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FULL REGULARITY OF THE FREE BOUNDARY IN A
BERNOULLI-TYPE PROBLEM IN TWO DIMENSIONS

DONATELLA DANIELLI AND ARSHAK PETROSYAN

ABSTRACT. In this note we prove that in dimension n = 2 there are no singular points on
the free boundary 9{u > 0} N in the Bernoulli-type problem governed by the p-Laplace
operator

Jp(u) = /Q (IVulP + AP X{u>0}) dr — min,

for p in the range 2 — g9 < p < oo for an absolute constant g9 > 0.

1. Introduction

Let u > 0 be a bounded absolute minimizer of the energy functional

(L1) Tp(0) = Jy(0:9) = / (170l + X2 xus0y)

where {2 C R” is a bounded open set, 1 < p < oo, and A, > 0 is a certain constant.
This is understood in a sense that u € W?(Q) and

Jy(u) < Jp(v) whenever u —v € Wy*(Q).
Then wu satisfies the following overdetermined Bernoulli-type problem
(1.2) Apu = div(|[VulP72Vu) =0 in {u > 0}
(1.3) u=0, |Vul=¢, ond{u>0}NnQ

in a certain generalized sense, where ¢, = \,(p — 1)~/P. It is known that the free
boundary
F:=0u>0}nNnQ

is locally of finite Hausdorff H"~! measure and the measure-theoretic reduced bound-
ary ieq := Orea{u > 0} N Q is a union of real-analytic hypersurfaces. Moreover, the
conditions (1.2)—(1.3) are satisfied on I';eq in the classical sense. This result has been
established by Alt and Caffarelli in their fundamental work [AC81] when p = 2 and
later generalized for all 1 < p < oo by the authors in [DP05].

It is also known that the set of singular points I'\['yeq is of H"~! measure zero. On
the other hand, it has been known since [AC81] (see also [Beu58]) that in dimension
n = 2 and when p = 2 the free boundary is fully regular; i.e. it has no singular points.
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A natural question to ask, whether this result is true for all 1 < p < co. We give a
partial answer to this question.

Main Theorem. Let n =2 and u be an absolute minimizer of (1.1). Then the free
boundary 0{u > 0} NQ is real analytic if 2 —eg < p < 00, where g9 > 0 is an absolute
constant.

The method that we use goes back to Alt and Caffarelli [AC81]. Their approach
is based on the following observation: if w is an absolute minimizer of J, on every
bounded domain in R™ and such that |Vu| = ¢, in {u > 0}, then necessarily u
is a so-called halfspace solution; i.e. u(x) = cp((x — x0) - €)+ for some unit vector
e (see Lemma 4.2). One basically needs to show that any absolute minimizer is
sufficiently close to a halfspace solution near any free boundary point zg. The closeness
is measured in terms of the functional

= & — |Vul?|dz.

" J B, (z0)n{u>0}
Once we have that u is sufficiently close to a halfspace solution as r — 0, we apply
the “flatness implies regularity” theorem to show that the free boundary is regular
near xg.

This method works very well for p > 2, but shows its limitations when 1 < p < 2.
Nevertheless, using a careful limiting procedure as p /" 2 (see Lemmas 5.1 and 5.3)
and a uniform-in-p version of “flatness implies regularity” theorem (see Theorem 3.3)
we were able to extend the result to the range 2 — g9 < p < 2 for some small g5 > 0.

When p = 2, an alternative approach, based on a monotonicity formula, has been
proposed by Weiss [Wei99], which allowed to reduce the question to the study of
the existence of singular absolutely minimizing cones (i.e. homogeneous of degree one
absolute minimizers). Taking this approach, Caffarelli, Jerison and Kenig [CJK04]
established that there are no such cones when n = 3, thus implying that the free
boundary is fully regular in three dimensions. In contrast, De Silva and Jerison
[DSJ05] showed the existence of a singular cone when n = 7. These results draw a
natural parallel with the theory of of minimal surfaces.

Unfortunately, no analogue of Weiss’s monotonicity formula is known (at least to
the authors at the time of writing) when p # 2. Having such a formula would trivialize
the problem in dimension n = 2, as it is elementary to show that there are no singular
absolutely minimizing cones in the plane.

2. Lipschitz continuity and nondegeneracy

In the next two sections we recall some known properties of minimizers of the
functional J, taken from [DPO05]. In fact, we state the results in a slightly more
general form, namely with constants depending uniformly on

pel,:=[1+pl+1/pcc(l,00), pe(01]

Since the regularity of the free boundary is a local property, we can restrict ourselves
to the absolute minimizers of J,, in balls centered at free boundary points. Also, in
what follows we will normalize A, = (p — 1)/ in (1.1) so that ¢, = 1 in (1.3).

Definition 2.1. Given 1 < p < o0, and a ball B,(x¢), we say that v € SP(B,(x)) if
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(i) w>0in By(zg), u€ W'P(B,(x0)) N L>®(B,(z0));
(ii) w is an absolute minimizer of the functional J, in (1.1) in Q = B,(zo).
(i) zo € O{u > 0}.

Note that classes SP(B,(xo)) enjoy the following scaling and translating property:
u € SP(B,(x0)) = uxaz, € Sp(Bp/A),
for any A > 0, where

u(xg + \x
Un,zo (T) = %, xr € By,

Theorem 2.2 (Uniform Lipschitz continuity). Let u € SP(By) with p € I,,. Then
there exists a constant C' = C(u,n) such that

IVul[Lo(B, ) < C-

Theorem 2.3 (Nondegeneracy). Let u € SP(B;) with p € I,. Then there exists
¢ =c(pu,mn) >0 such that forv:=1+1/u

1/~
(][ u”) >cr, 0<r<1/2
B

Theorem 2.4 (Density property). Let u € SP(By) with p € I,. Then there exists a
constant ¢ = c¢(u,n) > such that

Hu=0yn5

<l-c
< 1B, <

These three theorems correspond to Theorem 3.3, Lemma 4.2, and Theorem 4.4
in [DPO05], respectively. The only difference is that we now allow p to change in
I, CC (1,00). Therefore we will simply indicate the changes that are necessary to
make in the corresponding proofs in [DP05]. Generally, the parts of the proof that are
based on energy methods will go through with only slight cosmetic changes. However,
the arguments that are based on the compactness methods will need special attention.

We start with uniform-in-p versions of some known results for p-harmonic functions.

Lemma 2.5. Let u be a bounded solution of Apu =0 in the unit ball By in R™ with
p € I,. Then there exists & = a(p,n) such that

lullcra s, ) < C (lull Lo By, #:7) -

Proof. This estimate is well known for fixed 1 < p < oco. In particular, we refer to
the papers of Evans [Eva82] (for p > 2) and Lewis [Lew83] (for 1 < p < 2), where one
can easily trace that the constants depend uniformly on p away from 1 and co.  [J

Remark 2.6. In the special case n = 2 that we consider in this paper, a direct proof

can be given as follows. Without loss of generality we can assume that u € Cllo’f (B1)

with 8 = B(p,n). For any unit vector e, the directional derivative v := u, satisfies a
uniformly elliptic equation in divergence form

n
Uz, Ug;

(2.1) > (aij(@) va)a; =0, ag(x) = bij + (p—2) VP

4,j=1
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in the region {|Vu| > 0}, where u is actually C*°. The ellipticity of a;; depends only
on p for p € I,,; more specifically,

pl€f? < ag(x) &€ < ptEP

Using now the fact (which is known only for n = 2) that the singular set {|Vu| = 0}
is discrete [Man88] together with the local boundedness of |Vu| we can remove the
singularities of v = u,, thus obtaining that (2.1) is satisfied in the entire ball Bj.
Then, by the classical theorem of De Giorgi,

[vllca(s,2) < ClwllvllLzs,,.)
and combining with Moser’s, Holder’s, and Caccioppoli’s inequalities

||'U||L2(Bg/4) < Cl(:“)HUHL1+“(B7/s)
< Co(p)[vll (B, ,6) < Ca(w)||ullLe(s,)-

This completes the proof of the lemma.

We also point out that in the case n = 2 Manfredi [Man88] showed that one can
actually take @ = p. Interestingly, p-harmonic functions in the plane enjoy much
higher regularity when p — 1, as shown by Iwaniec and Manfredi [IM89], however it
is impossible to trace the constants in terms of ||u||f(p,)-

Lemma 2.7 (Harnack inequality). Let v > 0 satisfy Apu = 0 in By with p € I,.
Then there exists C' = C(u,n) such that

supu < C inf u.
Bis Bi/2

Proof. We refer to Theorem 1.1 in Trudinger [Tru67]. O

Lemma 2.8 (Weak Harnack inequality). Let u > 0 satisfy Apu > 0 in By with
p € 1,. Then for v :=1+1/p there exists C = C(u,n) such that

1/~
supu < C / uwdx .
By /2 By

Proof. We refer to Theorem 1.3 in Trudinger [Tru67]. O
The next lemmas are the essential steps in the proof of Theorems 2.2-2.3.
Lemma 2.9. Let u € SP(B;) with p € I,,. Then there exists o = a(p, n) such that
ullca(B,,5) < C (lullLoe (s 1s7)

Proof. This lemma corresponds to Lemma 3.1 in [DP05] and requires no changes in
the proof. 0

Lemma 2.10. Let u € SP(By) with p € I,,. Then

[ull Lo (B, /0) < Clus ).
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Proof. We refer to the proof of Lemma 3.2 in [DP05]. Since the proof is by compact-
ness, it requires some small changes that we outline below.

Arguing by contradiction, we assume that we there exists a sequence u € Sy, (B1),
k=1,2,..., for some p; € I, such that

max ug(x) > k.
Bi/a

The main difference with Lemma 3.2 in [DP05] is that py is now allowed to vary.
Following the proof in [DP05] we construct the functions wy and vy exactly in the
same way. Observe that using the uniform-in-p version of the Harnack inequality
(Lemma 2.7 above) the property (3.7) in [DP05] will be satisfied with a constant ¢
independent of pi. Next, the equation (3.9) in [DP05], which now takes the form

/ |V (wy, — vg)|P*dx — 0

B3y

easily implies by the Holder inequality that

(2.2) / IV (wy, — o) Hdz — 0,
B3y

Assuming now that py — po € I, we can extract a subsequence such that vy — vg
in Ch*-norm in Bj/g (by Lemma 2.5 above). We thus have A, vg = 0 in By g in the
distributional sense, since

0= / |V |PE 2V, - Vi do — |VolPo2Vuy, - Vipdz, n € Co° (Bs/s)-
Bs,s

Bs/s

On the other hand, w; can be assumed to converge in C“ norm to some function wq
(by Lemma 2.9 above). It follows from (2.2) that V(wo—wg) = 0 in the distributional
sense, thus implying wo = vg + const in Bs/g. In particular we obtain that wy is
po-harmonic. On the other hand wy > 0, we(0) = 0, and supg, ,, Wo > ¢ > 0, which
follows from the respective properties of the functions wy. This, however, contradicts
the strong minimum principle for pg-harmonic functions.

The proof of the lemma is complete. O

Proof of Theorems 2.2-2.4. The proofs of Theorems 2.2-2.3 follow from Lemmas 2.5—
2.10 exactly in the same manner as the proofs of Theorem 3.3 and Lemma 4.2 in
[DP05] do from their respective analogues. The proof of Theorem 2.4 follows the
lines of the proof of Theorem 4.4 in [DP05], which uses a compactness arguments.
Nevertheless it can be generalized to the case of variable p precisely in the same way
as in the proof of Lemma 2.10. O

3. Flatness implies regularity

In this section we recall the results from [DP05] concerning the regularity of the
free boundary. As in the previous section we state the result in uniform-in-p form
and indicate how to obtain their proofs from the corresponding results in [DP05].
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Definition 3.1. Let 0 < o4,0_ <1 and 7 > 0. We say that u is of the flatness class
FP(o,,0_;7) in the ball B, if u € SP(B,) and

(3.1) u(z) =0 for z,, > o4 p,
(3.2) u(z) > —(x, +0_p) for z, < —o_p,
(3.3) [Vu| <1471 in B,

More generally, changing the direction e,, by v and the origin by zg in the definition
above, we obtain definition of the flatness class FP(oy,0_;7) in B,(x¢) in direction
.

Theorem 3.2 (Gradient Holder estimate). Let u € SP(By) with p € I,. Then there
exist C = C(u,n) > 0 and a(u,n) > 0 such that

sup |Vu| <1+ Cr%, 0<r<1/4.
B,
Proof. This is the counterpart of Theorem 7.1 in [DP05]. The proof is based on

the uniform gradient estimate (Lemma 2.2) and the fact that the p-Laplace equation
Apu = 0 can be written in a nondivergence form

n
Uz, U ;

Z aij(x)uxiaﬁj =0, aij(x) = 5ij T (p B 2)W’

4,j=1

in {|Vu| > 0} where the ellipticity of the matrix a;; is uniform for p € I,
pgl? < Y ai(@)6g; < (1/mlef.
ij=1

O

Theorem 3.3 (Flatness implies regularity). Let u € SP(B1) with p € I,,. Then there
exist positive constants o, 3, g, 7o depending only on n and p such that

if w is of class F?(o,1;00) in B,, witho <oy, p <1 o2/P
then 0{u > 0} N B,y is a Ch surface.

Proof. This is the analogue of Theorem 9.1 in [DP05] and Theorem 8.1 in [AC81].
The proof is obtained by iteration from Lemma 3.4 below, which corresponds to
Lemma 7.10 in [ACS81]. O

Lemma 3.4. Let u € SP(B;) with p € I, and 6 > 0. Then there exist constants
og =0(0,p,n) >0, cg =c(0,p1,n) >0 and C = C(n, n) > 0 such that if

w is of class F?(o,1;7) in B, in direction v,
with o < og and T < cgo?, then
u is of class F?(0o,00;0°1) in B, in direction v

for some p, v with cogp < p < p/4 and v — 7| < Co.
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Proof. The proof is obtained by using the properties of the so-called nonhomogeneous
blowup, see Section 8 in [DP05] (see also Section 7 in [AC81]). By using the uniform-
in-p versions of the properties of absolute minimizers from our Section 2 as well
as Lemmas 3.5-3.6 below, we realize that constants in the results of Section 8 in
[DPO05] depend uniformly on p € I,. We explicitly observe that even though it is a
compactness argument, the proof doesn’t change even if allow p to vary. O

Lemma 3.5. Let u € SP(By) with p € I,. Then there exist g > 0 and Cy > 0
depending only on u and n such that

u is of class F¥(o,1;0) in By == is of class F'*(20,Cyo;0) in By s
for 0 <o < oyp.

Lemma 3.6. Let v € SP(B;) with p € I,, and § > 0. Then there exist o5 > 0 and
Cs > 0 depending only on §, p and n such that

u is of class FP(0,1;0) in By == |[Vu|>1-=0 in By N{zx, < —Cso}
for0 <o < os.

Proof of Lemmas 3.5-3.6. See Theorems 6.3-6.4 in [DP05]. The proofs of these the-
orems in [DP05] are in some sense simultaneous and are obtained by bootstrapping
from their weaker versions (see Lemmas 6.5-6.6 in [DP05]). Again, if we use the
results stated in our Section 2, we will obtain the proof of Lemmas 3.5-3.6. g

4. Blowups and halfspace solutions

The proof of Main Theorem that we will give in the next section will require
the properties of so-called blowups with variable p. Namely, let u; € SP*(B;) with
pr €1,, k=1,2,..., and consider the rescalings

uk(/\kx)

DY
for a certain sequence A\ — 0. Since Vv (z) = Vug(Agz), by the uniform gradient
bound in Theorem 2.2 we can assume that over a subsequence vy is converging in

Cf.(R™) to a function vy. We will call such vy a blowup.

v () = ug,», () == for x € By,

Lemma 4.1. Let vy, € SP*(Bg,) with pi, € I, pr — po and Ry, — oco. Then there
exist a subsequence (still denoted by vi) and a function vg, Lipschitz continuous in
R™, such that

Vg — Vo in Clo (R™)

Vo — Vg a.e. in R™
for a certain Lipschitz continuous vy in R™. Then

vo € SP°(Bgr) for any R > 0.

Proof. By Theorem 2.2, after rescaling, we will have that |Vui| < C = C(u,n) in
Bpg,, /2. Thus, we can indeed extract a subsequence converging in C\%, to a nonnegative
Lipschitz continuous function vy in R™. Besides, we can assume that Voup — Vg *-
weakly in L2 (R™).

loc

Claim 1. Over a subsequence, Vv — Vug a.e. in R™.
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Indeed, let g € {vyp > 0}. Then there exist small v,6 > 0 such that vg > =
in Bs(xzg). Then, for sufficiently large k, vy > 7/2 in Bs(zp). In particular vy is
pr-harmonic in Bs(zg). Besides, {ux} is uniformly bounded in Bs(zp) and thus the
uniform-in-p interior O estimates (Lemma 2.5) yield that, over a subsequence,
Vo — Vg uniformly in Bs/e(20). As a consequence, in order to prove the claim it
remains to show that

Vo, — Vg a.e. on {vg = 0}.
In the set {vo = 0} a.a. points zg have density 1. Denote the set of such points by S.
We assert that if zg € S then

(4.1) vo(zo + ) = of|x]).
Assuming the contrary, let 7; — 0 and y; € B, (z0) be such that vo(y;) > ~r; for
some v > 0. Then, by the Lipschitz continuity of vy,

Y .
vy > 5 rj in Beyr, (y5)

for some ¢ > 0. This implies that {vy > 0} has a positive density at xo, contradicting
T € S.
From (4.1) we deduce that for any € > 0

% ce in B, (zg) for small r.
r

But then, by the uniform-in-p nondegeneracy (Theorem 2.3), it follows that vy = 0
in B, /2(x). Consequently vg = 0 in a neighborhood of x¢. This implies that S is
an open set. Furthermore, the above argument shows that vy = vy = 0 on compact
subsets of S for sufficiently large k. This completes the proof of the claim.

Claim 2. vy € SP°(Bpg) in any R > 0.

Let n € C§°(Bg) be such that 0 < n < 1. Then for any wy with wo—vg € C§°(Br)
set

wg, = wo + (1 —n)(vi — vo).
Therefore, wi = vy on dBR and if Ry > R, we must have

(4.2) /B V0k[P* + AP (o 50) < /B Vel + M X s0)
R R

Since |Vug| < C and Vv, — Vg a.e. by Claim 1 above,

/ IVog|P — / Vo |Po.
Br Br
/ |V wy [P* —>/ |Vwgl|P.
BR BR

X{wp>0t < X{wo>0} T X{n<1}>

Similarly,

Noting also that

we obtain from (4.2)

/ [Vuo[” 4+ APS X {wo>0} </ [Vwo [ + AP X {wo >0} +)‘53/ X{n<1}-
Br Br B

R
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Choosing a sequence of n’s with [{n < 1}| — 0, we obtain that vy is an absolute
minimizer of Jp,, in Bg. Finally, to see that 0 € d{vyg > 0}, observe that by the
uniform-in-p nondegeneracy (Theorem 2.3), after passing to the limit, we have

1/~
<][ vg) >cr, >0
BT

which implies that indeed 0 € d{vy > 0}. O

Ultimately, we want to prove that all blowups vy are so-called halfspace solutions
vo(r) = (x - )4 for some unit vector e. We will use the following observation, which
is the basis for Alt and Caffarelli’s [AC81] approach.

Lemma 4.2 (Characterization of halfspace solutions). Let vy be as in Lemma 4.1
above; i.e. vy € SP°(BgR) for any R > 0. Suppose moreover

[Vog| =1 a.e. in {vg > 0}.
Then there exists a unit vector e such that
vo(x) = (z-e)y for any x € R".

Proof. Observe that vg is po-harmonic in {vg > 0} so that |Vuvg| = 1 actually at every
point there. Let now xg € {vg > 0}. Then there exists a unit vector e such that
(961)0(.%'0) = |V’U0(.’L'0)| =1.
Consider now the partial derivative
w(z) := devo(),
which satisfies a uniformly elliptic divergence-form equation
V0,2,; 00,z
D (ag(@)we)a,s  ag(@) =i + (po — 2)—5—5*
i,j=1m |VUO’
in {vg > 0}, since |Vuvg| = 1 > 0 there. Now, by construction, we have w(zg) = 1.
On the other hand
w(z) < |Vu(z)] =1

at every point in {vg > 0}. Thus, by the strict maximum principle applied to w, we
obtain that d.vp = 1 in the connected component of {vg > 0}. This also implies that
0yvo = 0 there for a direction v orthogonal to e. Hence, vo(x) = ((z - €) — ¢) in this
connected component. Arguing in this way, we obtain that the only possibilities for
vg are as follows (recall that 0 € 9{vg > 0}):

1) vo(z) = (z - €)1 in R™, or

2) vo(x) =(xz-e)+ + (a—(x-€))+ in R™

Let us show that the second case contradicts the fact that vy € SP°(R) for large
R > 0. Indeed, we will easily have that

[{vo =0} N Br| < CR™!

while from the density property for the absolute minimizers (Theorem 2.4) we should
have

[{vo =0} N Bgr| > cR™
This is clearly a contradiction, which shows that the case 2) is impossible. Hence
vp(x) = (z - €)4. The proof is complete. O
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Using Lemmas 4.1-4.2 we can now state the conditions that guarantee that the
blowup is a halfspace solution.

Lemma 4.3. Let v, € SP*(Ry,) with pi, € 1, pr — po, and Ry — oo. Suppose also
that for a sequence g, — 0 we have
(i) |V1)k| <1+4¢j in Bg,
(i) for all0 <r < Ry,
1

(4.3) —
72 B,N{vp>0}

(1 — |vvk|pk)d$ S k-

Then, there exists a unit vector e such that over a subsequence
v — (z-e)y  in C2 (R?).

Proof. By Lemma 4.1, we can assume that vy — vg in C’%C(Rz), where vy is an
absolute minimizer of J in every ball B C R2?. Moreover, we can assume that
Vo, — Vg a.e. in R2. In fact, we claim that there exists a unit vector e such that

vo(e) = (2- €);.
First observe that 0 € d{vg > 0}, which follows from the uniform nondegeneracy of

vg at 0 € d{v, > 0}, see Theorem 2.3. Next, because of a.e. convergence Vv — Vuy,
conditions (i) and (ii) in the lemma will imply that

Vvl =1 a.e. in {vy > 0}.

Then by the characterization of halfspace solutions, see Lemma 4.2, vg(z) = (x - €)+
in R? for some unit vector e. The proof is complete. O

5. Full regularity of the free boundary

In this section we prove Main Theorem.

The rough idea of the proof is as follows: we show that every u € SP(Bj) is
sufficiently close to a halfspace solution in a small neighborhood of the origin and
therefore is flat. Then by Theorem 3.3 the free boundary is smooth near the origin.

To show the closeness to a halfspace solution, we use the characterization found in
Lemmas 4.2-4.3. The analogue of the following core lemma in the case p = 2 is due
to Alt and Caffarelli [ACS81].

Lemma 5.1. Let n =2 and u € SP(By). Then
1
fmsuwp 5 [ (1 Val)do <9 (p)
™0 T JB,.n{u>0}
where

¥(p) =0 forp>2
¥(p) =0 asp /2.

Moreover, the inequality is uniform in the sense that for every € > 0 there exists

r(e,p) > 0 such that
1
- (1—|VulP)dz <~(p) +¢
™ JB,.n{u>0}

for any 0 <r <r(e,p), ue SP(By).
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Proof. Let ¢ € C§°(By/2), ¢ > 0 and € > 0. Then
ue = max(u — ¢, 0)
is an admissible function, and we have
Jp(u) < Jp(ue).

Thus,

/ A;gdxg/ (IVael? — |Vul?) do
{0<u<e(} By

_ —/ |Vu|pdx+/ (VP — |Vul?) da.
{0<u<e¢} {u>e(}

To estimate the second integral, we use the inequality

(5-1) [P — P < —plelP~2¢ - (€ = n)

for any £,n € R™ and p > 1, which follows from the convexity of the function & — |£|P.
Using also that Apu =0 in {u > 0} we will obtain

/ A dz < / |VulP dx p/ \Vu.|P~?Vu, - V(e€) dx
{o<u<ec} {0<u<el} {u>e¢}

+p/ |VulP~2Vu - V min (¢, u) do
Q

— (- 1)/ Vul? dz
{0<u<eC}

+ p/ (IVu|P~2Vu — [Vue [P?Vu.) - V(e() da.
{u>eC}

Now, recall that we normalized A\, = (p — 1)Y/P. Thus, we will have

/ (1—|Vul?) dz <
{0<u<eC}

L (IVulP"2Vu — [Vu[P2Vu,) - V(<C) da

P =1 Jfusecy

(5.3)

To estimate the right-hand side in (5.3), we use the following inequality

(p— 1) max(|[P~2, [n|P~2)|g —n|  forp =2,

5.4 PU2E— [Py <
(5.4) ||§| §—Inl 77| = {22—p|€_77|17—1 for 1 <p<2.

for any &, € R™. The easy proof is left to the reader.
According to the cases in the inequality (5.4), we subdivide our proof into two
parts.

Case 1: p > 2. Recall that by Theorem 2.2 we have |Vu| < C(p) in By 2, which also
implies that u < C(p)r in B, for r < 1/2. Furthermore, arguing as in Theorem 6.6
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from [AC81], given small 0 < r < R =1/2, we choose ¢ = C(p)r and

1 for z € B,

los(B/|e)
log(R/T) f € Br\ Br,

0 elsewhere,

((2) =

which is the 2-capacitary potential of the annular region Bg \ B,.. Note that for small
r we will have |V(e()| < Ci(p) in B; and consequently |Vu.| < max(C(p),Ci(p)).
Then, from (5.3) and (5.4) it follows

/ (1— |Vul?) de < p / max([ValP~, Ve [P~2) |V (e0)P do
{0<u<eC} {u>eC}

< Co(p) /{ AR

Now observing that B, C {u < e} and explicitly computing the 2-capacity of the
ring Br \ B, we will arrive at

7a2

(5.5) /{ oy, (7 V) < Ol o

and letting » — 0, we conclude that

1
limsupz/ (1 —|Vul|P)dx <0.
r—0 77 J{u>01nB,

Case 2: 1 < p < 2. The inequalities (5.3)—(5.4) imply in this case that

p
(5.6) (1= |Vu?)dx < 22 IV (eQ)|P da.
1
{0<u<ec} p {u>eC}

Note that for the purpose of the lemma we may assume p € [3/2,2). Then by
Theorem 2.2 there exists an absolute constant Cy > 0 such that |[Vu| < Cp in By s.
Then for a given 0 < r < R = 1/2, we choose ¢ = Cyr and deduce

22-p CP
(5.7) / (1— |VuP)de < 2220 rp/ IV¢IP da
{0<u<eC) p—1 {u>=C}

Let now ((z) = n(x/r), where

1 for x € By,

n(z) = |:z:\1 _f) for x € B, \ By,
_p «

0 elsewhere

for p = R/r and
9 _
a=ap) ="
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Notice that 7 is the p-capacitary potential of the annular region B, \ Bi. Then,

rp/ [V(|Pdx = 7’2/ |Vn|Pdz
BR\BT BP\BI

-1

(5.8)

aP
(L= pme)pt
Combining (5.7)—(5.8) and observing that B, C {u < e(}, we obtain that

p227PCE (2—p p—1
p—1 p—1 '

= 272 —2mr2aP™t as p — .

1
lim sup 2/ (1—|Vulf)de <
r—0 77 J{u>0}NB,

This completes the proof of the lemma. g

We are now ready to prove the Main Theorem.

Proof of the Main Theorem. Without loss of generality we may assume that
u € SP(B;) and we will need to show that 0{u > 0} N B, is a smooth surface for
small r > 0. The idea is to show that the statement in Lemma 5.1 implies that u is
of flatness class F(o,1;00) in B, for sufficiently small o, which by Theorem 3.3 will
then imply the smoothness of the free boundary near the origin.

Case 1: p > 2. The proof of the Main Theorem in this case does not actually require
the uniform-in-p versions of the theorems that we stated earlier in the paper; the
versions with fixed p would be sufficient.

Lemma 5.2. Let p > 2. Then for any o > 0 there exists p = p(o,p) > 0 such that
any u € SP(By) is of flatness class F(o,1;00) in B, in some direction v.

Proof. Assume the contrary. Then there exists ¢ > 0 and sequences pr — 0 and
uy, € SP(B1) such that uy, is not of class F'(o, 1; 00) in any direction v in B, . Consider
then

vg(z) = Uk (Pr)

Pk

Then from Lemma 5.1 and Theorem 3.2, the sequence vy will satisfy the conditions
of Lemma 4.3 with py = po = p. Hence, over a subsequence, vy, — (x - €)1 uniformly
on every compact subset of R?. By the nondegeneracy (Theorem 2.3) we obtain that
for sufficiently large k, vy, must vanish on By N{x-e < —o}, implying that it is of the
flatness class F'(o,1;00) in B;y. Rescaling back to uj we obtain that it is the flatness
class F'(0,1;00) in B, , contrary to our assumption. This completes the proof of the
lemma. 0

in Bl/pk'

When p > 2, the Main Theorem follows easily from Lemma 5.2 and Theorem 3.3.
Indeed, let p > 2 be fixed and constants «, 3, og, 79 be as in Theorem 3.3. Then by
Lemma 5.2, there exists p < 7 03/‘3 such that u is of flatness class F'(og,1;00) in B,
in some direction v. Then, by Theorem 3.3, d{u > 0} N B,/ is a C"* surface and

therefore smooth and this completes the proof of the Main Theorem when p > 2.
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Case 2: p < 2. This case is trickier, and it is unknown to the authors if the statement
of Lemma 5.2 is still valid for all 1 < p < 2. However, if we have take p sufficiently
close to 2 we can guarantee the free boundary to be as flat as we wish.

Lemma 5.3. For every o > 0 there exists an g = €g(0) > 0 such that if 2 — g <
p < 2, then any absolute minimizer u € SP(By) will be in the flatness class F (o, 1;00)
in B,y in some direction v and for some radius p(p) > 0.

Proof. From Lemma 5.1, for every 1 < p < 2, there exist 7(p) > 0 such that

1

2 /(1 — |VulP)dx < 2y(p) for every 0 <r < r(p) and u € SP(By).

Besides, we can assume from Theorem 3.2 that
|Vu| <1l+ E(p) in Br(p)

for some £(p) — 0 as p /2. We claim that one can take p(p) = r(p)? in the assertion
of the lemma. Assuming the contrary, there exists a ¢ > 0, a sequence p, " 2
and minimizers of uy € SP*(B;) such that uj, does not belong to the flatness class
F(0,1;00) in B,(;) in any direction v. Consider then the rescalings

_ ug(plpe)z) .
Yk (33) o p(pk) m Bl/\/ p(pr)

Assuming, without loss of generality, that p(p) — 0 as p " 2, we notice that the
sequence vy, satisfies the conditions of Lemma 4.3 with pg = 2. As a consequence,
over a subsequence, vy — (- e)y uniformly on every compact subset of RZ. By the
uniform-in-p nondegeneracy (Theorem 2.3) we obtain that for sufficiently large k, vy
must vanish on B1N{z-e < —o}, implying that it is of the flatness class F(o,1;00) in
Bi. Rescaling back to up we obtain that it is the flatness class F'(0, 1;00) in B, ),
contrary to our assumption. This completes the proof of the lemma.

When p < 2, the Main Theorem follows easily from Lemma 5.3 and Theorem 3.3.
Indeed, let the absolute constants a, 3, 0¢, 79 be as in Theorem 3.3 with p = 1/2.
Then by Lemma 5.3, there exists a small €9 > 0 such that every u € SP(B;) with
2 — g9 < p < 2is of flatness class F(0g,1;00) in the ball B, in some direction

v. Without loss of generality we may assume that p(p) < 7 03/ . Then applying
Theorem 3.3, we obtain that d{u > 0} N B,(,) /4 is C** and therefore smooth.
The proof of the Main Theorem is complete. O
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