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ON EXTREME X-HARMONIC FUNCTIONS

E. B. DYNKIN

ABSTRACT. All positive harmonic functions in an arbitrary domain E of a Eu-
clidean space can be decomposed in a unique way into extreme functions. The
g(z,y)
g(a,y)
is the Green function of the Laplacian and a is a fixed point of E. Our goal is to
get, similar results for a class of positive functions on a space of measures. These
functions are associated with a superdiffusion X and we call them X-harmonic.
Denote M. (FE) the set of all finite measures p supported by compact subsets of
E. X-harmonic functions are functions on M.(E) characterized by a mean value
property formulated in terms of exit measures of a superdiffusion. Extreme X-

harmonic functions play the same role as their classical counterpart. We describe
g(z,y)
. S B g(ay)
Radon-Nikodym derivative of the probability distribution of an exit measure of X

with respect to the probability distribution of another such measure.

latter can be obtained by a passage to the limit from kY (x) = where g(z,y)

a limit process for getting these functions. Instead of the ratio we use a

1. Introduction

1.1. X-harmonic functions. Suppose that L is a second order uniformly ellip-
tic operator in a domain E of R?. An L-diffusion is a continuous strong Markov
process & = (&,11,) in F with the generator L. A function h in a domain E is
called &-harmonic (or L-harmonic) if, for every domain D € E, 1

II,h(&,) = h(z) forall x € D.

Here 7p is the first exit time of ¢ from D. This condition is satisfied if and only
if Lh=01in FE.

Let ¢ be a function from E x Ry to Ry where Ry = [0,00). An (L,%)-
superdiffusion is a model of an evolution of a random cloud. It is described by a
family of random measures (Xp, P,) where D C E and p is a finite measure on
E. % If p is concentrated on D, then Xp is concentrated on dD. We call Xp
the exit measure from D. Heuristically, it describes the mass distribution on an
absorbing barrier placed on 0D.

We put p € M (D) if p is a finite measure concentrated on a compact subset
of D. We say that a function H : M.(E) — Ry is X-harmonic and we write
H € H(X) if, for every D € E and every u € M.(D),

(L1) PH(Xp) = H(n).
Received by the editors January 9, 2005.
The author is partially supported by National Science Foundation Grant DMS-0204237.

IWe write D € E if D is a bounded domain such that the closure D of D is contained in E.
2 Assumptions about these random measures are formulated in Section 1.2.
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For every domain D C E we have an inclusion M. (D) C M.(FE). We say
that H is X -harmonic in D if

(1.2) P,H(Xo) = H(p) forall O € D, € M,(O).

An element H of H(X) is called extreme if the conditions H < H, H € H(X)
imply that H = const. H.

Fix a € E and denote by H(X, a) the class of all positive X-harmonic functions
H such that H(d,) = 1 [0, is the unit mass concentrated at a]. Let H.(X, a)
stand for the set of all extreme elements that belong to H(X,a). According to
Theorem 3.1 in [Dyn04a], the formula

(1.3) H(u) = / H(uyw(dfT)

establishes a 1-1 correspondence between H € H(X, a) and probability measures
v on He(X,a). 3

1.2. Superdiffusions. We write f € B if f is a positive B-measurable function.
We denote by B(E) the class of all Borel subsets of F and by M(F) the set of
all finite measures on B(E).

Suppose that to every open set D C E and every p € M(FE) there corresponds
a random measure (Xp, P,) on R? 4 such that, for every f € B(E),

(1.4) Pe{fX0) = o~ (Vo(H)m)
where u = Vp(f) satisfies the equation °

(1.5) u+ Gpip(u) = Kpf.
Here

Gpf(x) =TI, / " fe) ds,
0
KDf(x) = H$]‘TD<OOf(€TD)

are the Green operator and the Poisson operator of £ in D. We call the fam-
ily X = (Xp, P,) an (L,v)-superdiffusion if, besides (1.4)-(1.5) it satisfies the
following condition.

(1.6)

1.2.A. [Markov property| For every pu € M (FE) and every D € E,
P,YZ =P,(YPx,Z)

if Y > 0 is measurable with respect to the o-algebra F-p generated by Xo, O C
D and Z > 0 is measurable with respect to the o-algebra F-p generated by
Xor, O' > D.

3In Section 4.1 we deduce the representation (1.3) from a result in [Dyn78].

4A random measure on a measurable space (S,Bg) is a pair (X, P) where X(w, B) is a
kernel from an auxiliary measurable space (2, F) to (S,Bg) and P is a probability measure
on F. [We say that p(z, B),z € E,B € B’ is a kernel from a measurable space (E,B) to a
measurable space (E’, B) if it is a B-measurable function in x and a finite measure in B.]

54 (u) is a short writing for v (z, u(x)).
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The existence of a (L, 1)-superdiffusion is proved for a convex class of func-
tions 1 which contains functions ¥ (z,u) = b(z)u® with bounded positive Borel
band 1 < a < 2. [See, e. g., Chapter 4 in [Dyn02].] It follows from (1.6)—(1.4)
that

(1.7) PA{Xp(D)=0}=1
and
(1.8) PA{Xp=p}=1 if u(D)=0.

Let F stand for the o-algebra in Q generated by Xp(B) where D € E and
B € B(FE). Denote by 9 the o-algebra in M.(E) generated by the functions
F(p) = p(B) with B € B(E). If p € M. FE) and D € E, then, P,-as.,
Xp € M.(E) and Xp is a measurable mapping from (2, F) to (M (E), ).
Moreover, if p1 € M.(D), then, P,-a.s., Xp € M(9D). It follows from (1.4)
that H(u) = P,Y is M-measurable for every F-measurable Y > 0.

We have:

1.2.B. [Absolute continuity property] For every set C' € Fp either P,(C) =
0 for all 4 € M.(D) or P,(C) > 0 for all u € M.(D).

A proof of this property can be found in [Dyn04b], Theorem 5.3.2.

1.3. H-transform. Let X = (Xp, P,) be a superdiffusion in £ and let E be
the union of Uy such that Uy € Uy € ... U € .... Put M = M_(E) and denote
by O the class of all open sets D € Uy.

The space (M,9N) is a measurable Luzin space. ¢ Therefore Kolmogorov’s
extension theorem is applicable to M®*. Fix a € E and H € H(X,a). Put
P, = Ps, and consider a family

Mnd(Dl, 01; e Dn, Cn> = Pa{Xpl S C1, .. 7XDn S Cn; H(XUk)}

where n = 1,2,..., Dy,...,D,, € O and C4,...,C,, € M. 7 Note that for
n>1

Mn,k<D1701; .. ';Dn—lacn—l;DnyM) = Mn—l,k(DbCl; ‘e ;Dn—lyc’n—l)

Since H € H(X,a), My x(D,M) = 1if a € Uy. By (1.8), this is true also if
a ¢ Uy. By Kolmogorov’s theorem, there exists a probability measure Pfk on
MPO* such that, for all Dy,...,D,, € Oy and C4,...,Cp, € M

(1.9) Pl {Xp, €C1,...,Xp, € Cp} = My (D1,C1;...; Dy, Cy)
=P, {Xp, €Cy,...,Xp, € Cp; H(Xy,)}
This implies
(1.10) PLY = P,[YH(Xy,)]
6That is there exists a 1-1 mapping from M onto a Borel subset M of a compact metric

space such that elements of 9 correspond to Borel subsets of M.
"Writing P{A; f} means I 4 FdP.
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for all k and all Y € Fy,. Indeed, by (1.9), formula (1.10) holds for ¥ =

1o, (Xp,)...1¢,(Xp,) where Dy,...,D, € O and these functions generate
Fcu,- By 1.2.A, P,[YH(Xy,)] = P.[YH(Xy,)] for k < £and Y € Fcy,. Since
Ok 1 O(E), there exists a measure PX on MO which coincides with P on
MO Clearly,

PHY = P,[YH(Xy)] forallU € E,Y € Fcyp.

The measure PH is called the H-transform of P,. 8

1.4. Main results. We denote by Pp(u,-) the probability distribution of Xp
under P,, that is

Pp(p,A) = P,{Xp € A} for A e M.

Fix a reference point @ € E and put Pp(A) = Pp(da, A). By 1.2.B, there
exists a Radon-Nikodym derivative

(L.11) () = TEU.

For every € M.(D), this is a function of v € M(9D) defined up to Pp-
equivalence. We continue it to M(E)x M (E) by setting HY, (1) = 0 off M.(D) x
M(OD).

Theorem 1.1. There exists a version of HY,(u) which is 9 x M-measurable
and X -harmonic in u in the domain D for every v € M(0D).

In Theorems 1.2 and 1.3, HY, () is the version of the Radon-Nikodym deriv-
ative (1.11) described in Theorem 1.1.

We say that a sequence Dy erhausts £ if D1 € Dy € ...Dp € ... and F is
the union of Dy.

Theorem 1.2. If H € H.(X,a), then, for every v € M.(E) and for every
sequence Dy, exhausting F,

(1.12) H(y) = lim Hp™ () Pl-a. s.

k— oo

Theorem 1.3. Let H and Dy, be the same as in Theorem 1.2 and let M}'(-) =
Pp, (t,-). There exists a sequence v, € 0D, such that, for every p € M (E)
and for every k,

(1.13) M{{~: Hj (v) — H(y) asn— oo} = 1.

8J. L. Doob introduced h-transforms associated with excessive functions h for a Markov
process. This is an important tool in the probabilistic analysis.
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1.5. Comparison with the Martin boundary theory. In 1941 Martin stud-
ied positive harmonic functions in an arbitrary domain £ C R%. Denote by
H(a) the set of all such functions equal to 1 at @ € E. Martin proved that every
h € H(a) has a unique integral representation

hx) = / h(z)u(dh)

where 1 is a probability measure on the set H.(a) of all exreme points of H(a).
Formula (1.3) provides a counterpart of this result for X-harmonic functions.

A central role in the Martin theory is played by the function kY (z) = Z Ezzg (g

is the Green function of the Laplacian in ). In terms of the Brownian motion
(&, 11,) it can be expressed by the formula

v(p) — 9 dY)
(1.14) kY (z) = o dy)

where

o(z,B) =TI, /O st

Note an obvious similarity between (1.14) and (1.11). If D € E, then k¥(x) is
harmonic in D for every y € dD. Theorem 1.1 establishes a similar property of

HE ().
Theorem 1.2 is a counterpart of the following proposition:

1.5.A. If D,, exhaust F and if h € H,(a) , then
h(z) = lim kS () M'-as..

9

Here TI” is the h-transform of II, and 7, is the first exit time from D,,.
Proposition 1.5.A in combination with the Harnack’s inequality implies:

1.5.B. If D,, exhaust E and if h € H.(a), then there exist y, € dD,, such
that

h(z) =limkY"(x) for all z € E.

We would like to prove that, if H € H.(X,a), then there exist v,, € M(9D,,)
such that

(1.15) H(p) =lim Hp' (p) for all p € M.(E).

Theorem 1.3 is a weaker statement. It implies only that (1.15) holds if, for
some k, the functions H,, = HB’;,n > k were uniformly M]/'-integrable. Indeed,
since H,, is X-harmonic in D,,, we have

(1.16) /Hn(’y)MZ(d’y) =P,H,(Xp,) = Hp(n) for every n > k.

9We refer for the proof to [Dyn02], Chapter 7.
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By (1.13) and (1.16),
H(p) = Pu (Xp,) = [ HO)ME@) = [ 1im ()27 )

= lim/Hn(y)Mlg(dy) = lim H,, ().

However we do not know, if the condition of the uniform integrability of H,,
is satisfied.

The set H.(a) can be interpreted as the exit space for £. Proposition 1.5.B
is applicable to a wide class of Markov processes ¢ and it allows to describe the
exit spaces for a number of interesting processes. [See, for instance, [Dyn64] and
[Dyn66].] To apply, in a similar way, Theorem 1.3, it is necessary to learn more
about the functions HY (u).

2. Proof of Theorem 1.1

The o-algebra 91 is countably generated. ' The existence of It x M-
measurable version of H}(u) follows from Theorem A.1 in the Appendix. Let

us prove that this version can be chosen to be X-harmonic in g in the domain
D.
First we prove that, if HY (u) is 9t x 9-measurable, then

(2.1) P,H)(Xp) = Hp(p) for Pp-almost all v.
Indeed, for every A € M,
PoluA) = [ Pold) (). Po(Xo.4) = [ Pold)is(Xo).
A A

Therefore, by 1.2.A,
(2.2) P'u/ 'PD(dI/)HB(Xo) = PMPD(X(),A)
A

= PuPxo{Xp € A} = P{Xp € A} = Pp(u.4) = | Pola)i5(n).

The function HY (Xo(w)) is M x F-measurable. By Fubini’s theorem, it follows
from (2.2) that

/ P (dv) P HY (Xo) = / P (dv) H (1)
A A

for all A € 9t which implies (2.1).
To prove Theorem 1.1, we consider any 91 x 9 measurable version H}, of the
Radon-Nikodym derivative (1.6) and we put

Hp (k) = P.Hp(Xp).

0Every uncountable Luzin measurable space is isomorphic to the unit interval [0, 1] with
the Borel o-algebra. This is proved, for instance, in [DY79], Appendix 1.
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This function is 9 x M-measurable. By (2.1) it coincides, for Pp-almost all v
with H,(p). By the Markov property 1.2.A,

P.H}(Xo) = P.Px,H}(Xp) = P,HY(Xp) = Hp (1)

for every O € D, u € M.(0). O
To prove Theorem 1.2 we need some preparations.

3. Exit laws for Markov chains

3.1. Markov chains. Suppose (E,,B,), n =0,1,2,... is a sequence of mea-
surable spaces. A Markov transition function is a family of kernels p(r, z;n, B),
0 <r<nfrom (E.,B,) to (E,, B,) such that

p(r,z;n,E,) =1 forallr <n,z € E,

and
/ p(r,z; k, dy)p(k,y;n, B) = p(r,x : n, B)
Ey

forallr<k<nandalxe€ FE,.,Be¢cB,.

A sequence w = {z,,x1,... Tp,...} where x,, € E,, is called a path. Consider
the space 2 of all paths and denote by F<, [F>,] the o-algebra in Q generated
by {X,(w) € By} with B,, € B, and n < r [n > r]. By Kolmogorov’s theorem,
to every x € Ej there corresponds a probability measure P, on F>¢ such that

and

]P)z{XO :T‘,Xl EBl,...,Xn EBn}

://p(()’x’l’dyl)p(n_lgyn—lanadyn)
Bl B

n

for all n > 0 and all By € By,...,B, € B,. The family (X,,,P,) is a Markov
chain with the transition function p.

3.2. Exit laws. A sequence of positive measurable functions F"(x),z € E,, is
called a p-exit law if

/ p(m,z;n,dy)F"(y) = F"(z) forallm<n,z € E,.
E,

We denote £(p) the set of all p-exit laws and we put F' € E(p,a) if F' € £(p) and
F°(a) = 1.
Suppose that p satisfies the condition:

3.2.A. If p(0,a;n, B) = 0, then p(m,x;n, B) = 0 for all x and all m < n.!!



66 E. B. DYNKIN

Let &.(p, a) stand for the set of all extreme elements of £(p,a). The formula

(3.1) F@) = [ F"(@)u(af)

establishes a 1-1 correspondence between F' € £(p, a) and probability measures
won Fe(p,a). This was proved in [Dyn78], Section 10.2.
Put

vn(A) = p(0,a;n, A).
The Radon-Nikodym derivative

can be chosen to satisfy equation

/E ol 23 e gy () i, ) = plr i, 2)
k
forallr <k <mnandallz € F,. z € E,.

3.3. F-transform. Suppose that F' € £(p, ¢). By Kolmogorov’s theorem, there
exists a probability measure PZ on the path space € such that
(3.2) PE{Xy==xX,€By,...,X, € B,}

=PA{Xo=2,X1€B1,...,X, € B; F"(X,,)}

for allm > 0 and all By € By,...,B, € B,.
The measure PZ is called the F-transform of P,. We have

PEY = P,YF"(X,)

for every Y € F>,,. It is proved in [Dyn78], Section 10 that, if F' is an extreme
element of £(p,a) and if F"(x) < oo, then

(3.3) Fr(z) = lim p(r,z;n,X,) Pras.

n—oo

4. Proof of Theorems 1.2 and 1.3

4.1. Markov chains associated with superdiffusions. To construct such
chains we fix a sequence Dy, D1, ... exhausting F¥ and we put

Mo = M (Dy), Xo = p € My,
M, =M(0D,), X, = Xp, forn>1.

The Markov property 1.2.A of a superdiffusion implies that (X, P,) is a Markov
chain with the transition function

(41)  P(runA) = Pu(Xa € A), 0<r<npue My, AC M,
We call it the chain associated with the superdiffusion (Xp, P,).

HThis property can be thought of as a probabilistic statement of the strong minimum
principle.
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If H is X-harmonic and if F™ is the restriction of H to M,,, then F is a
P-exit law. If H € H(X,a) and if a € Dy, then F' € £(P,d,). This way we
define a mapping j : H(X,a) — £(P,d,). On the other hand, if r < n and if p €
M.(D,,), then, by the Markov property 1.2.A, P,F"(X,) = P,Px, F"(X,) =
P,F"(X,) and therefore P,F"(X,) does not depend on n > r. We define
H =i(F) by the formula

H(M) = PMFn(Xn) for p € Mc(Dn)‘
Every D € E is contained in D,, for sufficiently large n, and, by 1.2.A,
PyH(Xp) = PuPx, F"(Xy) = P F™(Xyn) = H(p).

Hence, H € H(X,a) and we have a map i : E(P,0,) — H(X,a). Clearly, i is
the inverse for 7 and both mappings preserve the convex structure. It follows
from the Absolute continuity property 1.2.B that P satisfies the condition 3.2.A
and therefore the integral representation (3.1) of exit laws implies the integral
representation (1.3) of X-harmonic functions.

4.2. Proof of Theorem 1.2. If p € M,, A C M,,, then
P(r,pu;n, A) = Pp, (n, A), P(0,04;n,A) =Pp, (04, A)

and therefore

P(r,p;n, dv)
4.2 —— = = HY .
(4.2) P(0,04;n,dv) D, (1)
On the other hand, by comparing (1.9) and (3.2), we get
(4.3) pH _ pF.

If u € M(FE), then p € M.(Dy) for some Dy C E. Consider a sequence
Dy, Dy, ... exhausting E. By applying (4.2) and (4.3), we get (1.12) from (3.3).
UJ

4.3. Proof of Theorem 1.3. Every function Hgf" «) () is M x F-measurable
in (y,w) and therefore the set

X w
W={(v,w) : HDf"( )(fy) — H(y) asn— oo}
belongs to M x F. Put
Q) ={w:(rw) eW}, M*={y:(y,w) eW}
and P = PY. By Theorem 1.2, P({2,) = 1 and, by Fubini’s theorem,

[t = [ P@)aan) =1,
Q M

Hence the measure P is concentrated on each of sets {M]' (M%) = 1} and there-
fore it is concentrated on their intersection. Since P(€2) = 1, this intersection is
not empty. UJ
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Appendix
We need the following result

Theorem A.1. Suppose that Q(x,dy) is a kernel from a measurable space
(X, Ax) to a Luzin measurable space (Y, Ay) and that Ay is countable gener-
ated. Let P be a finite measure on (Y, Ay). If Q(z,-) < P(-) *2 for all z, then

there exists a Ax x Ay-measurable version of the Radon-Nikodym derivative
Q(z,dy)

P(dy) -
Proof. 1°. First, we note that, if a o-algebra A is generated by the union of o-
algebras Ay C Ay--- C A, ... if p(y) = gggz%, then the conditional mathemati-

cal expectation p,, = P{p|A,} is equal to IQDZ((SSE)) where P,, and (),, are the restric-

tions of P and @ to A,. Indeed, for every A € A, [, pdP = Q(A) = [, pndP.

Therefore p,, — p off a set C' € A such that P(C) = 0. A version of ggjﬁg can
be defined as lim p,, off C' and a constant on C.

2°. If a o-algebra A in Y is countably generated, then it is generated by a
sequence of finite partitions of Y into disjoint sets. Moreover, we can choose this

partitions to generate a monotone increasing sequence of o-algebras A,,.
3°. If A is generated by a partition Y =Y, U---UY, and if @ < P, then

Q(dy):Q(Yk> on Y,
P(dy) ~ P(Yx) "

4°. Tt is suffiient to prove our theorem for the case Q(z,Y) =1 for all z. We
apply 1° and 2° to the o-algebra Ay. By 3° , p, are Ax X Ay-measurable and

an Ax x Ay-measurable version of ngg(cc’;yl?)/) can be defined as in 1°. O
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