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STRONG UNIQUENESS FOR SECOND ORDER ELLIPTIC
OPERATORS WITH GEVREY COEFFICIENTS

Ferruccio Colombini, Cataldo Grammatico, Daniel Tataru

Abstract. We consider here the problem of strong unique continuation property
at zero, for second order elliptic operators P = P (x, D) with complex coeffi-
cients. For such operators we obtain this property by means of suitable Carle-
man’s estimates in Gevrey classes of appropriate index. This index depends on
the spread of the cone image of the principal symbol p of P evaluated at zero,
that is p(0,RN \ {0}). Secondly by using similar techniques we deal with the
strong unique continuation property in suitable Gevrey classes for some fourth
order elliptic operators with real coefficients.

1. Introduction

We consider here the problem of strong unique continuation property for
second order elliptic operators with complex coefficients. Throughout the paper
Ω is an open neighborhood of the origin in RN . Let C∞

� (Ω) denote the space
of functions in C∞(Ω) which are flat at the origin.

For a partial differential operator P with smooth coefficients in Ω we shall
adopt the following

Definition 1.1. We say that P has the strong unique continuation property at
0 if whatever Pu = 0 in Ω and u∈C∞

� (Ω) then u ≡ 0 in a neighborhood of zero.

Let now P be a second order, elliptic operator with smooth coefficients defined
in an open neighborhood of the origin in R2. We denote by P2 the principal part
of P . If P2 has simple complex characteristics then, as a consequence of the
results in [1] and [2], we have the following:

1. if P2(0, Dx) is real, then P has the strong unique continuation property
at 0.

2. if P2(0, Dx) is not real, then there exists a C∞ function a flat at zero
(more exactly in a suitable Gevrey class) and a function u ∈ C∞ flat at
zero, not identically zero, such that

Pu + au = 0 .(1)
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In these notes we study the case in which P has Gevrey coefficients. In 1981
Lerner [16] considered the two dimensional case and proved that if P is a second
order elliptic operator with simple characteristics and with Gevrey coefficients
of order s then P has the strong unique continuation property at zero if the
Gevrey index s is smaller than a quantity depending on the cone p2

(
0,R2

)
.

Lerner’s results in R2 (see [16]) are presented in the Appendix. In this paper
we extend his results to RN . The strong uniqueness at 0 for P is obtained pro-
vided that P has Gevrey coefficients of order smaller than a quantity depending
only of the spread of the image cone P2(0,RN ). (see Theorem 2.2 below).

Our strategy for the proof is as follows. Using linear transformations we reduce
the problem to the case when P2 (0, D) = ∆+ i Q, with Q =

∑
λk∂2

xk
. We note

that the spread of the cone P2(0,RN ) depends only on the smallest and the
largest of the numbers λk. Then we proceed as in [22] to prove a Carleman
estimate for the operator P with a suitable weight which is singular at 0. The
required strength of the singularity of the weight at 0 is suggested by Lemma
3.2.

The same method leads to a strong uniqueness result for the product of two
elliptic operators PQ with smooth, real coefficients. This improves an earlier re-
sult in [8]. Without any restriction in generality we take P (0, D) = ∆. Obviously
if Q is also proportional to Laplace operator then much stronger results hold.
In this case, many authors (see e.g. [2],[4],[9],[11],[12],[18],[19],[21]) have studied
the same type of problem for u∈C∞

� (Ω) satisfying∣∣∆hu(x)
∣∣ ≤ |W0(x)| |u(x)| + |W1(x)| |∇u(x)| + · · · + |Wh(x)| ∣∣∇hu(x)

∣∣(2)

where h ∈ N . In [5] it was proved that the strong unique continuation holds for
the inequality (2) with |Wl (x)| ≤ Cl |x|l−2h

, l = 0, . . . , h with small Ch .
With a slight abuse of notations we say that the relation (2) has the strong

unique continuation property if the only function u(x) ∈ C∞
� (Ω) satisfying (2)

is the zero function.
For general elliptic equalities and inequalities as in (2) counterexamples are

given in [1], [3], [7], [13], [17], [23].
For the sake of completeness we note that the study of the strong unique

continuation property for solutions of differential equalities and inequalities of
second order elliptic operators with smooth and non-smooth real coefficients has
a much longer history and is essentially complete. For more details we refer the
reader to [12], [13], [15].

2. Results

We begin with a preliminary observation,

Lemma 2.1. ([20]) If P (D) be a second order, elliptic operator in RN and p
is its principal symbol then p

(
RN\{0}) is either a convex cone of C \ {0}, or

it is C \ {0}. The second alternative can only hold in dimension N = 2.
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Now we can state our main result:

Theorem 2.2. Let P be a second order elliptic operator with Gevrey coefficients
of order s > 1 which is defined in an open neighborhood of the origin in RN. Let
p be its principal symbol.

If p
(
0,RN\{0}) is a convex cone with angle 2 φ , 0 < φ <

π

2
and if

s < 1 +
1 − sinφ

2 sinφ
,(3)

then P has the strong unique continuation property at zero.

One may ask whether the index obtained in (3) is optimal. We do not know
the answer to this. So far we only know of C∞ counterexamples for this problem,
see Alinhac’s [1]. Whether Alinhac’s ideas can be extended to the Gevrey class
remains an open question.

Using a similar approach we obtain the following:

Theorem 2.3. Let P (x, D) be a fourth order, elliptic operator with Gevrey co-
efficients of order s > 1, defined in an open neighborhood V of the origin in RN .
Suppose that

P (x, D) = L (x, D) Q (x, D) + a (x) ,(4)

where L and Q are second order elliptic partial differential operators.
Assume that the principal parts L2 , Q2 of L and Q satisfy

L2 (0, D) = ∆ , Q2 (0, D) = µ2
1∂

2
x1

+ · · · + µ2
N∂2

xN
, µi > 0 .

Then P has the strong unique continuation property at 0 provided that

s < 1 +
mini µi

maxi,j |µi − µj | .

For N = 2 this result was proved in [6]. For larger N it improves the result
in [8] where the strong unique continuation property was proved only if s <

1 +
1
2

mini µi

maxi,j |µi − µj | .

Remark 2.1. We note that the above operators are Gevrey hypoelliptic because
their coefficients belong to Gevrey class of order s (denoted by Gs), hence Pu = 0
implies u∈Gs.
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2.1. Proofs. Proof of Theorem 2.2 — We first argue that by making a rotation
P → eiθP we can insure that 
 p(0, ξ) > 0. Indeed, let

c = max
θ

min
|ξ|=1


 (eiθp(0, ξ)) .

By Lemma 2.1 we know that c ≥ 0. On the other hand, if we had c = 0 then
at the min-max point we should have


 (eiθp(0, ξ)) = 0 , ∂ξ,θ 
 (eiθp(0, ξ)) = 0 .

But this implies that p(0, ξ) = 0, contradicting the ellipticity condition.
If 
 p(0, ξ) > 0 then we can diagonalize it by means of an orthogonal transfor-

mation. Rescaling along the principal directions xk → ckxk we can insure that

 p(0, ξ) = |ξ|2. Then we use another orthogonal transformation to diagonalize
� p(0, ξ). Thus we may take p(0, ξ) of the form

p (0, ξ) = |ξ|2 + i
∑

λkξ2
k , λk ∈ R .(5)

After another rotation in C and a rescaling along the principal directions we
can also insure that

max
k

λk = −min
k

λk = λ > 0 .(6)

All these transformations preserve the spread of the cone p
(
0,RN \ {0}) .

The angle of the cone is given by

sinφ =
λ√

1 + λ2
.(7)

We also note that after the reduction the cone lies on the right semiplane and
it is symmetric with respect to the positive real axis.

We now prove Carleman estimates for the operator P with respect to the
singular weight

ϕ(x) = r−α, r = |x|
with

1
s − 1

> α >
2 sinφ

1 − sinφ
.

The Carleman estimates have the form

τ−1
∥∥∥|r∇ϕ|− 1

2 eτϕv
∥∥∥2

2,τ
≤ c ‖eτϕP (x, D) v‖2

L2 τ > τ0 ,(8)

where v is any smooth function with support in the punctured disk 0 < |x| < ε
for some ε > 0 fixed. Moreover the constant c in (8) can be taken independent
of the support of the function v.

The norm on the left hand side is defined by

‖v‖2
2,τ =

∥∥∂2v
∥∥2

L2 +
∥∥τ2|∇ϕ|2v∥∥2

L2 .

Given the Carleman estimate (8) the strong uniqueness follows in a standard
manner.



STRONG UNIQUENESS FOR SECOND ORDER ELLIPTIC OPERATORS 19

In fact, let χ be a smooth function supported in {|x| < ε} and equal to 1 in
{|x| < ε/2} and let us put, for j ∈ N , ψj (x) = ψ (jx) , where ψ ∈ C∞ (

RN
)
,

radial increasing in |x| , is such that

ψ (x) =
{

0 if |x| ≤ 1/2
1 if |x| ≥ 1 .

Let now be u any smooth function flat at zero such that Pu = 0, then
the functions ψjχu satisfy the estimate (8) with a constant c independent of
j. Taking into account Remark 2.1 and Lemma 3.2, we know that u and its
derivatives must decay at 0 faster that e−τϕ for all τ > 0. Thus passing to the
limit the same inequality (8) is satisfied by χu .

Moreover

P (χu) = [P, χ]u ,

where the commutator is supported in {ε/2 < |x| < ε}. Then applying (8) to
χu we obtain

τ−1
∥∥∥|r∇ϕ|− 1

2 eτϕχu
∥∥∥2

2,τ
≤ c eτϕ(ε/2) ‖[P (x, D) , χ]u‖2

L2 τ > τ0 .

Letting τ → ∞ this shows that u = 0 in {|x| < ε/2}.
The Carleman estimates (8) follow in turn from the strong pseudoconvexity

condition for the function ϕ with respect to the operator P (x, D). We define the
conjugated operator

Pτ (x, D) = eτϕP (x, D)e−τϕ = P (x, D + iτ∇ϕ) ,

whose τ−depending symbol (x �= 0) is

pτ (x, ξ) = p (x, ξ + iτ∇ϕ) .(9)

The strong pseudo-convexity condition in our case has the form

{
 pτ ,� pτ} >
c

r
(|ξ| + τ |∇ϕ|)3 on char pτ .(10)

In order to prove that the Carleman estimates (8) are a consequence of the
strong pseudo-convexity (10) we choose to rely on classical results in [10]. How-
ever, some additional care is required since the weight ϕ is singular at 0. We
outline the main steps and leave the details to the reader.

Step 1. We consider a dyadic decomposition for a punctured neighborhood
V of the origin,

V ⊆
⋃

k<k0

Ak

where the Ak’s are overlapping dyadic annuli

Ak = {2k−1 < |x| < 2k+1} .

Correspondingly we take a smooth partition of unity

1 =
∑

χk(x), supp χk ⊆ Ak .
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Step 2. We show that (8) holds for u supported within a single dyadic region
Ak. For this we rescale Ak into a unit annulus by setting y = 2−kx. After
rescaling (8) becomes

σ−1 ‖eσϕv‖2
2,σ ≤ c

∥∥eσϕP
(
2ky, Dy

)
v
∥∥2

L2 , σ = τ2−αk, y ∈ A1.(11)

At the same time, the pseudoconvexity condition (10) rescales into a similar
condition but with τ replaced by σ. In this context, (11) is a direct consequence
of the results in [10].

Step 3. We assemble the localized results using the above partition of unity.
Precisely, applying (8) to χkv we obtain

τ−1
∥∥∥eτϕ |r∇ϕ|− 1

2 χkv
∥∥∥2

2,τ
≤ c

(
‖eτϕχkP (x, D) v‖2

L2 + ‖eτϕ[χk, P (x, D)]v‖2
L2

)
.

We sum with respect to k to obtain

τ−1
∥∥∥eτϕ |r∇ϕ|− 1

2 v
∥∥∥2

2,τ
≤ c

(
‖eτϕP (x, D) v‖2

L2 +
∑

k

‖eτϕ[χk, P (x, D)]v‖2
L2

)
.

Finally, a direct computation shows that the commutator terms are negligible
compared to the left hand side. Hence (8) follows.

It remains to prove the pseudoconvexity condition (10). We begin with several
simplifications. The first is to observe that without any restriction in generality
we can freeze the coefficients of P at 0. This is because for small |x| the effect of
the coefficients is negligible in the above inequality. Secondly, we note that by
homogeneity considerations we can take τ = 1. Thus if we set

pϕ (x, ξ) = p (0, ξ + i∇ϕ) , x �= 0 ,(12)

we need to prove that

{
 pϕ,� pϕ} >
c

r
(|ξ| + |∇ϕ|)3 on char pϕ ,(13)

where

char pϕ = {
 pϕ = � pϕ = 0} .

Taking into account the remark made after estimate (8) we need to establish
inequality (13) out of the origin.

Since

∇ϕ = −αxr−α−2

we get


 pϕ =
∑ (

ξ2
i − α2x2

i r
−2α−4

)
+ 2α

∑
λixiξir

−α−2(14)

and

� pϕ = −2α
∑

xiξir
−α−2 +

∑
λi

(
ξ2 − α2x2

i r
−2α−4

)
.(15)
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If p∆
ϕ , pQ

ϕ are the conjugated operators of ∆ , Q =
∑

λi∂
2
i respectively as

in (12), we can write

{
 pϕ,� pϕ} =
{
 p∆

ϕ ,� p∆
ϕ

}
+

{
 pQ
ϕ ,� pQ

ϕ

}
(16)

+
{
 p∆

ϕ ,
 pQ
ϕ

}
+

{� p∆
ϕ ,� pQ

ϕ

}
.

Now, a simple calculation gives{
 p∆
ϕ ,� p∆

ϕ

}
= −4α

∑
ξ2
j r−α−2 + 4α (α + 2) r−α−4

(∑
xjξj

)2

+ 4α3 (α + 1) r−3α−4

for the first term on the right hand side of (16) and{
 pQ
ϕ ,� pQ

ϕ

}
= −4α

∑
λjξj

(
λjξjr

−α−2 − (α + 2)xjr
−α−4

∑
λkxkξk

)
− 4α3r−α−2

∑
λjxj

(
λjxjr

−2α−4 − (α + 2)xjr
−2α−6

∑
λkx2

k

)
,

for the second term on the right side of (16). For the third term we have{
 p∆
ϕ ,
 pQ

ϕ

}
= −4α2

∑
ξj

(
λjxjr

−2α−4 − (α + 2)xjr
−2α−6

∑
λkx2

k

)
− 4α2 (α + 1) r−2α−4

∑
λjxjξj .

Finally{� p∆
ϕ ,� pQ

ϕ

}
= 4α2r−α−2

∑
xj

(
λjξjr

−α−2 − (α + 2)xjr
−α−4

∑
λkxkξk

)
− 4α2r−α−2

∑
λjxj

(
ξjr

−α−2 − (α + 2)xjr
−α−4

∑
xkξk

)
,

for the fourth term on the right hand side of (16).
We introduce new variables setting

x = y , ξ = αr−α−2η .

We denote by y2 = y ·y , y4 = (y ·y)2 and similarly for η . With the new
notations, homogenizing in (y, η) , the pseudo-convexity condition becomes

(α + 1) y4 −
(∑

λ2
jy

2
j

)
y2 + (α + 2)

(∑
λjy

2
j

)2

>
(∑

λ2
jη

2
j

)
y2(17)

− (α + 2)
(∑

λjyjηj

)2

+ y2η2 − (α + 2) (y ·η)2

+ 2 (α + 2) y2
∑

λjyjηj − 2 (α + 2) y ·η
∑

λjy
2
j .

This must hold on the set char pϕ . Taking into account (14) and (15), in
(y, η) variables this becomes

η2 − y2 + 2
∑

λjyjηj = 0 ,(18)

and

−2 y ·η +
∑

λj

(
η2

j − y2
j

)
= 0 .(19)
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By homogeneity we can restrict to the unit sphere y2 = 1 of RN
y . Taking also

into account (18) and (19) we can write the pseudo-convexity (17), for y2 = 1 ,
as

4
α + 2

<

(
1 + η2

)2 +
(∑

λjy
2
j +

∑
λjη

2
j

)2

1 + η2 +
∑

λ2
jy

2
j +

∑
λ2

jη
2
j

.(20)

Hence we must study a minimization problem for the function on the right
side of (20) with the constraint conditions (18), (19) and y2 = 1 .

By (18), η is on a circle of radius
√

1 +
∑

λ2
jy

2
j centered at (−λjyj)1≤j≤N .

Hence we have

|η| ≥
√

1 +
∑

λ2
jy

2
j −

√∑
λ2

jy
2
j .

Since y2 = 1 and the function
√

1 + x2−x is decreasing on [0,+∞) it follows
that

|η| ≥
√

1 + λ2 − λ .(21)

Using (6) and (21) we obtain(
1 + η2

)2 +
(∑

λjy
2
j +

∑
λjη

2
j

)2

1 + η2 +
∑

λ2
jy

2
j +

∑
λ2

jη
2
j

≥ 1 + η2

1 + λ2
+

(∑
λjy

2
j + λjη

2
j

)2

(1 + η2) (1 + λ2)
≥

≥ 1 + η2

1 + λ2
≥ 1 + (

√
1 + λ2 − λ)2

1 + λ2
.(22)

This bound suffices for our result. We note that it is also sharp. To see that
suppose λ1 = −λ and λ2 = λ. Then the pair

y =

(√
2

2
,

√
2

2
, 0, . . . , 0

)
, η = (

√
1 + λ2 − λ)

(
−
√

2
2

,

√
2

2
, 0, . . . , 0

)

belongs to the characteristic set of pϕ and achieves equality above.
Taking into account (20) and (22), the pseudo-convexity condition holds pro-

vided that

4
α + 2

<
1 + (

√
1 + λ2 − λ)2

1 + λ2
.

Using also (7) we rewrite this as

α >
2λ√

1 + λ2 − λ
=

2 sin φ

1 − sinφ
,(23)

which is exactly what we needed. This completes the proof of the theorem.

Proof of Theorem 2.3 — For the operator P we know that we can prove Carleman
estimates with the exponential weight

eτϕ = eτr−α

.
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We first verify when we have a Carleman estimates with the exponential
weight

eτϕ = eτr−α

for the operator

Q = −
∑

νk∂2
k .

All we need is to verify the pseudo-convexity condition. The symbol of the
conjugated operator is

qϕ (x, ξ) = −
∑

νk(ξk + i∂kϕ)2 .

Since

∇ϕ = −αxr−α−2 ,

we get


 qϕ =
∑

νk

(
ξ2
k − α2x2

kr−2α−4
)

and

� qϕ = −2α
∑

νkxkξkr−α−2 .

Their Poisson bracket is

{
 qϕ,� qϕ} = −2
∑

ν2
k

(
ξ2
kr−α−2 + α2x2

kr−3α−6
)

+ 2α2 (α + 2)
∑

νkx2
k

∑
νjx

2
jr

−3α−8 .

The pseudo-convexity condition reads:

{
 qϕ,� qϕ} > 0 on 
 qϕ = � qϕ = 0 .

With the new notations

ξk = ν
− 1

2
k αr−α−2ηk , xk = ν

− 1
2

k yk ,

the pseudo-convexity condition becomes

(α + 2) y4 >
(∑

νk

(
y2

k + η2
k

)) (∑
ν−1

k y2
k

)
on y2 =η2 ; y ·η = 0 .(24)

Fix y2 = η2 = 1 and assume that

0 < ν1 ≤ . . . ≤ νN .

Maximize the right hand side of (24) with respect to η. Then we need
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(α + 2) > E =

(
νN +

N−1∑
1

νky2
k

) (
N−1∑

1

ν−1
k y2

k

)
, y2 = 1 .

Maximizing the right hand side with respect to η, this becomes

α + 2 > max
y2=η2=1 ; y·η=0

E = (νN + ν1) ν−1
1 = 1 +

νN

ν1
.

Thus the pseudo-convexity condition holds provided that

α >
νN − ν1

ν1
.(25)

We now return to our problem and make the following change of variables


X1 =
√

µ1 x1

...
XN =

√
µN xN .

The operators ∆ and µ2
1∂

2
x1

+ · · · + µ2
N∂2

xN
become, respectively,

1
µ1

∂2
X1

+ · · · + 1
µN

∂2
XN

and µ1 ∂2
X1

+ · · · + µN ∂2
XN

.

By (25), the weight function ϕ satisfies the pseudo-convexity condition with
respect to both transformed operators if we take

α >
maxi,j |µi − µj |

mini µi
.(26)

This transfers to the operators P and Q since without any restriction in
generality we can freeze their coefficients at 0, just as in the proof of Theorem 2.2.

Thus we have Carleman estimates for both P and Q with the weight ϕ.
Putting these two together we easily obtain a Carleman estimate for the

product. Then we can conclude in the standard way.

3. Appendix

We begin with two lemmas which we have used (see [16]).

Lemma 3.1. Let be ν > 0 and r2(x) a positive quadratic form in RN ; then
the function u(x) = exp

(−r−ν
)

belongs to G1+ν−1(
RN

)
.

Lemma 3.2. Let Ω be an open neighborhood of the origin in RN and u∈Gs(Ω).
If u is flat at zero, then there exists a function v∈C∞(Ω) flat at zero such that

u = exp
(−r−ν

)
v

provided 1 + ν−1 > s.
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We state now the principal results in [16].

Theorem 3.3. ([16], pag. 1165) Let P be a second order, elliptic operator with
Gevrey coefficients of order s > 1, defined in an open neighborhood of the origin
in R2 and p its principal symbol.

1. If p
(
0,R2\{0}) is a convex cone with angle 2 φ 1, 0 < φ <

π

2
and if

s < 1 +
1 − sin φ

2 sinφ
(27)

then P has the strong unique continuation property at zero.
2. If p

(
0,R2\{0}) = C \ {0} and if P has simple characteristic, then there

exists a real number σ0 > 1 depending only on P (0, Dx) such that P has
the strong unique continuation property at zero for any s < σ0.

In RN (N > 2) we have

Theorem 3.4. ([16], pag. 1165) Under the hypothesis of the foregoing theorem,
there exists σ0 > 1, depending only on p (0, Dx) such that P has the strong
unique continuation property at zero for any s < σ0.

The idea of the proof in Theorem 3.3 is that if P is a second order, elliptic
operator with smooth coefficients defined in an open neighborhood of the origin
in R2 and if it has simple characteristics then there exist two smooth, elliptic
vector fields X1 , X2 such that

P = X1X2 + P1(28)

where P1 is a first order differential operator with coefficients C∞.
Now, if X is a smooth, elliptic vector field then we set

Xγ = e−γϕXeγϕ,

where ϕ = −ν−1r−ν (ν > 0) and r = |x| . If we choose ν such that

ν + 2 >
|X (0)|2

min
|x|=1

|〈X (0) , x〉|2 ,(29)

we can give a Carleman estimate for X . Then if we iterate Carleman estimates
for X1 , X2 fields in (28) we obtain a Carleman estimate for P by using Pγ =
e−γϕPeγϕ .

1in this case, it is easy to see that P has simple characteristics
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When p verifies the cone property of angle 2φ , 0 ≤ φ <
π

2
, we can find

coordinates such that the relation (29) can be written, for any vector field, as

ν >
2 sin φ

1 − sin φ
.(30)

Remark 3.1. We note that if ν is as in (30) from (13) it follows that the
strong unique continuation property holds again for functions u such that:

1. u = eγϕvγ for any γ � 0 and vγ ∈ C∞ flat at zero and ϕ as above.

2. |Pu (x)| ≤ ε

(
|u (x)|
|x| 32 ν+2

+
|∇u (x)|
|x| ν

2 +1

)
, x ∈ Ω neighborhood of zero, for

some constant ε > 0 small enough.

This strong uniqueness result holds also if the condition (1) in Remark 3.1 is
replaced with a weaker one as

∫
|x|≤R

|u (x)|2 dx = O
(
e−R−ν

)
,

when R → 0.

Similar remarks hold for Theorem 2.3.
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