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ANTICYCLOTOMIC IWASAWA THEORY OF CM ELLIPTIC
CURVES II

ADEBISI AGBOOLA AND BENJAMIN HOWARD

ABSTRACT. We study the Iwasawa theory of a CM elliptic curve E in the an-
ticyclotomic Zjp-extension Do, of the CM field K, where p is a prime of good,
supersingular reduction for E. Our main result yields an asymptotic formula for
the corank of the p-primary Selmer group of E along the extension Do /K.

1. Introduction

Let E be an elliptic curve over Q. Whilst much is known about the Iwasawa
theory of E for primes of ordinary reduction, the same is unfortunately not true
of Iwasawa theory at supersingular primes, for in this case the Iwasawa mod-
ules that one naturally considers are not torsion, and the obvious candidates for
p-adic L-functions do not lie in the Iwasawa algebra. Nevertheless, there has re-
cently been a great deal of progress in the study of the Iwasawa theory of elliptic
curves at supersingular primes. In particular, S. Kobayashi has recently formu-
lated a cyclotomic main conjecture for F within this framework (see [5]). His
conjecture relates certain restricted ‘plus/minus’ Selmer groups of E to certain
modified p-adic L-functions defined by R. Pollack (see [9]), and it is equivalent
to a cyclotomic main conjecture that was proposed earlier by K. Kato and B.
Perrin-Riou (see [4], [7] [6]). Kobayashi’s conjecture has recently been proved by
Rubin and Pollack (see [15]) when E has complex multiplication, and Kobayashi
himself, using methods of Kato, proves one divisibility of the main conjecture
in the non-CM case. In both cases, the plus/minus Selmer groups are cotorsion
modules over the cylotomic Iwasawa algebra, and so the corank of the p-Selmer
group remains bounded as one ascends the cyclotomic Z,-extension.

Suppose now that E has complex multiplication by the maximal order O of
an imaginary quadratic field K. Let ¢ denote the K-valued grossencharacter
associated to F, and write f for the conductor of ¥. Fix once and for all a
rational prime p > 3 at which E has good reduction, and which is inert in K.
Then E has supersingular reduction at p. We write p for the unique prime of K
above p. Let D, be the anticyclotomic Z, extension of K, and let D,, C D
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be the subfield such that [D,, : K| = p™. The prime p is totally ramified in D,
and we let p also denote the unique place of D, above p.

In this paper, we study the Iwasawa theory of E over D,,. We define an-
ticyclotomic versions of Kobayashi’s restricted plus/minus Selmer groups, and
we analyse their structure using the Euler system of twisted elliptic units (cf.
[1]). In contrast to what happens in the cyclotomic case, it turns out that one
of the restricted Selmer groups is a cotorsion Iwasawa module, while the other
is not, and which module is cotorsion is determined by the sign in the functional
equation of L(E/Q,s). Our main result, predicted by R. Greenberg [3, p. 247],
is as follows (somewhat more information is contained in Theorem 5.4).

Theorem A. Let ¢ be Euler’s function and let ¢ = +1 be the sign in the
functional equation of L(E/Q,s). Write Sel,(E/D,,) for the p-primary Selmer
group of E/D,,, and O, for the local completion of O at p. Then there is an
integer e, independent of n, such that

corankp, Selpe(E/Dy) = e+ Z o(p")
1<k<n, (—1)k=c¢

for all n > 0.

The results in this paper may be viewed as a first step towards a supersingular
main conjecture of the same type as that considered in [1]. However, in the
present setting, we do not know how to define suitable anticyclotomic analogues
of Pollack’s plus/minus p-adic L-functions. The essential missing ingredient is a
construction of local elements along the lines of [5, §8.4].

2. Selmer groups

We write
T=T,(E), W=E[p™]
for the p-adic Tate module and the goup of p-power torsion points in E(K)

respectively. Let F'//K be any finite extension. For any place v of F', we define
H}(Ffu7 W) to be the image of E(F,) ® (Qp/Zy) under the Kummer map

BE(F,) ® (Qp/Zy) — H'(F,, W),

and we write H}(F,,T) for the orthogonal complement of H(F,, W) with
respect to the local Tate pairing. Note that H}(Fv,W) =0ifv{p If
c € HY(F,W), then we write loc,(c) for the image of ¢ in H'(F,, W).

We define

e the relaxzed Selmer group Sel,i(F, W) by

Seleel(F, W) = {c € H'(F,W) | loc,(c) € H}(F,,W)for all v not dividing p} ;
e the true Selmer group Sel(F, W) by
Sel(F,W) = {c € H'(F,W) | loc,(c) € H}(Fv, W) for all v} ;
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e the strict Selmer group Selg, (F, W) by
Selgr (F, W) = {c € Sel(F, W) | loc,(c) = Ofor all v dividing p} .

We also define Selye1(F,T), Sel(F,T) and Selg,(F,T) in a similar way. It
follows from the definitions that there are inclusions

Selgt, (F, W) C Sel(F, W) C Selye1(F, W),
and similarly with W replaced by T'. If F'/K is an infinite extension, we define
Sel,.(F, W) = lim Sel..(F', W) S«(F,T) = lim Sel.(F', T),

where the limits are taken with respect to restriction and corestriction, respec-
tively, over all subfields F" C F finite over K.

We now give the definition of a slightly modified (see Remark 3.2 below) form
of Kobayashi’s restricted plus/minus Selmer groups. Let E denote the formal
group of E over K,. Since E has supersingular reduction at p > 3, it is a
standard fact that E is isomorphic to the unique (up to isomorphism) Lubin-
Tate formal goup over K, with parameter —p. For n > 0, let =, be the set of
characters of I',, of exact order p* with k odd, together with the trivial character.
Let =} be the set of characters of T, of exact order p* with k& even, excluding
the trivial character. Define subspaces of E(D, ;) ®o, K, by

Ej:(Dn,p) = {x € E(Dnm) ® Ky

Z x(o)z? =0, Vx € Ef}

oecl'y,
Let Hi (D, ,, W) be the image of E4 (D, ,) under the Kummer map
E(Dny) ® Ky — E(Dnyp) ® (Ky/Op) — H'(Dyp, W)

and let H} (D,, p,T) be the orthogonal complement of H1 (D,, ,, W) with respect
to the local Tate pairing. We define

Sely (D,,, W) = {c € Selye1(Dy, W) | locy(c) € HY(Dyp, W)}
Sely (D, T) = {c € Selye1(Dy, T) | locy () € Hy(Dpp,T)} .
It follows from the definitions that we have inclusions
Selsty (D, W) C Sely (D, W) C Sel(D,,, W),
Sel(D,,,T) C Sely(D,,T) C Selye1(Dy,, T').
In the limit, we define
Sely (Doo, W) = li_n;Seli(Dn, W) S+ (D, T) = liLnSeli(Dn, T),

where the inverse limits are taken with respect to restriction and corestriction,
respectively.
In order to ease notation, we shall sometimes write

Sel™ = Sel,,(Doo, W) S, = 8,(Dws, T).
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3. Ranks

Let a be an integral ideal of O coprime to 6pf, and write Iy for the union
of all ray class fields of K of conductor prime to a. Let ce, denote the Euler
system of elliptic units for (Z,(1), fp, ICq) in the sense of [14]. Twisting cei,q by
the character wc_ylcz/Jp, where

Yy : Gal(K/K) — Auto, (T) = O,
and weyc is the cyclotomic character, yields an Euler system ¢, for (7 fp, Kq)

(see [14, Chapter 6]). Then cq(F') € Selye1(F,T) for every F C K, finite over K.
For any L C K, let

ca(L) =limeo(F') € Sa(L, T),

where the inverse limit is taken over all subfields F’ of L that are finite over K.
Let Cq(F') be the O,[[Gal(F/K]]-submodule of Sci(F,T) generated by cq(F),
and write C(F) for the submodule generated by C,(F’) as a varies over all ideals
that are coprime to 6pf. We set C = C(D).
Define
MLy =lim HL (D, T) H' =lim H' (D, T)
and
HY (Do p, W) = lim HL (D, W).

Let W(1) denote the root number of 3. In particular W(y) = £1 and is
equal to the sign in the functional equation of L(E/Q, s).

Proposition 3.1. The image of C in H! is nontrivial, and lies in H} if and only
if € is equal to the sign of W (). In particular C is nontrivial, and is contained

in Se if and only if € is the sign of W (v).

Proof. Let x be any primitive character of Gal(D,,/K) for n > 0, and write
W (x1) for the root number of 1. The following formula is proved by Greenberg
in [3, page 247]:

(3.1) W(xy) = (=1)"W ().
If (-=1)" = W (%), the functional equation of L(E/Q,s) forces L(x,1) = 0.
On the other hand, the main result of [10] shows that if (—1)" = —W (),

then L(x1,1) # 0 for all but finitely many x. The claim now follows from the
reciprocity law of Coates-Wiles, which relates the localization of the elliptic units
to the special value of twists of L(1), s) (see [15, Theorem 5.1] for example). [

Remark 3.2. The equality (3.1) (which is visibly incorrect when n = 0) is the
reason for placing the trivial character in = . In particular, our definitions differ
from those of [15, Definition 3.1].

The reader should also note that in [12], the characters of I';, are indexed ac-
cording to the parity of their conductors, while we have indexed them according
to the parity of their orders. Hence our =% (respectively Z7) is denoted by =~
(respectively Z1) in [12]. O



ANTICYCLOTOMIC IWASAWA THEORY OF CM ELLIPTIC CURVES II 615

Set A = O,[[Gal(Dw/K)]]. For any finitely generated A-module M, we write
Chary (M) for the characteristic ideal of M in A, and rky (M) for the A-rank of
M. Define a A-module

X, = Homgz_(Sel”, Q,/Zy).

Let ¢ : A — A denote the canonical involution on A which is induced by inversion
on group-like elements. We adopt the convention that A acts on X, via the rule
(A f)(z) = f(A\x) (cf. [1, Remark 1.18]).

The following two propositions are consequences of the work of Rubin.

Proposition 3.3. (i) The A-modules Sye1 and X, are torsion-free of rank one,
and torsion, respectively. The A-module X,e1 has rank one.
(i) There is an equality of characteristic ideals

ChaI‘A(XStr) = CharA (Srel/C).

Proof. The fact that S,e is torsion-free of the same rank as X, may be proved
exactly as in [1, Lemma 1.1.9] (the proof of which is essentially the same as that of
[8, Proposition 4.2.3]). The remaining claims of (i) follow from the nontriviality
of C using the theory of Euler systems as in [14]. Using (i), (ii) may be deduced
from Rubin’s two variable main conjecture [13, Theorem 4.1(ii)] exactly as in [1,
Proposition 2.4.16]. O

Proposition 3.4. The A-module H' is torsion free of rank 2. The modules
HL have A-rank 1 and satisfy HL. N'HL = 0. The modules Hi (Do, W) have
A-corank one.

Proof. Write H (Do p, W) = @H}(Dnyp,W), where the injective limit is
taken with respect to restriction maps. Let E[p*] and E[p>] denote the p-
primary torsion subgroups of E and F respectively, and write K (E[p>°]) for the
field obtained by adjoining the elements of E[p>°] to K. Set

Voo = Homo, (H}(Doop, W), E[p™]),

Hl(DOO,,W)
TR L R ).
Hi(Dooyp,W)

We may view Vo, and V* as being A-modules by identifying Gal(Ds,/K) with
a subgroup of Gal(K (E[p>])/K) in the obvious way. It is shown in [12, Propo-
sitions 1.1 and 8.1] that the A-module V, is torsion-free of rank 2, while the
A-modules V* are of rank one and satisfy V. N V_ = 0. The proposition now
follows from the fact that fixing an identification of K,/O, with E[p>] induces
A-module isomorphisms

(3.2) V ~H ®Homop, (0, T), Vi=~Hi® Homp,(Op,T).

Vi == HOIn(g'J (

Conjecture 3.5. (Rubin [12, Conjecture 2.2]) H' = HL & HL.
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Theorem 3.6. We have tkp(S1) = rka(X1). If the sign of W (1) is €, then
X, has A-rank one, and X_. is A-torsion. In particular Sgir = S_. = 0, as Srel
is torsion-free.

Proof. Global duality (see [14, Theorem 1.7.3]) gives the exact sequence
(3.3) 0 — St — S — HYHL — Xy — X4 — 0.

The first claim now follows from Propositions 3.3 and 3.4.

Since St C S;e1, the A-rank of Sy is at most one, and as C C 8. is non-trivial,
we see that the A-rank of S. is in fact equal to one. Next, we observe that if
rka(S—c) = 1, then rka(S+ N'S_) = 1, since both S; and S_ are submodules
of the rank one A-module S,¢. By Proposition 3.4, S; NS_ C S, and so also
rkp (Sstr) = 1. But then Sie1/Sstr is a A-torsion module. This quotient injects
into H! which is torsion-free by Proposition 3.4. We conclude that Sg; = Spel
and that the localization map S,e; — H! is trivial, contradicting Proposition
3.1.

It now follows that rk(S—c) = rka(Sstr) = 0, and since S, is torsion-free,
this implies that both S_. and S, are equal to zero. O

4. Characteristic ideals

Theorem 4.1. We have the equality of characteristic ideals
CharA(Xrel,Aftor) = Charp (Xstr>-

Proof. Let K /K denote the unique Z2-extension of K, and set A(Ku) :=
O, [[Gal(Ko/K)]]. Write X(K) := Hom(Sel(Kx ), Qp/Zy). It follows from
Rubin’s proof of the main conjecture that rkax_)(X(Kx)) = 1 (see e.g. [15,
Remark 2.2] and[13, Theorem 5.3(iii)]). As X;e1 = X (see [2, Remark 3.3], for
instance), Proposition 3.3(i) implies that rka(X) = 1 also. Hence, if v; is any
topological generator of Gal(K /D), then, since

X (Kx)
(1 = DX (Kx)
(see [11, Proposition 1.2 and Theorem 2.1] or [2, p. 364-365]), we deduce that
71 — 1 is coprime to Charyg_)(X (Koo)tor). The theorem now follows directly

from [2, Theorem 3.24] and [1, Lemma 2.1.2] (see also [16, Corollary 6.5] for a
more general result along these lines). O

~ X

Theorem 4.2. Suppose that the sign of W (1) is equal to €. Then

H; Srel
(4.1) CharA (Xa,A—tor) CharA 57 = CharA C .

g
If we assume that Conjecture 3.5 is true then S, = S, and
H:

(4.2) Char (X_.) = Char <C> .
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Proof. From Proposition 3.1, we see that C C S., and so rky(C) = rkp(S:) = 1.
Via global duality (see [14, Theorem 1.7.3]), together with the fact that Ss, = 0,
we have the exact sequence

(4.3) 0—S8. —H — X — X. — 0.

As H!/S. is A-torsion, it is not hard to check that this in turn yields the exact
sequence

(44) 0— H;/Ss - Xrel,A—tor - Xe,A—tor — 0.

The equality (4.1) now follows from (4.4) together with Theorem 4.1 and Propo-
sition 3.3(ii).

Now assume Conjecture 3.5. Then (3.3) gives an injection Sye1/S. — H!/H]
of a torsion module into a torsion-free module. Hence S, = S,¢. In order to
show (4.2), we observe that, as S_. = 0, (3.3) yields

0— H;/Se - X .= Xsr — 0.
Combining this with the exactness of
0—8./C—HL/C—HLS. —0
and with Proposition 3.3 proves the equality (4.2). O

Let € be the sign of W (), and write 1 denote the complex conjugate of the
grossencharacter v. Fix a generator c¢. of H..

Theorem 4.3. Assume that Conjecture 3.5 holds. Then there exists a generator
L_. of Charp(HL/C) such that the following statement is true:
Let x be any character of T of order p", where n > 0 and satisfies (—1)"+! =
W(v). Then
L(¥x, 1)

5)((1}5) : X(‘c—s) = T

Here Qp € R™T is the real period of a minimal model of E, v. € V. is the image
of c. under a fized choice of the isomorphism (3.2), and 0, is the Coates- Wiles
homomorphism defined in [12, §2]. Furthermore, 6, (v:) is always non-zero.

Proof. This is a direct consequence of [12, §10], once we fix a choice of iso-
morphism (3.2) above. (One must also bear in mind the last part of Remark
3.2.) O

Now Theorems 4.2 and 4.3 imply that if Conjecture 3.5 holds, then
L_.A = Chary(H./C) = Chary(X_.).

Hence we see that Conjecture 3.5 implies that Chary(X_.) is generated by an
element which p-adically interpolates suitably normalised special values of twists
of L(1,s), and which may therefore be viewed as being a p-adic L-function
attached to F.
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5. Control theorems

Define
Xn,» = Homo, (Sel(Dy, W), K, /Oy).
Our goal in this section is to explain how to recover the Op-rank of X,, from the
A-modules X 4.
Fix a topological generator v € Gal(D4,/K) and define

wi= ] @0 wy=(v=1 ] @0

1<k<n,k even 1<k<n,k odd

where @, is the pF-th cyclotomic polynomial. Since X(wf) = 0 for every x €

=+
=, we have

(5.1) wi E(Dpy) C Ei(Dpy)
wr - Sel(D,,W) C Sely(D,, W)

and similarly w® - E4(D,,,) = 0.
Lemma 5.1. The natural map

fot Hi(Dyp, W) — Hi(Deoy, W)wi]

n

is injective, and the Op-corank of the cokernel of f,, is a bounded, non-decreasing
function of n. If Conjecture 3.5 holds then the cokernel of f, is finite for all n.

Proof. Let L denote the extension of K, obtained by adjoining E[p] to K,. Then
it follows from Lubin-Tate theory that L/K, is a totally ramified extension of
degree p? — 1. Hence L N Dy, = Ky, and we deduce that H(Deo p, W) = 0.
From the inflation-restriction sequence we deduce that

HY(Dy,p, W) — H'(Doop, W),

and therefore also f,, is injective. To prove the rest of the lemma, we compare
the Op-coranks of H1 (D, p, W) and H} (Deop, W)[wZ].

From Proposition 3.4 and the general structure theory of A-modules, we see
that the Oy-corank of H} (Do p, W)[wZ] is equal to tko, (A/wEA)+e(n), where
e(n) is a non-decreasing, bounded function of n. If Conjecture 3.5 holds, then
the A-module H1 (D, W) is cotorsion-free, and so e(n) = 0 for all n. On the

other hand, there is an isomorphism of K,[Gal(D,, ,/K})]-modules
(5.2) E(Dyp) ®0, Kp ~ Dy ~ Kp[Gal(Dy p / Kp)],

in which the first isomorphism is induced by the logarithm of the formal group
E, and the second follows from the normal basis theorem of Galois theory. This
implies that the O,-corank of H} (D, ,, W) is equal to the Op-rank of A/wr.
The result now follows immediately. O

The following result is an anticyclotomic analogue of Kobayashi’s control the-
orem (see [5, Theorem 9.3]).



ANTICYCLOTOMIC IWASAWA THEORY OF CM ELLIPTIC CURVES II 619

Theorem 5.2. The natural map
(5.3) XijwiXs — Xpo/wiX, s

is surjective. The Op-rank of the kernel is a bounded, nondecreasing function of
n. If Conjecture 3.5 holds, then the kernel is finite for all n.

Proof. Write
Ln,:l: = Hl(Dn,PvW)[Wf]/Hi(Dn,p7W)v
Loyt = H'(Dooyp, W)lwy]/HL(Doop, W)y .

n

Let K denote the maximal extension of K unramified outside fp and set
Hl(Dn,fa W) = EBUHHI(Dn,Ua W)a Hl(Doo,fa W) = EBvlffll(l)oo,va W)

Consider the following commutative diagram with exact rows:

0 — Sels (D, W)lwy, | ——= H'(K/DpW)|wy] ——= H' (D j, W) @ Ly«

| | |

0 — Sels (Do, W)[wit] ——> H'(K/Doo W) [wE] —> H' (Doc.j, W) & L &

The left-hand vertical arrow of this diagram is the dual of the map (5.3). Since
HY(K/D,,,W) = H(K/Dy, W)[*" — 1], the middle vertical arrow is an iso-
morphism. To prove the theorem, it therefore suffices (by the Snake Lemma)
to show that the Op-corank of the kernel of the right-hand arrow is a bounded,
non-decreasing function of n, and is finite for all n if Conjecture 3.5 holds.

For any place v of Do, dividing f, the extension Dy ,,/D,, , is either trivial (in
which case there is nothing to check) or is the unique unramified Z,-extension
of Dy, ,. Assume we are in the latter case. The kernel of

HY(Dyp, W) — H' (Do o, W)

is isomorphic to H'(Duo 4/ Dy.vs E(Dso ) [p™]), which is isomorphic to a quo-
tient of E(Dso,,)[p™]. Since the Galois module W is ramified at all primes
dividing f, it follows that E(Dx ,)[p™] is a proper O, submodule of W. This
implies that F(Ds ,)[p™] is finite, because W is cofree of corank one over O,,
and so any proper submodule of W is finite.

In order to control the kernel of L, + — Lo +, we apply the Snake Lemma
to the diagram

0 ———> Hi(Dnp, W) —— H'(Dy p, W)wy] L+ 0

| | |

0 ——= Hi(Doop, W)lwy] —— H'(Docp, W)lwy ] — Loo,x — 0.

Just as in the proof of Lemma 5.1, we deduce from the inflation-restriction
sequence that the middle vertical arrow of this diagram is injective; the same
inflation-restriction sequnce also shows that that this arrow is surjective. We
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therefore deduce from Lemma 5.1 that the Op-corank of the kernel of the right-
hand vertical arrow of this diagram is a bounded, non-decreasing function of n,
and is finite for all n if Conjecture 3.5 holds. This completes the proof. O

Proposition 5.3. For any n, the natural map
Xo = Kot/ Xnt) @ (X X)
has finite kernel and cokernel.
Proof. Consider the dual map
(5.4) Sely (Dy, W)[w,] @ Sel_(Dy,, W)[w,,] — Sel(Dy,, W).
By (5.1) and the equality wrwT = ~P" — 1, there is an inclusion
- Sel(Dy,, W) + w,t - Sel(D,,, W) C Sely (Dy,, W)[w;] + Sel_(Dy,, W)[w,, ]

w

Since
Sel(D,,, W)/ (wy, - Sel(Dy, W) + w, - Sel(D,,, W))
is a module of cofinite type over the finite ring A/(w;",w; ), it is finite, and there-
fore the same is true of the cokernel of (5.4). The kernel of (5.4) is isomorphic
to
el (Do W)l ] 1Sl (D, W)y

which is again a cofinite type module over A/(w; ,w; ), and is therefore also
finite. U

Combining Theorem 3.6, Theorem 5.2, and Proposition 5.3 we obtain the
following result.

Theorem 5.4. Let ¢ be the sign of W(1)). There is an integer e, independent
of n, such that

coranko, (Sel(Dy,, W)) = ranko, (A/w;,) + e
for n> 0. If Conjecture 3.5 holds then the O,-corank of Sel(D,,, W) is equal to
ranko, (A/w;,) + ranke, (Y /wYy) + ranke, (Y- /w, Y_)
for all n, where Y4 is the A-torsion submodule of X4. O

Theorem A of the Introduction now follows from the first part of Theorem
5.4.
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