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ALMOST ALL PALINDROMES ARE COMPOSITE

WIiLLIAM D. BANKS, DERRICK N. HART, AND MAYUMI SAKATA

Never odd or even...

ABSTRACT. We study the distribution of palindromic numbers (with respect to a
fixed base g > 2) over certain congruence classes, and we derive a nontrivial upper
bound for the number of prime palindromes n < x as x — o0o. Our results show
that almost all palindromes in a given base are composite.

1. Introduction

Fix once and for all an integer g > 2, and consider the base g representation of
an arbitrary natural number n € N:

L—1

n= Z ap(n)g”.

k=0
Here ag(n) € {0,1,...,9— 1} for each k =0,1,... ,L — 1, and we assume that
the leading digit ar,—1(n) is nonzero. The integer n is said to be a palindrome if
its digits satisfy the symmetry condition:

ax(n) =ar—1-k(n), k=0,1,... ,L—1.

Let P C N denote the set of palindromes (in base g), and for every positive real
number z, let

Px)={n<z|nec P}

In this paper, we study the distribution of palindromes in congruence classes.
Using the Weil bound for mixed Kloosterman sums, we bound exponential sums
over the set Pr, of palindromes with precisely L digits and use this result to show
that the set P(x) becomes uniformly distributed (as z — o) over the congruence
classes modulo p, where p > g is any prime number for which the multiplicative
order ord,(g) of g in the group (Z/pZ)* is at least 3p'/2; see Corollary 4.4 for a
precise statement. We remark that, thanks to the work of Pappalardi [4], almost
all primes p satisfy the stronger condition ord,(g) > p*/? exp((log p)¢) where ¢

is any constant less than (1 —log2)/2; see also [2, 3].
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Using a variation of these techniques, we also show that the set P(z) becomes
uniformly distributed (as x — o0) over the congruence classes modulo ¢, where
q > 2 is any integer coprime to g(g? — 1); see Corollary 4.5. This latter result,
though weaker than that obtained for primes p satisfying the condition ord,(g) >
3p!'/2, allows us to deduce the main result of this paper: almost all palindromes
in a given base are composite. More precisely, in Theorem 5.1, we show that

log log 1
#{n € P(z)|n is prime} = O <#73(ac) %) , T — 00,

where the implied constant depends only on the base g. This result appears to
be the first of its kind in the literature.

2. Preliminary Estimates

For any integer ¢ > 2, let e,(z) denote the exponential function exp(2miz/q),
which is defined for all x € R. For any integer c¢ that is relatively prime to g,
let ¢ denote an arbitrary multiplicative inverse for ¢ modulo ¢; that is, cc = 1
(mod ¢). Finally, let d(q) be the number of positive integral divisors of ¢, and
let ord,(g) be the smallest integer ¢ > 1 such that ¢ =1 (mod q).

Lemma 2.1. For any prime p with ged(p,g) =1 and all a,b € Z, we have

ordy (g)

> eplagh +b7%)| < 2p'/? ged(a, b,p)' /2.
k=1

Proof. Consider the mixed Kloosterman sum

p—1

K, (a,b;p) = Z x(c) ep(ac + be),

c=1
where x is a Dirichlet character modulo p. From the work of Weil [6], it follows
that the bound
| K\ (a,b;p)| < 2p'/? ged(a, b, p)*/?

holds for all such sums. Averaging over all Dirichlet characters y modulo p for
which x(g) = 1, it follows that

ordy,(g)
d
ordy(9) ZKx(a’ b;p) = Z ep(ac+ be) = Z ep(agh +bg").
So(p) X 1<c<p—1 k=1

c=g® (mod p), Ik

The result follows. O
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Lemma 2.2. The following bound holds for all g > 2, k > 2 and h € Z provided

that q [ h:
k—1

> eqlha)

4ged(h, q)z)
a=0

<k exp (— =

Proof. Let us write
k—1

Z eq(ha)
a=0
If d = ged(h, q), then s(q,k,h) = s(¢/d,k,h/d), hence it suffices to prove the
assertion for the special case where ged(h,q) = 1, which we now assume.

s(q,k,h) =

Without loss of generality, we may also suppose that k < ¢. Indeed, if £ > ¢+1,
then we can express k = mq + r with 0 < r < ¢ — 1 and simply observe that

s(g.k,h) = s(q,r,h) <1 <q—1<(q+1)exp(—4/q*) < k exp(—4/q?).

If ged(h,q) =1 and 2 < k < ¢, we have
k—1 k—1

2mh(a —b)
s(q, k,h)? = abzo eq(hla—0b)) = k+ abzo cos <?>
a#b
< k4 k(k—1)cos(2m/q);
therefore,
s(q,k,h)? 1 1 1
— < = 1—- - 2 <-(1 2 .
2 =z + k cos(2m/q) < 2( + cos(27/q))
Using the fact that 14-cosz < 2exp(—z?/4) for 0 < z < 7, we obtain the desired
result. O

3. Exponential Sums over Palindromes

For every L > 1, let Py, denote the set of palindromes (in base ¢g) with precisely
L digits; that is,

Pr={neP|lg-™' <n<g"}
Lemma 3.1. Let p > g be a prime number such that ord,(g) > 2p'/2. Then for
every ¢ € Z with ged(c,p) = 1, the exponential sum

Su(e)= 3 eplen)

nePr
satisfies the bound

‘SL(C)’ < #PL . @(L—Qordp(g)—l)/47
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where 1o
1 2(¢g—-1
@ = — + u

<1.
g gord,(g)

Proof. Since

g—1 g—1
Sor(c) = Z Z Z ep (ank gF 4 2L—1- k))
ao=1a1=0 ar—1=0
91 L—1 g—1
= Z €p (C(Zo (1+g2L 1 H Z ep cay, g _I_g2L—1—k))
ao=1 k=1 ar=0
and
g—1 g—1 g—1 I_1
Sart1(c Z Z Z ep (caLgL + ank (gk +92L—k)>
ap=1a;=0 ar,=0 k—0
g-! g-1 L—1 g—1
= €p (cao(1+g2L)) Z ep( caLg H Z ep cay g +g2L—k>)7
0=l ar=0 k=1 ar=0
it follows that
L—-1|g—1
st = 00 T[S e 4.7
k=1 |a=0

forall L>1and 6 =0 or 1.

Put N = ord,(g), and write L — 1 = Nm + ¢, where m = [(L —1)/N| and
0 < ¢ < N. Then, using the arithmetic-geometric mean inequality, we derive

that
Nm |g—1 2
Soris(@) < (g 1262 TT1S ey (ca(g" +g2=+510))
k=1 |a=0
— 2\ Nm
< — 1)2426+26 LNm « k 2L+6—1—k
< (9-17g Nmz Zep(ca(g +g )
k=1 |a=0
T Nm
— (g _ 1)2g2€+2(5 <_> ,
Nm
where
Nm g—1
T = Z Z e (cla—b) (g" + g?LH3-1F))
k=1 a,b=0
9—
= gNm+m Z Zep (a—1b) (g +g2L+6717k)).
a,b=0 k=1

a#b
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Since p > g, it follows that ged(a — b, p) = 1 whenever a # b. Using Lemma 2.1,
we therefore obtain that

‘T| < gNm+ (g —1)gm - 2p*/2.

Consequently,
Nm
2 gNm +2(g — 1)gmp'/?
S. < _1)2426+26
| 2L+5(C)} < (g—-1)% o
Nm
_ (g —1)2PNmre2s N +2(g—1)p/?
gN
= (g — 1)292L+2(5—2@L—Z—1.
Since #Par 45 = (g — 1)gE9~1, the result follows. 0

Lemma 3.2. Let ¢ > 2 be an integer such that gcd (q,g(g2 — 1)) = 1. Then for
every ¢ € Z such that q | ¢, the exponential sum

Sp(e) = Y eqlen)
nePr
satisfies the bound

501 7, o (LB

q2

Proof. As in the proof of Lemma 3.1, we have

L—-1]g—1
st = o0 [ ot )|
k=1 [a=0
forall L >1and 6 =0 or 1. Let
B = {1<k<L-1|qdivides c(g¥ + g>=H0-1-%)},
G = {1<k<L-—1|qdoes not divide c(g~ 4 g?L+o-1=k)},

Using Lemma 2.2 to estimate individual terms in the preceding product when
k € G, and using the trivial estimate when k € B, we obtain that

#oL# dged(e, q)? #G
|S2r45(c)] < (9- 1)gt" B exp <—%
dged(c, q)? *@G
q* '
Now let f = ¢/ gcd(e,q). Since g does not divide ¢, we have f > 2, and the

stated condition on ¢ implies that ords(g?) > 2. Thus, if k¥ and £ both lie in B,
then

(¢*)fF=—g*"T 1 =(g*)" (mod f), k=¢ (mod ords(g?)).

= #P2L+6.exp <_
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We therefore see that

B < 1+ |(L-2)/2]=[L/2],
#G > L—1—|L/2]>L/2—1>(2L+6—-5)/4,

and the result follows. O
4. Distribution of Palindromes

Proposition 4.1. Let p > g be a prime number such that ord,(g) > 3p'/2.
Then for every L > 10p — 5, the following estimate holds for all a € Z:

#
‘#{nepﬂnza (mod p)} — PL PL (0.99)%.
p p
Proof. Using the relation
151 1 ifm=0 (mod p),
P Z ep(em) = { 0 otherwise,

c=0
it follows that

#{nePrn=a (modp)} = Z Zep c(n —a)

TLE'PL c=0

- %Ze;x—ca) 5 eplen)

nePr,

a 1%
— PL—i— Zep —ca)Sg(c

where S7,(c) is the exponential sum considered in Lemma 3.1. Therefore

#P 15
#nePrln=a (mod p) S —Z|SL(C)
p pc:l
#Pp p—1
< @(L—201fdp(g)—1)/47
where
1 2(g—1)pY/? —1 1
oL 2-Up'” 1 29-1) 29+ <5
g gordy(g) g 3g 3g 6

since g > 2. Also,
(L—2o0rdy(g)—1)/4>(L—-2p+1)/4 > L/5, L > 10p — 5.
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Consequently,
#Py

4 L/5
< i1 (p—1) (§> )
D P 6

Finally, remarking that the condition ord,(g) > 3p'/? implies that p > 11, we
have

#nePrn=a (modp)}—

5 L/5
(p—1) (6) < (0,99,  L>10p—5.

This completes the proof. O

Proposition 4.2. Let q > 2 be an integer such that ged (¢, g(g*—1)) = 1. Then
for every L > 10 + 2¢%log q, the following estimate holds for all a € Z:

#PL| _ *PL ( L )
- < exp| —== |-
q

‘#{nepﬂnza (mod q)

Proof. Using the relation

142 1 ifm=0 (mod q),
gZeq(cm) = { 0 ( 9)
c=0

otherwise,
it follows that

#{nePrin=a (modq)} = Z Zeq c(n —a)

nE’PL c=0

= ézeq(—ca) Z eq(cn)

nePr
#PL 1<
= - —ca)Sg(c
Pt

where S, (c) is the exponential sum considered in Lemma 3.2. If 1 <¢ <g—1,
then ¢ f ¢, hence by Lemma 3.2 we derive the estimate:

#P (L —5) ged(c, q)2>
2

#PL L-5\ _#Pg L
exp | logg — — < exp | =53 |,
q q q 2q

the last inequality following from the stated condition on L. The result follows
immediately. O

IN

’SL(CM L exp (]ogq_

IN

Theorem 4.3. Let q > 2 be a fixed integer, and suppose that there exist con-
stants A > 1 and \/2/3 < & < 1, depending only on q, such that

# _ PP 4 L
{nePrin=a (modq)}—T‘g Pr- A
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forall L > 1 and a € Z. Then for some constant B > 1 that depends only on g,
the following estimate holds for all x > 1 and a € Z:

#P(z)

#{nePx)|n=a (modq)}— .

<#P(z)- AB ¢llog @)/ (2log g)

Proof. We remark that the condition & > 1/2/3 guarantees that g¢2 is bounded
below by an absolute constant greater than 1; since g > 2, we have

-1 -1
92 Szg < 3.
9§ —-17" 591

Forall L>1, x>y >0, and a € Z, let us denote

P, = {neP|ln=a (modq)},
Por = {neP.|gt ™t <n<g"},
Po(z) = {ne€P,|ln <z},
Po(y;z) = {neP,|ly<n<zx}

We also denote
Ply;xz) ={nePly<n<uz}

In what follows, the implied constants in the symbol “O” may depend on g
but are absolute otherwise. We recall that the notation U = O(V') for positive
functions U and V is equivalent to U < ¢V for some constant c.

Let a € Z be fixed in what follows, and suppose that ¢?M+9-1 < g < ¢2M+9
where M is an integer and § = 0 or 1. We observe that

(1) #P(x) = #P(PMHOT) + FP (PPN ),
and that
FPa(a) = FPa(g?MH071) + F P (g2 40 Y ).
Our goal is to estimate
#P()
q

@) ]#m@c) -

#P(92M+6—1)

#P(g*M )

S ’#PG(QZM+5_1)— p

+ ‘#Pa(92M+6_1;$) -
q

Since the integer g> =1 is not a palindrome (a fact that is only used to simplify

our notation), we have by a straightforward calculation:

(3) #p(g2M+6—1) — gM _|_gM+6—1 _9
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On the other hand,

2M+5—1 M—1 M+o—1
P, (g = Z #Par = Z #Paes1 + Z #Pa.2e
L=1 (=0 (=1
M1 4P # M+6—1 #p #P,
20+1 20+1 20 20
= Z <#77a,2e+1 - 4 + > + Z (#Pa,% - + —>
£=0 q q /=1 q q
#P 92M+§ 1 #77% ) M+5—-1 #ng
= ( +Z< Pa2e+1 — q+>+ Z <#73a,ze— . )
(=1

Using the hypothesis of the theorem, it therefore follows that
M—1 M465—1

#P(gHM ol # 20+1 # 20
—| < z Povy1 - AE + Z Por - AE.
=0 =1

'#Pa(92M+5—1) _

q
Since
M—1 M+6—1
Z #772£+1 52“1 + Z # Py fze
£=0 =1
M—1 M46—1
Z 1)g £2€+1_|_ Z gzz
£=0
g —
~ (g £2M+1+9M+6 1§2M—|—25) (gM£2M)’
95
we see that
#7) 92M+5—1
() #pueet) - P o (ageny.

We now turn to the more delicate estimation of #P,(g?M+°=1. ). To this end,
put M = K + L, where K and L are positive integers to be selected later.
Examining the base g representation of an arbitrary palindrome n in Papsys, we
see that n may be expressed either in the form

n =g+ gf g + gH o,
or the form
n=ny + g ng,
where
(5) 1<n; <g”, gf 1t <ng < g%, ni + g"%ns € Par,

and, in the former case, no € Par 452, for some 0 < p < L+ —1. The integers
ni, Na,ng, i are uniquely determined by n. We call nz the K-signature of n and
write sx(n) = ns. The integer n; is uniquely determined by ng together with
the first and third conditions of (5); we call ny the K-complement of ng and
write cx (n3) = ny.
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Note that the number of palindromes n € Poprys with a fixed K-signature
sk (n) = ng is precisely

L4+6—1 L4+6—1
(6) 1+ Z #P2L+6—2,u =1+ Z (g — 1)glto—r=1 = gL+d,
n=0 =0

Now, given z in the range ¢?M+9=1 < 2 < ¢>M+9 et y be the palindrome in
732]\/[4_5 defined by

y=y1 + g% (g*T0 — 1) 4 gF T2y,
where
Lx/gK+2L+5J + 1 lf g2M+571 g T < g2M+571/2’

Ys =
L$/9K+2L+5J -1 if 92M+5—1/2 <z< g2M+6,

and y; = ck (y3). If = lies in the smaller range, then z < y, while y < x if x lies
in the larger range. In either case, we have
(7) [#P(g*M 0 ) = FP (M) = O(g")

and
#Pu(g®M 071 z) — P, (M y)| = O(g1),

since there are at most O(1) distinct K-signatures for palindromes between x
and y. Consequently,

PP )
q

= ‘#Pa(gw”‘l;y) -

(8) |FPalg®M 0 ha) —

P y)
q

+0(gh).

Now, if n € P(g*M+9=1:4), then its K-signature lies in the range
9" < sk(n) <ys.

Thus,

(9) #P(92M+671;y) — (y3 _ gKfl + 1)gL+5'

On the other hand, if n € P, (g?M+9-1;4) with sx(n) = ns, then either

n=ny + " Hin, + gK+2E+0,, =

a (mod q)
or

K+2L+6n3

n=mn;+g =a (mod q),

depending on the form of n. In the latter case, there is at most one such palin-
drome n (for each fixed K-signature ng), while in the former case, since

K+2L+6n3) (

Ny = g_K_“(a —cx(ng) —g mod q),
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the number of such palindromes n is #Pb72L+5_2u foreach 0 <y < L+406—1,
where
b=blns, pu) =g K "(a—cx(ng) — gET2E+n,).
Hence, using (6), we derive that
Y3 L+6—1

P (g y) = Z Z #Prorys—2u + O(g")

na=gK—-1 p=0

S <E+L§14#P2L+é—zu)

nzy=gK-1 q n=0 q
Y3 L+4+46—1

#Poryo—
+ Z Z <#Pb,2L+6—2p - MTHQ“) +0(g")

nS:gK—l p,:()

L+6—1
#p(g2M+6 1. Y3 +

; #P
= y) + Z Z <#Pb 2L+6—2u — Lo 2“) + 0(g™).

q o q

Using the hypothesis of the theorem, it therefore follows that
PP y)

‘#Pa(gw”‘l; y) —

q

Y3 L+6—1

< Z Z #732L+6—2p CAELAI2 L (oK)
ng=gK -1 p=0
Y3 L+6—1

Z Z (g _ 1)gL+67u71 . A§2L+5*2M + O(gK)

na=gK-1 p=0

_ -1
< Alys — g5 1+ 1) (922—_19L+5£2L+6+2) +0(g%),

and consequently,

2M+6—1.
#p, (M +0-1 #P (g M+ ,y)‘

p =0 (AgM ") + 0(g"™).

jy) —

Using this estimate together with (2), (4) and (8), it follows that

#P(z)

#P,(7) — =0 (AgM & + g + g") .

We now choose integers K = M/2 + O(1) and L = M/2 + O(1) such that
K + L= M. Since g2 > 1 and A > 1, we have

max{g",g"} = 0(g"%) = O (Ag"/2(ge?)"/?) = O (Ag™eM),

therefore
#P(x)

‘#Pa@:) -

=0 (AngM).
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To complete the proof, we need only observe that
M—0 <§<1ogw)/(2 1ogg>)

for 2 in the range ¢?M 9! < 2 < ¢?M+9 and using (1), (3), (7) and (9) together
with our choice of y3, it follows that

€T
#P(x) = g™ + P +0(gM/?);

thus g™ = O (¥P(z)). O

Using Theorem 4.3, we can now derive two immediate corollaries.

Corollary 4.4. Let p > g be a prime number such that ord,(g) > 3p'/2. Then
for some constant C' > 0, depending only on g, the following estimate holds for
allz>1 and a € Z:

#P(=)
p

}#{n €P(z)|[n=a (mod p)} — < #P(x) -C (0.99)21(1)5%71017.

Proof. Using the trivial estimate

#
’#{n €Prln=a (modp)}— —;)L <#PL

for 1 < L < 10p — 6, it follows from Proposition 4.1 that the estimate

#
'#{n €Prln=a (mod p)} — PrL < #p, . (0_99)L710p+6
p
holds for all L > 1 and a € Z. The result now follows immediately from Theo-
rem 4.3. s

Corollary 4.5. Let ¢ > 2 be an integer such that ged (q,g(g2 - 1)) = 1. Then
for some constant C' > 0, depending only on g, the following estimate holds for
allz>1and a € Z:

#P(a)

‘#{n €eP(z)|n=a (modq)}—

log x
<77 Coer (<3 )

Proof. Using the trivial estimate
#PL
q
for 1 < L < 10 + 2¢®log q, it follows from Proposition 4.2 that the estimate
(L — 10 — 2¢®log q)
2¢ >
holds for all L > 1 and a € Z. The result now follows immediately from Theo-
rem 4.3. UJ

'#{nGPL\nEa (mod ¢)} — <#Pp

#
#nePrn=a (modq)}— Z;L

<#Pp exp <—
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5. Prime Palindromes

We now come to the main result of this paper.

Theorem 5.1. As x — oo, we have
loglogl
#{n € P(z)|n is prime} = O <#P(x) %) ,

where the implied constant depends only on g.

Proof. As in the proof of Theorem 4.3, all implied constants in the symbol “O”
may depend on g but are absolute otherwise.

Assuming that z is sufficiently large, let

h = |elogloglog x| y = e (logz)/*" = exp _loglogz e
’ 4elog loglog x ’
Let
Q=Qy = ]I »
g*<p<y
where the product runs over prime numbers. Note that gcd (Q, g(g® — 1)) =1
By Mertens’ formula (see Theorem 11 in §1.1.6 of [5]), we have the estimate

(10) £(Q) _ I1 <1 - %) =0 ((logy) ™) =0 <W> :

Q Pn<y log log x
where p(n) is the Euler function.

Now, if n € P(x) is prime, either ged(n,Q) = 1 or n is a prime divisor of Q.
We apply Brun’s combinatorial sieve in the form given by Corollary 1.1 in §1.4.2
of [5]:

#{n € P(z)|n is prime} <y + Z u(q)Aq,

q|Q
w(q)<2h

where pi(q) is the Mobius function, w(q) is the number of distinct prime divisors
of ¢, and

A, =F{neP@)|n=0 (modq)}.
By Corollary 4.5, we see that

#P(x logx
A, = q( ) +0 (#73(:6) g exp <_74q2 lgogg>> .

If ¢| Q and w(q) < 2h, then

(log )/
q < y2h =2
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and since the number of such divisors ¢ is bounded by 52", we have

Z log = < log eth
exp | — exp | —
4exp 4¢%2logg ) — et P\7g log g

qlQ
eth 1
=exp | loglogxz — 4h — =0 ,
4logg log

w(q)<2h
since h = |elogloglogz|. Therefore,

#{n € P(z)|n is prime}

1 #P(z)
< # 'u # -
y+7P(x E —I—O P(z) g q+0<logac>
q|Q q|Q
w(q)>2h

Since y = z°) and z'/2 = O (#P(x)), the first term in this estimate is negligi-
ble. Also, using (10) we have
1 log log 1
Zu _#p@) ] (1__> :O<#p(x)w>_
q]Q g3 <p<y p 0808w

Finally, we have

w(q) 2h

Z Z e_QhH(1+e/p)§exp —2h+621/p

q|Q q|Q p<y p<y
w(a)>2h w(Q)

Observing that

Z L (loglogy)(1+ 0(1)) = (logloglogx)(1 + o(1)),

by our choice of h it follows that

#P(x 1#:Ijex ogloglogz)(—e+ o :m
P 3 G S *PEe (oglogloge)—e +o(1) 0 (forits )

w(q)>2h

This completes the proof. O

6. Remarks and Open Problems

Using estimates from [1], it is possible to establish a version of Lemma 3.1
under the weaker assumption that ord,(g) > logp; this yields analogues of
Proposition 4.1 and Corollary 4.4, however the uniform constant 0.99 in those
results must be replaced by a term like exp(—(loglogp)~¢) for some constant
c>0.
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It seems natural to conjecture that the set of palindromes should behave as
“random” integers, thus one might expect that the asymptotic relation

# P(x)
1 1 ~ -~ 7
{n € P(z)|n is prime} ~ C ]

holds for some constant C' > 0. While this question seems out of reach at the
moment, it should be feasible to derive the upper bound

#{n € P(z)|n is prime} = O (’Z’g(?)

using more sophisticated sieving techniques coupled with better estimates for
the distribution of palindromes in congruence classes. It is still an open problem
to show the existence of infinitely many prime palindromes for any fixed base
g =2
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