shown that the sharp constant
f(@)gly
¢(n,po, @) = sup {/ ( n(fldxdy: [ flro ey = 1519l Lao ny = 1
e xR [ — ]

is achieved by some functions f and g. Moreover, after multiplying some constants,
any maximizer f,g must be radial symmetric with respect to the same point, strictly
decreasing in the radial direction and satisfy the integral system

po—1 _ AN -1 _ )
s = [ g = [

It was also shown that when py = qp, we have

”/Po
f (@) = g (x) = ¢ (npo) <A>

|z — 20]® + A2

for some A > 0 and xy € R".
_ 1 _ 1
IfWe letp— m, q = ﬁ,
equation becomes

(1.1) u(:v):/]R L)n_ady, U(l’):/R L)n—ady

n |z —y| n |z -yl

u = fPo=l v = g9~! then the Euler-Lagrange
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for nonnegative functions u € LP* (R™) and v € L' (R") and 0 < o < n, 9= <

p,q < 00, p—il + q% + %=1 Whenp=gq= ZJ%Z, as observed in [9], it follows from
1

the fact m% =c(n,a) —r—z that u = v, then the system reduces to

lz[""% 7 |z|"

(1.2) u(x) = /R mdy.

n—o«
z —y|

In [4], using an integral form of the method of moving planes ([5]), it was shown that
any nonzero nonnegative regular solution u of (1.2) must be of the form

n—a

A 2
u(z) =c(n,a) <)\2—|—|x—x02>

for some A > 0 and xzg € R™. This solves an open problem proposed in [9] (see a
somewhat different argument in [8] and the clarifications in [4, Remark 1.3 on p332]).
In [2, 3], such kinds of analysis were extended to the system (1.1) under the additional
constraints p > 1 and ¢ > 1. However the analysis does not give the regularity of
maximizer for all the Hardy-Littlewood-Sobolev inequalities. On the other hand, it
does not seem that we will have nonsmooth maximizers for the Hardy-Littlewood-
Sobolev inequality in any case. The main aim of this article is to prove the regularity
and radial symmetry of nonnegative solutions of the system (1.1) in its full range.
Another motivation comes from the study of regularity issues for a similar integral
system in [7].

7 n—a

Theorem 1.1. Assume 0 < a < n, —%= < p,q < 00, pﬁﬁ-qﬁ—k% =1, ue
LPTL(R™) is nonnegative and does not vanish identically. If

_ u(y)” () = v (y)*
e e v

Then v € C*® (R™), v € C* (R™). Moreover, there ezists a point xo € R™ such that
both uw and v are radial symmetric with respect to xo and strictly decreasing along
radial direction.

Indeed, the regularity is still true under the relatively weaker assumption v €
Lfotl (R™) (see Proposition 2.2). The method in [2, 3], which is basically linear in
nature, does not seem to work for the case when one of the two indices p and ¢ is
strictly less than 1. We will develop some nonlinear approaches which work for all p
and ¢ at once. In [7], we will apply this technique to derive the regularity for another
integral system. In Section 2 below, we will prove a local regularity result which has
the regularity part in Theorem 1.1 as a corollary. In Section 3, we will prove all the

solutions are radial.

2. Regularity issue

In this section, we will show any solution w, v to the system (1.1) must be smooth
if we assume u € L7 :;1 (R™). Such a local integrability condition is necessary for the

smoothness because as observed in [9], system (1.1) has singular solutions as

(@) =c(n,a,p) |z 7T, v(@)=cna,p) e 7.
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This follows from a simple change of variable in the integrals. To achieve the regu-
larity, we start with a local result which has some similarity to [1, theorem 2] and [8,
theorem 1.3].

Proposition 2.1. Given 0 < a,8<n, 1 <a,b<oo,1<r < oo such that
1 1 «
+ L0

ra b rn oo
Assume "
— < p<g< oo,
W SP<a<ee
a r 1 r
—<-+-<-
n qg a p
u,f € LP(BR), U € L*(Bg), V € L'(Bg) are all nonnegative functions with
flBg,., € L7 (Bry2),

1
+-<1,
a

|U|2/ar(BR) |V|Lb(BR) S € (n,p7 q, r,a,ﬁ,a,b) Sma’ll

u () < /B V(y) {/B U(z)u(z)rdz] Hr dy + f (z)

wle—y" " Usg ly—2""

for x € Bg, then u € L1 (BR/4), moreover

and

‘u|LQ(BR/4) < c(n,p,q,r,a,ﬂ,a,b) (Rj_; |U‘LP(BR) + ‘f|Lq(BR/2)) .

Proof. By scaling, we may assume R = 1. First assume we have u, f € L9(By).

Denote
U T
v(z) = / %d@/ for x € B;.
By |{E - y|

Let p; and ¢g; be the numbers defined by
1 r 1 « 1 r 1 «

pop oa n @ g a n
then it follows from Hardy-Littlewood-Sobolev inequality that

7

|U|LP1(B1) S C(Tl,p, T,Oé,a) |U|L‘1(Bl) |u|2P(B1) ’
|U‘L<11(Bl) S C(n7q7r7ava’> ‘U|La(Bl) ‘u|zq(31) .
Given 0 < s <t < 1/2. For x € B;, we have

V(y)v(y)" V(y)v )"
u(x)g/ L(Eﬁﬁdy—i-/ L%dy—i—f(x)
Bogs |z — vyl Bi\Bayt |z —yl

v ()" c(n
<Ag+, V(y)v(y) dy+ (n, B)

1/r
PR TR /BI\BT Vy)v(y) " dy+ f(z)

V l/r C(n,p,’r’,a,ﬁ,a,b)‘l” P 1
§/ (y)v(y) dy + LBy | (g,
Byt

o —y|" ™" (t—s)""
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Hence we have
1/r

|U‘L<1(BS) < c(n,qn@@b) |V|Lb |U‘
()
C(’I’L7p, qu,a7ﬁ7a7 b) |u|LP(B1)
(t—s)""
On the other hand, for z € BSTH, we have
Uy u(y)" U(y)u(y)"
SR QT TT
B, |z —yl Bi\B; | —y|
U(y)u(y) c(n,a r
< [ SOy S0 [ Ugu)dy
B, |z =yl (s—1) Bi\B,
</ U(y)u(y)rd 4 c(n,p,r,a,a) |U|La(Bl) ‘u|2p(31)

+ |f|Lq(31/2) :

This implies

C(n7paQ7r7a7a) ‘U|LG(BI) ‘u|2p(31)
(S _t)n—(x :

|v] ) <c(n,q,7 ,a) |U|L“(B1) |U|Zrz(Bt)Jr

La1 (Bm
2
Combine the two inequalities together, we see

1/r
|U|LQ(BS) < C(nvq,rvaaﬁvavb) |U|L/Q(Bl) |V|Lb(Bl) |U|LQ(B,,)

( P, g7, @, Bya,b)
)max{(n—a)/r,n—ﬁ} |U|LP(B1) + |f|L‘1(B1/2)

+

/—\

1 c(n,p,q,r 0 a,b)
§| |Lq (By) + ( _ )mdx{(n a)/rn—B} |U|LP(Bl) + |f|Lf1(Bl/2)

if £ is small enough. Tt follows from usual iteration procedure ([6, lemma 4.3 on p.75])
that

|u‘LQ(Bl/4) S C(nap7quaaa67a7b) <|u‘LP(Bl) + |f‘LQ(Bl/2)) .
To prove the full proposition, we note that for some function 0 < 5 (z) < 1,
r 1/r
V(y U((z)u(z
ww)=nto) [ 0| [ DEREC] ) ).
Br |z —y| Br |y — 2|
We may define a map T by

T @) =) [ U BRI, 7

wlz—y" " ly — 2|

Note that we have

1/r 1
T Ol os,) < € (,p,7,0, 8,0, U1 ) IV oy 19l oy < 5 0lioan

and

1/r 1
|T (90)|Lq(Bl) < c(mq,r,a,ﬁ,a,b) |U|L/u(31) |V|Lb(B1) |<p|LQ(Bl) < 5 |90|L'J(Bl)
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if £ is small enough. Moreover, for any ¢, ¢ € LP (By), it follows from Minkowski’s

inequality that
T (¢) () =T (¥) ()] < T (l¢ —2|) (x) for z € By,

hence )
T () =T Wleosy) < T = UDlos) < 510 = Plies,) -
Similarly, we have for any ¢, € L?(By),
1
IT (¢) — T(¢)|Lq(31) < B} o — w|LQ(B1) .

For k € N, let fi(x) = min{f (x),k}, then it follows from contraction mapping
theorem that we may find a unique uy, € L9 (Bj) such that

up (2) = T () () + 0 (@) fc ()
o V(y) U ) (), 1 D (e
=nw [ | |y (o) ).

n—o«
ly — 2|

Applying the apriori estimate to ux, we see

|uk:‘Lq(Bl/4) S C(n7p,qaraa7ﬁaa’7b) ('uleP(Bl) + |f|Lq(Bl/2)) .
Now observe that
u(z) =T (u) () +n () f(z).
We see

IA

up — Ul oy <17 (uk) =T (W popyy + e = floesn

IN

1
3 luk = vl gy + e = floegs,) -

Hence |ug — u|Lp(Bl) <2|fx — f|Lp(Bl) — 0 as k — oo. Taking a limit process in the
apriori estimate for uy, we get the proposition. O

Now we are ready to derive the full regularity for the system (1.1). Such regularity
under the additional assumption p > 1 and ¢ > 1 was proved in [2, 8].

J
’ n—a

1 1
<Ppg< o0, gt artn =1

we [P (R™) is nonnegative and does not vanish identically. If

loc
v(:r):/R L)pad% u(ac):/]R Mdy.

n— n—o
n |z -yl n |z -yl

Proposition 2.2. Assume 0 < a < n

Then u,v € C* (R™). Moreover if we know u € LPTL(R™), then u(x) — 0 and
v(z) — 0 as |z| — oo.

Proof. Since u € Lf;l (R™), we see u (z) < oo a.e. € R™. Tt follows that v (z) < oo

a.e. © € R™. For any R > 0, we may find xy € Bg such that v (zg) < oco. This gives

us fRn\BR %dy < oo. It follows that fRn\BR lz‘(%dy < 00. Now

p p
U(ﬂf)z/ %dw/ %d%
B |z -yl R\Bg |7 — Y|
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it follows from the Hardy-Littlewood-Sobolev inequality that the first term lies in
L1 (R™). On the other hand, for x € Byr with 0 < § < 1, we have

u ()P 1 u (y)P
/ (y)n_a dy < o / (f/_)ady
Rr\Bp |Z — Y| (1-0) R™\Bg Y|

It follows that v € LL'" (Bg). Since R is arbitrary, we have v € LLT! (R™).

loc loc
Let
q
vy
)= | SLC)
R™\Bg |T — Y|

IJRrR ({E) = /]R %dZIh

n—ao«
"\Bgr ‘Cﬂ - y|

then we know

q
v
ww) = [ Myt ).
Br ‘x - y|
P
U
v(z) = / 7@)”7& dy + gr (z),
Br ‘CL’ - y|
and fR S rtl (BR) n L?(?(‘ (BR), gr € Latl (BR) N L?(?(» (BR)
To continue, we observe that by symmetry, we may assume p > ¢, then p > Z"’fg

and p — £ (p+1) > 1. On the other hand, it follows from p—il + qul + 2 =1 that
pg—1=25(p+1)(g+1). Hence

« «
——(p+1)]g-1==(p+1)>0
p—_(p+ )]q S p+1)>0,

and this implies ¢~ < p — % (p + 1). Choose r such that

n
1<r<p->(p+1) andg ' <r,
n
for example, we may take r = p — & (p + 1), then

v(@)" < (/B u(y)padyy/r +gr (@)

R |$ - y‘n7
We have

[ v e i
u(gc)—/BR P dy + fr(z)

-1 1/r
q—r p—r T
S/ LLC) / w@T v G gyt g ().
Br |z =yl Br |y—2|

q—r~1t 1/r
v
hR (l’) — / (y) gnR_(ay) dy + fR (.’E) )
Br lz -yl
It follows from the fact that gr € LI*' (Bgr) N Lj5. (Bgr) that hg € LP** (Bg) N
L} (Bg) for all § < co. Let

loc

Here

_pt1 b— q+1

a )
p—r q—r-

1°?
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then calculation shows i + % = .= + %, moreover we have

r 1 p
+—-=——<1,
p+1 a p+1

and

T p+1 -
Hence for any p 4+ 1 < § < oo, when R is small enough, it follows from Proposition
2.1 (by choosing «, 3, p, q, 7, a, b, u, U, V and f in Proposition 2.1 as «, a, p+1, G,

1 oa_p-g@th-r_,
[¢

, %, qztfl, u, uP™", v~ and hg respectively) that u € LY (BR/4). Since every
point may be viewed as a center, we see u € LT (R"). This implies v € L2, (R™)

and then u € L{S, (R™). Now observe that fr,gr € C*° (Bg), it follows from the
usual bootstrap method that u,v € C* (R™). The fact u,v € L (R™) under the
assumption u € LPT! (R™) follows from carefully going through the above argument

and applying Holder’s inequality when needed. Note that
n m
u = XBln(ji) v + XRMNB T \fic(y )
|| ||
By interpolation we know v € L* (R™) for all ¢ + 1 < s < o0, hence v? € L* for

%1 < s < o0. Since % < 2, it follows form the fact X5, (@) o ptae (R™) and

n—oa
||

* v,

Xerpy (@) o patgte (R™) for ¢ > 0 small that u(x) — 0 as |x|] — oco. The fact

n—a
||

v(z) — 0 as |z| — oo follows similarly. O

3. All solutions are radial

In this section, we will use the integral form of the method of moving plane (de-
veloped in [4]) to prove the radial symmetry of solutions to the integral system. Such
radial property was derived in [3, 4, 8] under the further assumptions that both p and
q are at least 1. Our approach works for both this case and the case when p or q is
strictly less than 1. We will need the following basic inequality: assume 0 < 6 < 1,
a>b>0,c>0,then

(a+¢)’ —(b+0e) <a® -0’
Indeed for z > 0, let f (z) = (a + )’ —(b+ 2)°, then for z > 0, f' (z) = 0 (a + z)" ' -

0 (b+2)°"' <0. The inequality follows.
For £ € R™ and s > 0, we denote

m 1/s
€], = (Zw) :
=1

Proof of Theorem 1.1. By Proposition 2.2, we know u,v € C*® (R"), u(z) — 0 and
v(z) — 0 as |z| — oo. It follows from Hardy-Littlewood-Sobolev inequality that
v € LIT1 (R™). Without losing of generality, we may assume p > ¢, then we know
p > 2 and p > ¢~'. Hence we may find a number r such that 1 < r < p and

gt <.



380 FENGBO HANG

For A € R, we denote Hy = {z € R" : 21 < A}. For x = (x1,2') € R, let ) =
(2\ — z1,2"). We also denote uy () = u (zy), va (x) = v (x)),

By ={x € Hy:uy(z)>u()},
S={z e Hy:vx(zx)>v(z)}.

Note that by a change of variable, we have

u () :/]R Ly)qdy

n—o
n |z =yl

q q
:‘/' t%yL_ady+:/‘ 1%yAL_ady
Hy |z — Yl Hy |Tx—y

q q
v\y AV
u (zy) :/ 7( )‘T)l_ady—i-/ 7( )n_ady.
H) |x—y| Hy |33>\ _y|

Hence

This implies
u(xy) —u(x)

- [ o -6 (w — 1y|n_a) iy

In particular, for x € BY, we have

0<u(zy)—u(x)

< [ oo (— )y

o —y" Joa -y
= /B (o))" = (v)")") |:v—zl;”dy
<gqr /Bv v (yx)q—r*1 (U ()" — v (y)”’") 1

n—o
lz -yl

v
A

dy.
It follows from Hardy-Littlewood-Sobolev inequality that

[ux = ul o (ay)

-1
q—r 1/r _ 1/r
U)\ <'U>\ v )

S C(n’a7q7 r)

g+1

L7 (BY)
<c(nya,q,r) " v/ ot/
= ( y O g, ) A Lﬁ%(BK) A L(q+1)r(BK)
B q—r~t 1/r . 1/r
= c(n,a,q,T) |/UA|L(1+1(B1>1\) U v L(q+1)7'(l3’>i)
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On the other hand, for z € BY, we have

p P
U\Yx uly
U(I’A):// (77{_0(51%/, . )n—ady
By |z —y| By |ox =yl
u (ya)’ / u(y)”
+/ n— dy+ - dy
By v —y["" By [z —y[" "
p P
S/ %dyﬂL/ %dy
By |z —y| By o\ —yl
n / 1) / _u)”
sy |z —y["” By |za —y|"
Since
o= [ Oy [ g,
By [z —y["" By lzx—y[""

p p
—|—/ L)n_ady—l—/ %)n—ady’
m\BY |7 — | HA\BY |25 — ¥l

it follows that

0<w
(1) wwy N\
u
< / %d%ﬁ/ — Y dy
v |z —yl By |z — Yl
()" wy )"
u
/ U yn,ady‘i‘/ Yx nady>
By |z —y| By |zx =yl
r 1/r
dy)
l’r‘
r 1/r
dy)
l’l‘

w ()" —u ()" w () —u(ya)””
e O

u(ya)”'" u(y)”” )
/r

T A P

( u(y)"" u ()" )

- y|(nfoc)/r ‘LL’)\ - y|(nfo¢)/7‘

r 1/r
dy)
l’r‘

1/r

o dy
|z — yl

(UA W) —u(y)” )
: ( I

< (/ ur ()" (ua (y) —u(y))rdy>1/7"

n—o
|z -y

381
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It follows from Hardy-Littlewood-Sobolev inequality that
U/l\/ Y

L<q+1)r(33)

/ ux (1) (ur (y) —u(y))" dy

oy e (55)

1/r
2p
r

IN

C(n,a,p,r) |u1;\*7“ (’ZL)\ - U)T| P+l

~
bS]
—
Gy
>e
~—

1 1/r r1/r
0t I gy 0 =0 e

IN

p—r
C(n,a,p,r) |UA|L;+1(B;) |U)\ - u|LP+1(B§) '
Hence we have
lux — U|Lp+1(37;)
= gr?
S c(n,a,p,q,r) |U//\‘ 1"+1(B7>f) |UA‘LQ+1(BK) ‘U)\ - u|LP+1(Bf\L)
= c(nvavpaQa )|u|Lp+1(2/\€ Bu) ‘ |Lq+1(2)\e 751}) |’LL)\ - ’U’|Lp+1(Bj\‘)

<c(n,a,p,q,r )|U|L,,+1(2/\el BY) ‘U|Lq+1(Rn lux — U|Lp+1(33)~

Here e; = (1,0,---,0).

After these preparations, we will use the method of moving planes to prove the
radial symmetry of the solutions.

First, we have to show it is possible to start. Indeed, for A large enough, we know
|u|Lp+1(2)\€1_B;) can be arbitrary small, this implies that

1
lx =t o () < 5 1un = ulppia(sy) s

and hence |uy — u|Lp+1(qu) = 0. It follows that BY = () when X is large enough.

Next we let A\g = inf{A € R:BY, =0 for all V' > A}. Tt follows from the fact
u(z) — 0 as || — oo and u(x) > 0 for all z that A\g must be a finite number. It
follows from the definition of g that uy, (z) < u(x) for x € Hy,. We claim that
uy, = u. If this is not the case, then since

uM(x)—v(:c)=/I{A0<m<y>f’—u<y>p>( S )dy

n—o
lz =yl |Zx — ¥l

and

(@) = (o) = [ o =0 ) (s )

[z —y|"™" Jza, — Yl
we see uy, () < u(x) for x € Hy,. This implies Xoxe,—By — 0 a.e.as A T Ag. It
follows that |u|Lp+1(2>\elfBu) — 0 as AT Ap. Hence
A

| _U‘LP“(B;)

DN | =

lux — U|Lp+1(5;) <
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when ) is close to \g. This implies BY = 0 for A close to Ay and it contradicts with the
choice of A\g. Hence when the moving plane process stops, we must have symmetry.
Moreover, uy (z) < u(x) for x € Hy when A > Xg. Indeed, for any A > X, we can
not have uy = u because otherwise u is periodic in the first direction and can not lie
in LP*!. Hence uy < u in H,.

By translation, we may assume u (0) = max,cgrn ¢ (2), then it follows that the
moving plane process from any direction must stop at the origin, hence u must be
radial symmetric and strictly decreasing in the radial direction. It follows from the
equation that v has the same properties. O

Acknowledgment

The research of the author is supported by National Science Foundation Grant
DMS-0501050 and a Sloan Research Fellowship. Part of the work was done while I
was visiting MSRI, I would like to thank the institute for hospitality. I also thank
the anonymous referee for his/her suggestions which improve the presentation of the
article.

References

[1] W. X. Chen, C. Jin, C. M. Li and J. Lim, Weighted Hardy-Littlewood-Sobolev inequalities and
systems of integral equations, Discrete Contin. Dyn. Syst. (2005) suppl., 164-172.
[2] W. X. Chen and C. M. Li, Regularity of solutions for a system of integral equations, Comm.
Pure Appl. Anal. 4 (2005), no. 1, 1-8.
[3] W. X. Chen, C. M. Li and B. Ou, Classification of solutions for a system of integral equations,
Comm. in Partial Differential Equations 30 (2005), no. 1-3, 59-65.
, Classification of solutions for an integral equation, Comm. Pure Appl. Math. 59 (2006),
no. 3, 330-343.
[5] B. Gidas, W. M. Ni and L. Nirenberg, Symmetry and related properties via the mazimum
principle, Communications in Mathematical Physics 68 (1979), no. 3, 209-243.
6] Q. Han and F. H. Lin, Elliptic partial differential equations, Courant Lecture Notes, volume 1.
American Mathematical Society (2000).
[7] F. B. Hang, X. D. Wang and X. D. Yan. Sharp integral inequalities for harmonic functions,
Comm. Pure Appl. Math. to appear.
8] Y. Y. Li, Remark on some conformally invariant integral equations: the method of moving
spheres, Journal of European Mathematical Society 6 (2004), no. 2, 153-180.
[9] E. H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann. of
Math. (2) 118 (1983), no. 2, 349-374.
[10] E. M. Stein, Singular integrals and differentiability properties of functions, Princeton University
Press, Princeton, New Jersey (1970).

[4]

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, FINE HALL, WASHINGTON ROAD, PRINCE-
TON, NJ 08544
E-mail address: fhang@math.princeton.edu



