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WELL-POSEDNESS AND LOCAL SMOOTHING OF
SOLUTIONS OF SCHRODINGER EQUATIONS

ALEXANDRU D. IoNEScU AND CARLOS E. KENIG

1. Introduction

In R™ xR consider the initial value problem for the Schrodinger equation with
potential V'

(1)

(10 + Ap)u = Vu
U(., 0) = Ug.

In the case V' = 0, it was established by P. Constantin and J. C. Saut [1], P. Sjolin
[7], and L. Vega [9] that the solution of the initial value problem (1) gains 1/2
derivative (locally) over the initial data at almost every time. This type of gain
is referred to as local smoothing. A. Ruiz and L. Vega [6] proved well-posedness
and local smoothing in the case of potentials V & LZ/QL;X‘ +LiL®,r>1,n>3,
with small LZ/ 2L§° part. For more references on local smoothing estimates for
linear dispersive equations, as well as their applications to nonlinear problems,
see the introduction of [6].

In this note we prove well-posedness and local smoothing for potentials V' in
the larger space L} L°+L® L;/ 2, n > 3, with an additional smallness assumption
on the L;’OLQ/ 2 part. We also show that our space of potentials is optimal for
well-posedness, in the scale of Strichartz spaces LY L%, and that the smallness
assumption on the L?OLZ/ 2 part is necessary.

To state our theorems, we define the set A of acceptable Strichartz exponents
(p,q) by the conditions 2/p 4+ n/q = (n+4)/2 and p,q € [1,2]. In dimension
n = 2, we require, in addition, that (p,q) # (2,1). For any (p,q) € A let
(p',q") denote the dual exponent, i.e. 1/p+1/p’ = 1/¢+ 1/¢" = 1. Clearly
2/p' +n/qd =n/2,p,q € [2,00], and (p',q’) # (2,00) in dimension n = 2; let
A’ denote the set of such exponents (p’, ¢’).

We define three Banach spaces of functions X, X’, and Y on R"™ x R: if

n >3 then X = LIL2 + L2027 X7 = 12212 0 1202772 and ¥ =
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LI + LPLY? e,

17l = 0 g3t + 12l 20 gy
HUHX’ = Sup[HuHL;’QL%(R"XR)v HuHLfLi"/("_z)(R"XR)]’

WVily = infvi pvo=v Vil Ly oo rn sy + [Vall oo 1272 g sy -

Ifn=1we define X = LIL2 + L}/°LL, X' = L®L2 N LAL® and Y = LIL +
L?LL. In dimension n = 2 we have to exclude the endpoint spaces L?L! and
L? L for which the Strichartz estimates fail (cf. [5]). For this purpose we fix an
acceptable pair (po,qo) € A, 1 <py < 2, and define X = X,,, = L; L2 + L{° L%,
X' = X! = LEL2NLPLY, and Y = Y, = LILE 4 [P0/ @GP0 [20/@0) oy
any a < b € R, let X’([a,b]) denote the Banach space of measurable functions
u : R™ x[a, b] — C with ||u| x/([a,5)) = || E(w)||x: < 00, where E(u)(x,t) = u(z,1)
if t € [a,b] and E(u) = 0if ¢t ¢ [a,b]. The Banach spaces X ([a,b]) and Y ([a, b])
are defined in a similar way. These spaces were used in recent work by the
authors [3].
For any measurable functions V and u we have

(2) [Vaullx < [VIly[lullx-

With our notation, the Strichartz estimate of M. Keel and T. Tao [4] is equivalent
to

lullxr < Cl[(i0; + A )ul|x

for any u € C§°(R™ x R). Here, and in the rest of the paper, we use the letter
C to denote constants that may depend only on the dimension n if n # 2, and
on the exponent pg if n = 2. For the classical Strichartz estimates, see [8].

For any unit vector wy € R™ let D}U/f : L2(R") — &'(R™) denote the operator
defined by the Fourier multiplier &€ — |¢ - wo|'/2. For any set S let 15 denote its
characteristic function. Our first main theorem is the following:

Theorem 1. Assume that V : R™ x [0,T] — C has the property that
(3)  3bo > 0 such that ||V ays0(®)|ly < 1/(2C) for any a € [0,T — o],

where C is the constant in (7). Then the initial value problem (1), with uy €

L3(R™), admits a unique solution u € C([0,T] : L*(R™)) N X'([0,T]) with the

property that the linear map uo — u is continuous from L?(R™) to C([0,T] :

L3(R™)) N X"([0,T]). In addition, we have the local smoothing estimate

(4) sup R™Y2||Lja- poagm (@ - wo) DY Pullr2 ooy < Cvlluol| e,
R>0,a€R ’

for any unit vector wy € R™. The constant Cy may depend only on T, &y, the

dimension n if n # 2, and the exponent py if n = 2.

Our local smoothing estimate (4) is more precise than the local smoothing
estimate of A. Ruiz and L. Vega [6]. Let DY/? : L?(R") — S’(R") denote the
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operator defined by the Fourier multiplier & — |¢]'/2. Then (4) can be localized
to show that
sup  R™Y?||10 my(Jx — zo) D2 ull 2 o,y < Cvlluollze,
R>0,xg€R™ ’

which is the standard form of the local smoothing estimate.
Let Z([0,T]) denote the class of potentials V' that satisfy (3). Clearly,

Z([0,T]) € Y/([0,T]).
In fact,

Z([0,T]) = Y ([0,T]) if n = 1,2.

In dimensions n > 3, Z([0,77]) does not contain L?"LQ/Q(R" x [0,T]). However,
we show in section 2 that

(5)  LPLA(R™ x [0,T]) C Z([0,T)) if 2/p+n/q <2 and q € (n/2, )],
and
(6) C(0.7) : L"2(®™)) < Z([0,T]).
Our second theorem shows that the assumption (3) is essentially optimal: ill-

posedness (i.e. lack of uniqueness) may occur below the critical line 2/p+n/q = 2

(compare with (5)), as well as for some potentials V' € LfOLZ/ ? for which the
smallness assumption (3) fails (compare with (6)).

Theorem 2. For any N > 0 there is a (not identically 0) function u € C(R :
HYN(R™)), and a measurable potential V with the following properties:

(i) suppV C R™ x [0,1], V € LYLi(R™ x [0,1]) for any p,q € [1,00] with
2/p+n/qg>2, and V € LCLY*(R" x [0,1]), n > 2;

(ii) (10 + Ay)u = Vu as distributions on R™ x R;

(iii) w = 0 in R™ x (—o0,0].

Our construction is inspired from counterexamples in unique continuation
(see, for example, [10]). Our counterexample is easier, however, since we do not
require vanishing of infinite order at time ¢t = 0.

The rest of the paper is organized as follows: in section 2 we prove Theorem
1 and the inclusions (5) and (6). In section 3 we prove Theorem 2.

2. Proof of Theorem 1

We prove first the inclusions (5) and (6). For (5), fix V. € LYLI(R™ x
0,7)), ¢ > 0. Let G(t) = [[V(,)llze, Vs = V- Lo v@n<amys Vi =
Vo L) V(@) [>A(0) )5 At) = G(t)2q/(2q7n)/€n/(2q7n). It follows easily that
Vs € L}LP(R™ x [0,7T)) and ||V} < e. Thus V satisfies (3) for
0o small enough.

To prove (6), fix V € C([0,T] : L™?(R"™)), ¢ > 0. Since V € C([0,T] :
L™2(R")) we can find a finite sequence 0 = tg < t; < ... < t,, = T with

| Lge L2/ @ x0,71)
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the property that ||V — 17||LOOL7L/2(RHX[O ) < £/2, where V(z,t) = V(z, t;)

if t € [tj,tj+1). Then, we further decompose V=V, + Vl, where V, = V -
1{(x,t):\V(z,t)\<>\}7 V=V L)V () 50} For )\ large enough, V, €L} ;L (R™ X
[0,77) and ||Vl||L°°L"/2(R"><[0 ) < £/2. Thus V satisfies (3) for dg small enough.
We turn now to the proof of Theorem 1. Let H denote the Schrédinger
operator i0; + A,. To prove well-posedness we use Strichartz estimates. This
type of argument is standard (see, for example, [6, Theorem 1.1]). Our main

tool is the Strichartz estimate of M. Keel and T. Tao [4, Theorem 1.2]. For any
g € S(R™) (the Schwartz space on R™) define A(g) by the formula

Alg)(&,1) = e~ M€ 5(¢),

where ¢ denotes the Fourier transform of ¢, and F (&,t) denotes the partial
Fourier transform of the function F' in the variable z. For any f € S(R™ x R)
supported in R™ x [0, 00) define B(f) by the formula

BU)(E.t) = (—i) / e~ Fe, 5) ds

By [4, Theorem 1.2] (see also [4, p. 972]), A extends to a bounded operator from
L?(R™) to X'([0,T"]), and B extends to a bounded operator from X ([0,7"]) to
X'([0,7]), i.e

—1/2
(7) { [A[|L2@®n)—x7(0,77]) < ¢
1Bl x (jo,77)—x" (0,77 < C,

uniformly in 7”. For uniqueness, we use the fact that if u € C([0,7] : L*(R™)) N
X'([0,T7) solves (1) then u = 1 71(t) Aug + 1o, 71 (t) B(10,1y(t)Vu). By (2), (3)
with @ = 0, and (7) with 7" = do, we have 19 5,)(t)u = 0 if ug = 0. This proves
uniqueness of solutions in C([0,T] : L*(R™)) N X'([0,T7).

To prove existence, consider the Banach space X'([0,dy]) and the operator
R(v) = 19,5, (t) B(1[0,5,](t)Vv). By (2), (3) with a = 0, and (7) with T’ =
do, R is a bounded operator on X'([0,d0]) with |[R]|x/([0,50))—x"([0,60]) < 1/2.
Therefore the operator I — R is invertible on X'([0, dg]), which shows that there
is v1 € X'([0, do]) with the property that

V] = 1[0750} (t)Auo + 1[0750](t)B(l[(),gO}(t)VQ}l).
This formula, the definition of the operators A and B, and the bound (7) show
that v; € C([0, 6] : L2(R™)). In addition, by taking X’ norms,
[lo1llx(o.607) = Clluollz2-

We can now continue the recursive procedure and construct solutions vs, vs, ...
in X' ([do, 2d0]), X' ([200, 300]), - - . . The global solution u is obtained by adjoining
these solutions.

For the local smoothing bound (4) we may assume wy = (1,0,...,0), using
the rotation invariance. We will prove the following a priori estimate:
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Lemma 3. Ifv € C5°(R™ x R) then, with wy = (1,0,...,0),

(3) [ [ Dttt arti] <oy,
for any z1 € R, where, as before, H = i0; + A,.
To deduce (4) from Lemma 3, we apply the inequality (8) to the function
v(a,t) = (uxps) (@, )i (2)ne(t),

where s(z,t) = 6" Lp(z/5,t/5), 6 > 0, is a smooth approximation of the
identity supported in {(z,t) : |z|,|t| < ¢}, the smooth cutoff functions 7. :
[0,T7] — [0,1], 26 < ¢ < T/10, are supported in [e,T — ¢] and equal to 1
n [2¢,T — 2¢], and the smooth cutoff functions 7,, r > 1, are supported in
{z :|z| <2r} and equal to 1 in {x : |x| < r}. Then we let r tend to oo, J tend
to 0, and ¢ tend to 0 (in this order). The bound (4) follows easily from (8) and
the bound

l[ull x (0,17 < Cvlluol| Lz,

which was proved before. See [3, Section 3] for more details.

To summarize, it remains to prove Lemma 3. In dimensions n > 3 we need
an interpolation lemma of M. Keel and T. Tao [4] (see pages 964-967 in [4] for
the proof):

Lemma 4. (M. Keel, T. Tao [4]). Assume n > 3 and for any f € C°(R™ x R)

)(z,t) / /fy, K(z,y,t,s)dyds

s an operator with a locally integrable kernel K. Forl € 7 let

= [ [ K duds

Let

and assume that the estimate
(9) HUl(f)HLng’ <2

holds for the exponents
(i) a=b=1,
(i) 2n/(n+1)<a<2andb=2,
(i) 2n/(n+1) <b <2 and a = 2.
Then

U2 znrin-n < ClFll o gnrinsar
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We prove now Lemma 3. Let g = (i0; + Az)v. With the same notation as
before

56,0 =C [ 1l =s)e I G(g 9 s,

where 11 denotes the characteristic function of the interval [0, c0). Thus

—_~—

DY2u(e,t) = Cléy 2 /R 14(t — s)e =5 (e, 5) ds.

For € > 0 let Q). denote the operator defined by the Fourier multiplier (¢,7) —
e~ IEl”, By taking the inverse Fourier transform in x we have

Q.Difu(at) =C [ [ dyasgly.s)
n R
/ gila—v)€=ilt=)IE =<1 | 11721 (4 — ) de.

It remains to prove that the operators

To o ()& 1) = / / dyds f(y, $) Ko (21,2, y. 1, 5)
R™ JR
— [ [ duds plas)e= 0 [ et e (6 ) de
n ]R Rn

are bounded from X to L§,7t,
4+ are given by

(10) (€t s) = Lyt — s) 1o ()62

By symmetry and translation invariance it suffices to prove the boundedness of
the operator T o. To cover all dimensions fix (p, ¢) an acceptable pair, p < 4/3
ifn=1p<pyif n =2 and p <2 if n > 3. Clearly an operator is bounded
from X to L2, , if it is bounded from LYLY to L2, ,, uniformly in (p,q). It suffices

to prove that the operator Si o = T7 (T o is bounded from LELI to Lf/Lg/.
Let Ly ¢ denote the kernel of the operator S, o, i.e.,

(11) L+70(l',y,t,5) = /

Rr—1

uniformly in €, > 0 and x; € R. The multipliers

/ K. (0,2 ,y,7,5)K_ (0,2 ,2,7 t)dzdr.
R

We will prove that the kernel Ly o(., ., %, s) defines a bounded operator on L?,
i.e.,

(12 |

/ h(y)L-i-,O(xay:t) 8) dy

< C|lhl|z
Lz

uniformly in ¢ and s. In addition, we will prove the dispersive bound
(13) Ly o(x,y,t,5)| < Clt — 5|7/

uniformly in all the variables.
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We show first how to use these bounds to complete the proof. Assume first
that p < 2. By interpolating between (12) and (13) we have

|

By the Minkowski inequality for integrals we have

[ )atets)dy|| < Clem s .

L

/n dy f(y,s)Ly o(z,y,t,9)

154070l < [ ds

/
q
Ll

<C [ asllfCs)lagle - sl 012,

R

Since n(1/q — 1/2) = 2/p’, it follows by fractional integration that
1540y o < Coll fllLzrg,

with a constant C), that blows up as p approaches 2.

It remains to consider the case n > 3, p = 2. For this we use Lemma
4; it remains to verify the estimate (9) for the operator Si,o defined by the
kernel Lﬂﬁo(ﬂc, Yy, t,s) = Ly o(z,y,t,5) L[z o+11(|t — s]). We may assume that the
function f is supported in a time interval of length 2+1, say R™ x [sq — 2, 50 +2'].
Then tho(f) is supported in R" x [sg — 3 - 2!, 59 + 3 - 2!]. To check the estimate
(9) with a = b =1 we use (13):

154 o (Dl pzpe < C272)1S% o(F)llLee, < C2/2sup |LY o(w,y,t, )| |If]]Ls
< CQl/QQ_l'”/22l/2|’fHLngl = C271PD || )

271
LSLya

as desired. For the LZL% — L7LZ bound, recall that a € [2n/(n + 1),2] and
let p(a) € [1,4/3] denote the exponent with the property that (p(a),a) € A.
We have already proved that the operator Sy ¢ is bounded from LEL] to L? / Lg/
if (p,q) € Aand 1 < p < 4/3. Since Sy o = T§ (T4 o, the operator Ty o is
bounded from LELJ to Li,i if (p,q) € Aand 1 <p <4/3, ie.,

1T 0(Nllzz, , < Cliflleery.

We use this bound with p = 1 and p = p(a). This type of argument may be
found in [2]. With the notation 1;(t — s) = 1y ot+11(|t — s|) we have for any f, g



200 ALEXANDRU D. IONESCU AND CARLOS E. KENIG

supported in R™ x [sg — 3 -2, 59 + 3 - 2]

Sotha) = [ [ [ [ dvisdeat fu.9)Le ol 0000 = 5.

:/dt/ /dz’dr </ gz, YK (0,2, z,7,t) d:c>
R Rnr—1 R Rn

( [ [ fwsmte = 95,02 ) dyds)
n JR
< C/Rdt||§(‘7t)HL§||fHL§(">LZ = CHfHLg(a)LzHgHL%Li

< Cgl(l/p(a)fl/Q)Hf‘

L§L;2l/2H9HL§Lg = CQ*lﬁ(az)Hf’ LngHgHLnga

as desired. The L?Li — LfLi’; bound is similar. By Lemma 4, this completes
the proof of Lemma 3.

It remains to prove the bounds (12) and (13). For (12), it is more convenient
to prove that the operator Ty o is bounded from LZ to Li*,w

|

uniformly in s. We may ignore the factor 1, (¢ — s) and assume that h € S(R™).
It suffices to prove that

/ By K4 (0,2, y, 1, ) dy

< ClIhl|z,
Li’,t

< Clhflze-

,t

‘3—6/%2/ h(€)e Il et € el L (€] |2 de

2
LI/

We may ignore the factor e**l¢l” and take the Fourier transform in (z,t). By
Plancherel’s theorem it suffices to prove that

/ h(&r, ) Ger (T + 12 + €)e™= 81, (&) 61|V dey < C|h|| 2
R

2
L2,
n

,T

for any h € S(R™), where G, is the Fourier transform of the function ¢t — e=et

The change of variables 7 — u + |n’|? shows that we may replace the factor
Ger(+ |0 |? + €7) with Gor(u +€2). Let H(&) = [Jgn [h(&1,7)[* ]2, We
apply the Minkowski inequality for integrals for the variables n’. It remains to
prove that
2.2
) || [ e el i < cllfllee,
R L2

We make the change of variable & = (1 — pu)'/2, n1 € [p,00), and apply the

Minkowski inequality for integrals for the variable . Since ||Ger|[z1(r) < C, the
bound (14) follows. This completes the proof of (12).
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For the dispersive bound (13), we may assume that
(15) 0=s<t.
Recall that

]f'{Jr(O7 2/7 Y, T, 3) = 6_5/2(”’—5)2 / ei(Z—y)fe—i(T—S)MP6—52‘§|2M+(§177»’ 8) df)

where z = (0, z’). We substitute this into the formula (11) defining the kernel
Ly o, use (15), and integrate the variable 2’ first. The result is

Lio(zy,t,s)=C i@y € il P 2RI P ger
R7—1

(16) / / / piErm —y1€1) gi(rmi—r€—tn?) —e> (2 4€3)
RJR JR
e L (r — )| M2 (E) I M1 () drdnydéy.

Assume that b € R and m € C*(R\ {b}) is a function that satisfies the
Hormander—Michlin bound

(17) sup |m(n)|+ sup |(n—0b) -m'(n)] <1.
neR\{b} nER\{b}

Then we claim that

(18)

/eiéﬁeiaue—eg(ﬂ—b,fm(,u) du SCW_I/Q
R

for any 6 € R\ {0}, a,b’ € R and ¢ € (0,00). To see this, by a linear change of

variable, we can assume that 6 = £1 and @ = 0. Let m(u) = e‘sz(u_b/)Qm(,u)
and B denote the set of numbers b,t’. Clearly m € L'(R) and

()] + dist(p, B) - | ()| < C

for any p € R\ B. By breaking up the integral in (18) into at most 4 integrals
we see that it suffices to prove that

A
/ e m(p) dp| < C
A

uniformly in A, Ae R, provided that 6 = £1 and
Im(p)] +1(p = A) - m ()] < 1.

This follows by a routine integration by parts argument.

By using (18), we see that the & integral in (16) is bounded uniformly by
C|t — s|_(”_1)/2. For the integral in 7,71,&1, we make the change of variables
r =t + p and define

Foy(v) = / 1, (e "W+ gin gy
R
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As the inverse Fourier transform of a Hormander—Michlin multiplier, the function
F./ ; is a Calderén-Zygmund kernel, i.e.,

(19) WO Fer o (v)] < C,

for any integer £k > 0 and v € R, and

(20) |/ F. 4 (v)dv| < C,
V<R

for any R > 0. The second integral in (16) becomes

(21) / ei(zl—yl)&e—itffe—s%?mg(gl) ¢y,
0

where
mo(§1) = 1+(§1)/ e m=EIE, (nf — &8)em= & M2 |2 dipa.
0

We make the change of variable 1 = & (1 + ,u)l/ 2. The formula for mq becomes

> ix1€1 1/2_ _g2g2 _
mo(&1) = C1i(&1) / et =D B (e S0 (14 ) .

-1

We break the multiplier mg into three parts using a partition of unity 1 =

1(p) + a(p) + 3(p), where 11,199,135 : R — [0,1] are smooth functions,
is supported in (—oo, —1/4] and equal to 1 in (—oo, —3/4], 12 is supported in
[—3/4,3/4] and equal to 1 in [—1/4,1/4], and 43 is supported in [1/4, 00) and
equal to 1 in [3/4,00). Then

mo(&1) = e my (&) + mi(&) + m (&),

where

o iz1&1 1/2 _g2g2 _
mg(&1) = C11(&1) / i (e ST TR R, (e U (14 )~ dy,
-1
1x181 1/2_ —g2¢? —
my(&1) = 01+(51)/R¢2(M)6’ Sl D@ F (€ n)e ST (1) = dp,

iz161 1/2 _g2¢2 _
my(&) = C14(&1) /R%(u)e Sl =D E, (e ST (1)~ dp.

Recall that we are looking to prove that the integral in (21) is bounded by
Ct~Y/2. By (18), it suffices to verify that the functions m}, j = 1,2,3, satisfy
the Hérmander—Michlin estimates (17) with b = 0.

For the multiplier m}, we notice that p € [—1,—1/4], thus |m{(&)] < C
by (19) with & = 0. To estimate |[£19¢, m§(&1)], & > 0, we use again (19)
with £k = 0,1, and integrate by parts in g when the &;-derivative acts on the

i iz & (14p)'/?
exponential term e .
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For the multiplier m$, we notice that u € [1/4,00). By (19) with k = 0,
Im3(&1)] < C. To estimate [&9¢,m3(£1)], & > 0, we use again (19) with k = 0,1,
and integrate by parts in p when the &;-derivative acts on the exponential term
eiw1 & ((4p)/2=1)

For the multiplier m32, we notice that u € [—-3/4,3/4]. To estimate |m2 (&),
& > 0, we decompose the integral into two parts, corresponding to |u| <
(1 + |z1&))7 ! and |p| > (1 + |#1&1]) 7. For the first part we use the cancella-
tion property (20); for the second part we integrate by parts and use (19) with
k =0,1. To estimate |&19¢, m3(&1)], & > 0, notice that the function v, F./ ()
satisfies the same Calderén-Zygmund bounds (19) and (20) as the function
F.: 4(v). When the &;-derivative acts on the exponential term eiz1& (14w =1)
we decompose the resulting integral into two parts, and integrate by parts twice
when [ > (1 + [z1&[) 7"

3. Proof of Theorem 2

In this section we prove Theorem 2. Let ¢ : R™ — [0,1], ¢(0) = 1, denote a
smooth function supported in the unit ball {x : |z| < 1}. Let

f0($> t) = il[O,so} (t)¢($)>

where g9 < 1/2 is a small constant (depending on N) to be fixed later. Let
v denote the solution of the initial value problem Huvy = fo, vo(.,0) = 0, and
define vgp = 0 in R x (—00,0]. Then vy € C(R : HY (R")) and

t ) 5
(22) Tl 1) = /0 eI 9IEP B(£) 10,001 (5) ds.

We define the function u by the formula

o0
(23) u(z,t) = Zajvo(ij, 227t — 1),
j=1
for some coefficients a; € C, |o;| < 2777, Clearly, v € C(R : HN(R")) if
B> N+1. Alsou=0in R" x (—00,0]. Let f = Hu, i.e.,
fla,t) = 2Ya;fo(20x, 2%t — 1).
j=1
By the definition of fy, the function f is supported in |J >1 Ej, where E; =
{(z,t) : |z] <279t € [27%, (1 +9)27¥]}.
We will show that we can choose the constants g < 1, 8> 1, and a; € C,
loj| &= 2759 in such a way that
(24) lu(x,t)] > Cay| in Ej.

Assuming this, we would define V' = f/uin (J;, Ej and V = 0 outside ;- Ej.
By (24) we would have |V (z,t)| < C2%F in Ej,, which would show easily that
VelLXL?ifn>2 and V € LPL for any p,q € [1,00] with 2/p +n/q > 2.



204 ALEXANDRU D. IONESCU AND CARLOS E. KENIG

It remains to prove (24) for a suitable choice of the constants ¢¢, 3, and «;.
For j = 1,2,... let uj(z,t) = a;vo(27x,2%t — 1) and notice that Z;:ll u; =0
in Ey. We will choose the parameters in such a way that the main contribution
to the function u in Fj comes from the term wugyi. By (22),

25wt =0 [ [ ey ) e ) ayas,
n O
for any ¢ > 1, where Cy € C\ {0} is a constant. Let
Qj = 0{27’8%,

where C is the constant in (25) and ' is a large constant to be fixed. Then, if
j>k+1and (z,t) € Ey,

. o . 1od 2 25
wia ) =290 [ [ ) @1 )R 0 gy

=27 79C] 27 ey (ay, (2, 1) + b i (2, 1)),

where ay, ;(z,t) € [C5*,Ca] and |by j(z,t)| < Cy if (x,t) € Eg. Tt is important
that the real part ay ; is positive and bounded away from 0; this is due to the
fact that the function ¢ is nonnegative and |27z — y|? < 4(2%t — 1 — 5) when
(x,t) € Eg, s € [0,e0] and |y| < 1. We can now fix 3’ large enough (depending
on C1, Cy, and N) such that 8 =3 —log|Ci| > N + 1 and

o0

(26) 7wy, t) = 277 EHDCReg (@ (@, 1) + ibi (2, 1))
j=k+1

where @y (z,t) € [C31, Cs) and |bg(z,t)| < Cs if (x,t) € Ey. We estimate now
the contribution of uy on Ej. By (22), if t € [0,¢0] then

t t t
6.t = [ e CNPEGds = 1€ ds+ [ (T =15 ds
0 0 0
which shows that
vo(x,t) = ty(x) + 5 B(w, 1),
where |E(z,t)| < C if t € [0,g0]. Then
up(x,t) = 279 FCF[(2%t — 1)p(2F2) + e2E(28 2, 2%%t — 1)].

if (z,t) € Ej. Recall that the function ¢ is nonnegative. By (26) and the fact
that ax(x,t) > C5', we may fix ¢y small enough in such a way that

> uj(@ )| = Cr2 7RO, (1) € By,
j=k

which proves (24).
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