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PROOF AND INTERPRETATION OF A STRING DUALITY

JIAN ZHOU

ABSTRACT. We announce the proof of a conjecture of Igbal on the relationship
between multiple covering formula in Gromov-Witten theory with Wess-Zumino-
Witten theory. We interpret it in terms of localizations on moduli spaces of stable
maps to the projective line, using the recently proved Marino-Vafa formula for
Hodge integrals.

1. Introduction

1.1. The string duality. Duality in physics literature means the equivalence
of different quantum field theories. For example, mirror symmetry is a duality in
string theory which through intensive researches in the past two decades is more
or less mathematically well understood; the physical Seiberg-Witten theory is
concerned with the equivalence of the Donaldson theory and the mathemati-
cal Seiberg-Witten theory. In recent years, many more dualities have arisen in
string theory. See e.g. [32] for an exposition. Most of the string dualities re-
main very mysterious, lacking mathematical understandings. We now announce
an approach to mathematically understand an important special case by some
techniques well-known in both mathematics and string theory. More precisely,
we will prove a conjecture by Igbal [11] on a relationship between the Wess-
Zumino-Witten (WZW) theory and the multiple covering formula in enumera-
tive geometry of Calabi-Yau threefolds. We also give an interpretation in terms
of localization on moduli spaces of stable maps to P!, using the recently proved
Marino-Vafa formula for Hodge integrals [24, 25]. The details of the proof and
its generalization to the proof of Igbal’s conjecture in general local Calabi-Yau
toric geometry will appear in [42].

1.2. Multiple covering formula. Denote by ﬂg,o(nﬂ, d) the moduli space of
stable maps to P! of degree d. Let O(—1)9 be the bundle on Mg o(P*, d) whose
fiber at a map f : C — P! representing a point in the moduli space is given by

HY(C, frO(-1)).
Define
Kg:/ e(O(=1)% & O(-1)3),
[My,0(PL,d)]vir
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and its generating series:
Finst(\) = > ) KN,
d>0g>0

The multiple covering formula is the following identity proved in [7]:

1 t
(1) Finst()‘) :ZEW
d>0
Equivalently,
0 =0
chl _ F1d’ L g = ].a
o 922

The g = 0 case was established in [2, 27, 35, 20], the g = 1 case in [3, 10]. In
physics O(—1) @ O(—1) — P! is regarded as an open Calabi-Yau three-fold, and
F,.s¢ 18 the instanton piece of the free energy of the A-model closed string theory
on it.

1.3. Physical backgrounds. Relationship of the multiple covering formula
with the WZW theory is derived in physics literature by the following ideas:
geometric transition, Chern-Simons theory as string theory, 't Hooft large NV
expansion, relationship between Chern-Simons theory and WZW theory.

1.3.1. Conifold transition. There are two procedures to remove a rational dou-
ble point in a Calabi-Yau three-fold. Under suitable deformations the singular
point gets replaced by a copy of S? which locally is the same as the zero section
in 7%S3. One can also replace the singular point by a copy of P! with normal
bundle O(—1) @ O(—1). There are two different ways of doing this, and the
resulting spaces are related by a flop. Locally, one performs surgery on the P!
lying at the zero section of O(—1) @ O(—1) by replacing it with a copy of S3,
then the resulting space can be identified with 7%S3 (cf e.g. [9]). This process
is called the conifold transition in the physics literature.

1.3.2. Relationship with Chern-Simons theory. In [37] Witten proposed a re-
lationship between the open string theory of T*M of a three-manifold M and
the Chern-Simons theory on M for SU(N), by large N ’t Hooft expansion.
Gopakumar and Vafa [8] conjectured that under the conifold transition, the
large N Chern-Simons theory on S? is dual to the A-model closed string theory
on O(—1) @ (—1) — PL. See also [9]. This conjecture was further tested in [29].
In connection with Witten’s work [36] on relationship between Chern-Simons
theory and link invariants, this duality leads to the idea that both open and
string invariants are related to link invariants. This has been checked for many
cases [16, 31, 17, 28, 33]. Closed string invariants for more complicated geome-
tries, such as local toric del Pezzo surfaces, have been calculated also from the
Chern-Simons theory using geometric transition [5, 6, 1].
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1.3.3. WZW theory. Another important idea in the seminal paper [36] is the
relationship between Chern-Simons theory and WZW theory. In mathematics
WZW theory is the representation theory of affine Kac-Moody algebras. See
e.g. [15]. For a fixed integer k, there are only finitely many integrable highest
weight representations of level k of an affine Kac-Moody algebra up to equiva-
lences. Denote their characters by xo(7), ..., Xn(7). Then there are holomorphic
functions S;;(7), such that

Xz'(—l) = Sii(m)x;(7)-

T -
J

From this one can construction a representation of a double covering of SL(2,Z)
(cf. [34)).

1.4. Igbal’s conjecture. In [11] Igbal proposed a method to compute closed
string invariants in local toric Fano geometries by WZW theory by interpreting
the associated 5-brane web as a Feynman diagram.

1.4.1. General remarks on Feynman rules. In a quantum field theory one is
concerned with a certain Feynman integral which gives the correlation function
Z of the theory. The Feynman integral usually depends on a parameter A called
the coupling constant. When A is small, one is in the regime of weak coupling,
where perturbative method is applicable. More precisely, one can expand Z(\)
as a power series
ZON\) = Z\972,
920

the coefficients of which received contributions from terms indexed by some
graphs, called the Feynman diagrams. Here g is the genus of the Feynman
diagram. The Feynman rule determines the contribution of a Feynman diagram
to the Feynman integral as follows: It is a product of factors indexed by the
edges and the vertices, divided by the order of the automorphism group of the
graph. The factor for an edge is called a propagator, and the factor for a vertex is
called an interaction vertex. One of the most important problems in a quantum
field theory is the determination of the Feynman diagrams and the Feynman
rule.

1.4.2. The conjecture. Recall the 5-brane web is a graph that encodes the rel-
evant toric geometry [18]. Motivated by a lattice model interpretation of the
calculations in [1], Igbal [11] defines the propagators and vertices in terms of
WZW theory. He makes many conjectures for the partition functions of various
local toric geometries. To state his conjecture for O(—1)©O(—1) — P!, we need
some notations. For a partition n = (9 > --- > n; > 0), define

!
K = [0+ > mi(mi — 24),
=1
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and
k)4 [ —nj +35 — 1
Wi =4 1<z‘1:[j<l [7—1] Zl_Ilvl_Il v—z+l
where
[z] = g> —q 2 = eV—IN2 _ —V=1N/2
Here
q= eV,

The series W, arise in WZW theory as the leading term of certain coefficients
of the S matrix. See [1, 11] for details.

For example,

1
Wa (¢'/2 — q—1/2)2’
1
qE
Wig) = (q—171)2(qg'/2 — ¢—1/2)2"

q_i
Way = (q— 1-1)2(q1/2 — ¢ 1/2)2°

In general, by results from an earlier work [40],

qmn/4

Wy = Hwen(qh(az)/2 — g h(@)/2)

where x denotes a square in the Young diagram of 7, and h(z) denotes its hook
length.

Conjecture 1. [11] The instanton piece of the partition function of O(—1) @
O(—1) — P! is given by:

—Finor =log(1+ Y 1)
(2) =
Lo 1.3

where

= > W

[n|=n

Using the explicit expressions for W, Igbal has verified his conjecture in some
low degrees.
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1.5. Our results. We announce the following result. The details will appear
in [42]:

Theorem 1.1. Iqbal’s conjecture is true. Furthermore, we have

Finst =log(1+ > (=1)"J,)
3) n=1
1, 1,
:—J1+{J2—§J1}—{J3—J2J1+§J1}+"' ,

where
Tn= Y WyWy.
Inl=n
Here ' denotes the partition whose Young diagram is the conjugate of that of n.

1.5.1. Interpretation by localization. Even though our proof of (2) and (3) can
be presented in terms of only standard techniques from algebraic combinatorics
of symmetric functions (cf. §6), we arrive at it by localization on M, (P!, d) as
in the proof of (1) by Faber and Pandharipande [7]. We use the following key
ideas:

(1) the graphs arising in the localization calculations can be interpreted as
Feynman diagrams,

(2) localizations give rise to Feynman rules which involves Hodge integrals
exactly as in the Marino-Vafa formula (cf. §7.1);

(3) one can use bosonic Fock space and Wick theorem to produce the local-
ization graphs (cf. Theorem 5.1).

The first two ideas first appear in [41]. The third is standard in string theory.
The bosonic Fock space can be realized as the space of symmetric function.

The key ingredients of our proof will be explained in the following sections.
The details will appear in a separate paper [42].

2. Combinatorial Preliminaries

We use Macdonald’s book [26] as our reference. Most of the result in this
section are proved in [40] for the purpose of getting initial values for the cut-
and-join equations for Hodge integrals in the Marifio-Vafa formula.

2.1. Partitions. A partition of a positive integer d is a sequence of integers
ny > ng > --- >n; > 0such that ny +--- +n; = d. We write

|7]| =d, 5(77) =, ﬁ(ﬁ) = (nb e 7nl)'

Denote by m;(n) the number of j’s among ni,...,n;. Each partition n of d
corresponds to a conjugacy class C, of Sg. Denote by C3) the conjugacy class
of transpositions. The number of elements in C;, is

d!

Cyl=—
Gl =7
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where

Zy = Hmj(n)'ymj(n)
J

Denote by (—1)9 the sign of an element in Sg. It is easy to see that
(1) = (_1)|77|—l(77)7

for g € C,,.

Another way of representing a partition is by the Young diagrams: The Young
diagram of 1 has m;(n) rows of boxes of length j. The partition corresponding
to the transpose of the Young diagram of n will be denoted by n’. The number
of squares in the i-th row of 1’ will be written as n}. For a partition 7, define

) =320 v =3 (*5).

For any square e € 7, denote by h(e) its hook length. Then one has (cf. [26]):

(4) > hle) =n(n) +n(n') + Inl.

ecn

2.2. Representations of symmetric groups. Each partition A corresponds
to an irreducible representation Ry of Sy. For example, R4 corresponds to the
trivial representation, R(ja) corresponds to the sign representation. The value
of the character y g, on the conjugacy class C,, is denoted by x(7n). Set

Cy = g g.
gely,

Since ¢, lies in the center of the group algebra CSy, it acts as an scalar f,(n) on
any irreducible representation 12,. Now

dim Rp - fo(n) = tr|r,cn = D tr]r,g9=|Cylx,(n),
geCy

hence

_ Xo(m) — d x,(n)
fp(m_’C"'dimR,, ~ dimR, 2z

See [40] for the following properties of these numbers:

Proposition 2.1. Each f,(n) is an integer. Furthermore,

(5) fo(2) = %’%7
(6) for(n) = (1)1 £, (),

7) 53 hie) —nlp) = () + o).

ecp
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2.3. A technical result. Denote by A the space of symmetric functions. Let
p; be the i-th Newton function. I.e.,

Pi(r, e Ty ) =

where x1,...,,,... are formal variables. For a partition n = (m, > --- > n >
0), define

Pn=DPn " Pnp-

Then {p,} form a basis of A. The following result proved in [40] for other
purposes plays an essential role in our proof of (2) and (3).

Theorem 2.1. we have the following identity:

OV xm) ) Vo Ip
S DD DY s Ve EI TV ) R DL viry

Let us briefly recall the proof. Denote by s, the Schur function associated to
a partition p. Recall the following facts about Schur functions [26]:

Q (o) = 3 20, (),
! g™

Mo, (- )
(1) >0 S syle)s ) =

n>0 lp|=n Z,](]‘ _t‘rly])

(10) sp(l,q,q2,...) =

Combining these three identities, one gets:

n(p)

n q Xp(n) 1

12 ¢ - =1y
(12) DD Lo, (=) 2, """ 0t )

n>0  |p|=n

When g = e V=1* and t = /—1¢'/2, the left-hand side of (12) can be identified
with
1 =
[Tee, 2v=Tsin(h(e)A/2) z, "

n>0 |p|=n

On the other hand, take logarithm of the right-hand side of (12), one gets:

log

1 _ Z \/—1pd
IL;,;(1—twiq?~t) £ 2dsin(dA/2)’

3. Heisenberg Algebra and Free Boson System

We recall in this section some standard results from bosonic string theory.
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3.1. Heisenberg algebra and bosonic Fock space. The space A admits an
action of the Heisneberg algebra as follows. Define operators {3, }nez on A by:

p-nf, n<O0,
Bu(f) =10, n =0,

nap% f, n>0.
For a partition n of length [ define:

577:5771"'57;” 5—71:5—771"'5—771-
Then we have:
[IBmy ﬁn] = m(sm,—n7
fnl =0, n=> 0,
Pn = 6—171'

In other words, A is the bosonic Fock space in which 1 is the vacuum vector |0).
Define a Hermitian metric on A such that

<p,ua pu) = Z,u(s,uu-

Then in this metric, one has:
ﬂ; = /8771)

for n € Z.
3.2. Vacuum expectation values and Wick theorem. Following physi-
cists’ notations, we will write the inner product of A|0) with |0) as

(0[A4]0),

where A is a linear operator on A. It is called the vacuum expectation value
(vev) of A, and will simply be denoted as

(A4).

We will be interested in the vev of operators of the form (3,8_, which is given
by the Wick Theorem:

(13) <5uﬂ—u> = 5u,uzu-

As a consequence one has:

(14) <exp(z %ﬁn) exp(z a_;:t” ﬁ—n)> = exp Z LZ_" 2n

n>1 n>1 n>1
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4. Chemistry of Two-Colored Labelled Graphs

4.1. Two-colored labelled graphs. For a graph I', denote by E(I") the set
of edges of T', V(I') the set of vertices of I'. The genus of the graph is given by:

(15) g(l) =1 = [V(I)] + [E(T)].

Recall the valence val(v) of a vertex v is the number of edges incident at v. Since
every edge has two vertices, one has the following identity:

(16) > val(v) = 2| E(D)].

veV (')

We refer to a labelled graph with the following property as a two-colored
labelled graph. Each vertex v is labelled by i(v) = +; each edge e is assigned a
degree d. € N, and its two vertices are marked by + and — respectively. The
degree of the graph is defined by:

(17) dT) = > d..
ecE(T)

Denote by G4({%},d) the set of not necessarily connected two-colored labelled
graphs of genus g and degree d. The set of connected ones will be denoted by
Gy({£}.d)°.

The two-colored labelled graphs will be regarded as Feynman diagrams. The
following are some low degree examples of connected two-colored labelled graphs
(up to degree 3):

2 1 1~ 1 1~ 1
OanS) @?@ O—H—0 GO0
@i@ C 1 C 2 C C 1 C 2 C
1 1 1 1
GO G oo aeto @axEo
2 1 1 1

OLe+0

Such graphs appear in the localization on
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4.2. Chemistry of two-colored labelled graphs. For the discussions below,
we introduce some terminologies. We will refer to a vertex together with all the
edges incident at it as an atom. If i(v) = £, then we will say the vertex is a
+-atom. The edges will be referred to as the chemical bonds. The degree of a
bond is the degree of the edge. An +-atom of type (dy,...,d,) is a vertex v such
that i(v) = £, and edges incident at it have degrees dy,...,d,. For a partition
i, denote by ny,,(I') the number of +-atoms of type p in I'. The following result
is proved in [42]:

Lemma 4.1. For any I' € G4({£},d), we have:

(18) Hﬂ"u(r) HIB”—M(F)
(19) = Zm D)l = Zn—n )ul,
(20) 2g(T) =2 = np(W)(T)(l —2)+ > nu(D)(lu —2).

We write
{nutp ~{n—ptu

if they satisfy (18).

4.3. Automorphism group of two-colored labelled graphs. An automor-
phism of a two-colored labelled graph I' consists of two one-to-one correspon-
dences: f¥ : V(I') — V(T') and f¥: E(I') — E(T), with the following require-
ments.

e i(fV(v)) =i(v), for all v € V(T');

o dsr() = d., for all e € E(I');

e if v1,v5 € V(T') are the two vertices of an edge e € E(T), then £V (v;) and

fV (vs) are the two vertices of f¥(e).

The following result is prove in [42] by Wick Theorem:

Lemma 4.2. Suppose {n,}, and {n_,}, are two collections of nonnegative
integers, labelled by partitions, which contain only finitely many nonzero integers
and satisfy (18). Then we have:

1 &)”’ﬂ ! <&) _ 1
<Hnu!<zu Hn—u! Zp Zp:’AutF"HeEE(F)d;

B %

where the sum is taken over all graphs I' € G,({£}, d) which satisfy:

{neu(@)} ~ {nsputp
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5. Generalized Vertex Operators and Feynman Rule

5.1. Generalized vertex operators. Introduce

Y e ﬁiu A0 -244

d>0 |pu|=d
X.:(8) = eY£(8)
In the following, we will see that the exponent of ¢ is the degree, hence t will be
referred to as the degree tracking parameter. Similarly, the exponent of A will

give 29 — 2, hence A will be referred to as the genus tracking parameter. We will
consider the correlation function

Z = (X4(B)X-(8)),

and the free energy:
F=logZ.

5.2. Feynman rule. Now we regard X () and Y. (8) as collections of =+-
atoms. Taking the vevs

Y+ (8)Y-(8))

can be regarded as chemical reactions in which +-atoms are joined to —-atoms
by the chemical bonds. This is exactly the context of Wick theorem. The
following result is proved in [42] by Wick Theorem. It plays an essential role in
our interpretation by localizations.

Theorem 5.1. The following identities hold:

ey oz =Yyt v o I [T we

d>0g>0 reGqy({£}.,d) veV(F) ecE(I)
1
@ =Yyt S o I ] we
d>0g2>0 FGGQ({:I:},d)O‘ vEV(F) ecE(I)

Here for a vertex v of type n with i(v) = +,

Wy = Wx(ny,....m)>

for an edge e,

6. Proof of Igbal’s Conjecture in the Case of Multiple Covering
Formula

Now we have all the ingredients to prove (2) and (3). We begin with the
former. We compute
Z(\t) = (e¥+ B Y=(0)y
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for

nln

11>

J=1 v;

YL(8) =

> e

n>1

JIAN ZHOU

by two different methods. We begin with the fact that:

Xi(B) = Yi(ﬁ)*1+z Z X”

Now by (8),

X+(8) =

(2

exp (

Hence by (14),

[vjl
Z Xm Wit B,
g =yl
vl
T)t 2 /thu-
v nl=lv|
V- t2ﬂid
2d sin(d)/2)
VIt By

7 =

On the other hand,
Z (X4 (B)X-(8))

<(1+z 3 0lC)

v nl=|v|

(1+Z > X"

v Inl=lv|

LY Sy )

v Iml=Iv Inz|=Iv|

d
= Z 6771,772 Wm Wat
In1|=[nz|=d

L+ 17y we,
d>0 In|=d

Hence we have:

td

(23) - ; d(2sin(dA/2))?

This is exactly (2).

V—1t5 By
2d sin(dA/2)

i) s

2dsin(d\/2)

td
P ( ; d(QSin(d)\/Q))?) ‘

Wntlzﬂ @)

Xn2 (C(V)) W t|1/|z
2 v

7]1 2,

= log (1+th > Wﬁ) .

>0  |n|=d
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Identity (3) is proved in the same fashion by computing

(24) Z(\t) = (D),

for

o5) v =Y VI T ""] Wt F (£ DBy,
n=1 J=1 V5 |njl=|vs] v

by two different methods.

7. Interpretation by localizations on M, (P!, d)

In this section we explain how to interpret (3) in terms of localizations on

M, o(PY,d).

7.1. Marino-Vafa formula. A key observation is that by taking suitable
choices the localization techniques yield exactly the same Hodge integrals as in
the Marino-Vafa formula. (This idea was first used by the author in [41] to
compute BPS numbers in local P? and P! x P! geometry.) So we will now recall
this formula as formulated in [38].

The open string theory for O(—1)@O(—1) — P! have been studied in different
approaches. In [12] and [19] localization calculations have been carried out.
In [28] and many other related works, duality with Chern-Simons theory with
Wilson loop observables was used. By comparing with the results of [12], Marifio
and Vafa proposed a remarkable formula for Hodge integrals which we come to
recall. For a partition 7 of length [, introduce the following generating series for
Hodge integrals:

Ag(MAF(@)Ag (6)
(Ao, B) = \29 g 9 9 ’
;) Mg, H?:1 n%(nl - 1/’1)

i

where AY(a) = >7_(=1)’a97");. Here the leading term is

(26) "3 - Hn?
i=1

in all cases. We will often write C, (\; «, 3) as Cy (e, 3) for simplicity of notations.
Then the Marino-Vafa formula is:

CW(p7 -P— 1)
1(n)
—)\2-l() 1 ) ﬂ 7 - 13! ' Hj m;(n)!
(27) (p(p+ 1))t0—t 12 m_l(j + mp) Vel
(_1>n XVJ F KiN2
: Z o Z H Z L Wi
n21 _ypi=ng=1 v |=|pd]|

Some low degree cases of this formula has been proved by the author [39] (see
[38] for the announcement). In [40] we propose to prove the general case based
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on the cut-and-join equation. This has been carried in joint work with Chiu-Chu
Liu and Kefeng Liu [24, 25]. See [30] for a different approach.

7.2. From Localization on M, ((P!,d) to Feynman Rule. The localiza-
tions on the moduli space M, o(PP!,d) involve the description of the fixed point
set components on the moduli spaces and the computation of the equivari-
ant Euler class of their normal bundles; furthermore, one has to study the
restriction of the equivariant Euler classes of O(—1)J to the fixed point com-
ponents. Such calculations have been carried out in various contexts in e.g.
[14, 10, 20, 21, 22, 23, 4, 12, 19, 39]. As in [41] we formulate the results as
Feynman rules.
We use the following T'(= S*)-action on P*:

VIt [20:2Y] = [20: emtzﬂ.
It has two fixed points
])():[120}7 p1:[01]
At each fixed point p;, the induced action on the tangent space is given by:
eVIt gy = VLIt
where {i,j} = {0,1}. It is easy to see that
j—i=(-1)"

The above T-action induces T-actions on M, (P!, d). The fixed point com-
ponents of ﬂg,n(]P’l,d)T are very easy to describe. They are in one-to-one
correspondence with a set G (P1,d) of decorated graphs described below. Each
vertex v of the graph I' € G,(P!,d) is assigned an index i(v) € {0,1}, and a
genus g(v). The valence val(v) of v is the number of edges incident at v. If two
vertices u and v are joined by an edge e, then i(u) # i(v), and e is assigned a

degree d.. Denote by E(I') the set of edges of I, V(I') the set of vertices of I'.
The genus of the graph is given by

g(l) = 1= V(D) + [E(T)].

The decorations of I' are required to satisfy the following conditions:

> de=d, > gw) +9(0) =g.

e€E(T) veV(T)

Let f : C — P! represent a fixed point. When 2g(v) — 2 + val(v) > 0 the
vertex v corresponds to a connected component C,, of genus g(v), with val(v)
nodal points. The component C, is mapped by f to the fixed point p;(,). When
2¢g(v) — 2 +val(v) <0, C, is simply a point. There are only two cases: g(v) =0
and val(v) = 1, g(v) = 0 and val(v) = 2. They will be referred to as the
type I and type II unstable vertices respectively. Each edge e corresponds to a
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component of C, isomorphic to P'. Each C. is mapped to P! with degree d.,
which in suitable coordinates is given by:

[uo @ u1] > [uge : ude],
Define
Mr= 1] Mo waiw):
veV(T)
In this product, Mo,l and Mg are interpreted as points. There are natural
morphisms
T Mp — MQ,O(PI, d).

Its image is Mp /Ar, where for Ar we have an exact sequence:

0— H Zq, — Ar — Aut(I') — 1.
ecE(T)

Given a graph I' in G4(P!,d), we call the labelled graph obtained from I' by
ignoring the markings of g(v) of the vertices the type of I'. Denote by G(P!,d)
the set of types of graphs in Gy (P!, d). Clearly G4(P!,d) is exactly G, ({z},d)
discussed above.

For k € Z, a lifting of the T-action to Ly = Op:(k) is determined by the
weights ag of Li|p.o) and ay of Ly|jp.q). It is easy to see that ap — a1 = k.
Following [10], we say Ly, is given the weights [ag, a1]. For example, the induced
action on TP! has weights [1, —1], the cotangent bundle has weights [—1, 1].

For the two copies of O(—1), we use weights [p, —p— 1] and [—p — 1, p| respec-
tively to carry out the localization. Then we take the limit p — 0. This makes
sense because of the following observation. By localization we get an expression
of Fi,s¢ as formal power series in ¢ and A whose coefficients are polynomials in p.
But Fj, 4 itself is independent of p, hence even though we obtain the expression
originally for integral p, it actually holds for all complex numbers of p, hence we
can take the limit. (It is interesting to compare with [7] where the localization
was done directly for p = 0 to prove (1).) As a result, we get the following:

Theorem 7.1. [42] We have the following Feynman rule:

A\29(1)—2
(28)  Fina(At) =) ) a2ty I we I w..

JAr]

9>0d>0 reGy({+}.d) e€E()  veV(D)
where
W, = td/2
W, = (—1)i@val@))2-vale) (v)
_1\n—1
FEE sy ey,
n>1 Ur_ vi=p(v) 3=1|n;[=|v;]

By Theorem 5.1, this exactly corresponds to (24) and (25).



228

JIAN ZHOU

8. Acknowledgements

The author thanks Professor Kefeng Liu for many helpful discussions and
suggestions. He also thanks him and Professor Chiu-Chu Liu for collaborations
on related results. This research is partially supported by research grants from
NSFC and Tsinghua University.

[1]

References

M. Aganagic, M. Marino, C. Vafa, All loop topogoical string amplitudes from Chern-
Simons theory, preprint: hep-th/0206164.

P. Aspinwall, D. Morrison, Topological field theory and rational curves, Comm. Math.
Phys. 151 (1993), 245-262.

M. Bershadsky, S. Cecotti, H. Ooguri, C. Vafa, Kodaira-Spencer theory of gravity and
ezact results for quantum string amplitudes, Comm. Math. Phys. 165 (1994), 311-427.
T.-M. Chiang, A. Klemm, S.-T. Yau, E. Zaslow, Local mirror symmetry: calculations and
interpretations, Adv. Theor. Math. Phys. 3 (1999), 495-565.

D.-E. Diaconescu, B. Florea, A. Grassi, Geometric transitions and open string instantons,
Adv. Theor. Math. Phys. 6 (2002), 619-642.

D.-E. Diaconescu, B. Florea, A. Grassi, Geometric transitions, del Pezzo surfaces and
open string instantons, Adv. Theor. Math. Phys. 6 (2002), 643-702.

C. Faber, R. Pandharipande, Hodge integrals and Gromov-Witten theory, Invent. Math.
139 (2000), 173-199.

R. Gopakumar, C. Vafa, M-theory and topological strings—I, preprint: hep-th/9809187.
_, On the gauge theory/geometry correspondence, Adv. Theor. Math. Phys. 3
(1999), 1415-1443.

T. Graber, R. Pandharipande, Localization of virtual classes, Invent. Math. 185 (1999),
487-518.

A. Igbal, All genus topological amplitudes and 5-brane webs as Feynman diagrams,
preprint: hep-th/0207114.

S. Katz, C.-C. Liu, Enumerative geometry of stable maps with Lagrangian boundary cond-
tions and multiple covers of the disc, Adv. Theor. Math. Phys. 5 (2001), 1-49.

A. Klemm, E. Zaslow, Local mirror symmetry at higher genus, preprint: hep-
th/9906046.

M. Kontsevich, Enumeration of rational curves via torus actions, The moduli space of
curves (Texel Island, 1994), 335-368, Progr. Math., 129, Birkhauser Boston, Boston, MA,
1995.

T. Konno, Conformal field theory and topology, Trans. of Math. Monographs 210, AMS,
2002.

J.M.F. Labstida, M. Marino, Polynomial invariants for torus knots and topological
strings, Comm. Math. Phys. 217 (2001) 423-449.

J.M.F. Labstida, M. Marino, C. Vafa, Knots, links and branes at large N, Journ. High
Energy Phys. 11 (2000) paper 7, 42pp.

N.C. Leung, C. Vafa, Branes and toric geometry, Adv. Theor. Math. Phys. 2 (1998),
91-118.

J. Li, Y.S. Song, Open string instantons and relative stable morphisms, Adv. Theor.
Math. Phys. 5 (2001), 67-91.

B.H. Lian, K. Liu, S.-T. Yau, Mirror principle. I. Asian J. Math. 1 (1997), 729-763.

, Mirror principle. II. Sir Michael Atiyah: a great mathematician of the twentieth
century. Asian J. Math. 3 (1999), 109-146.

, Mirror principle. I1I. Asian J. Math. 3 (1999), 771-800.

, Mirror principle. IV, preprint: math.AG/0007104.




PROOF AND INTERPRETATION OF A STRING DUALITY 229

[24] C.-C. Liu, K. Liu, J. Zhou, On a proof of a conjecture of Marino-Vafa on Hodge Integrals,

[25]

preprint: math.AG/0306257.
, A proof of a conjecture of Maririo-Vafa on Hodge Integrals, preprint:
math.AG/0306434.

[26] I.G. MacDonald, Symmetric functions and Hall polynomials, 2nd edition.Claredon Press,

1995.

[27] Yu. Manin, Generating functions in algebraic geometry and sums over trees, Progr. Math.

129 Birkh&auser, 1995.

[28] M. Marino, C. Vafa, Framed knots at large N, Contemp. Math., 310, Amer. Math. Soc.,

Providence, RI, 2002.

[29] H. Ooguri, C. Vafa, Knot invariants and topological strings, Nucl. Phys. B. 577 (2000),

419-438.

[30] A. Okounkov, R. Pandharipande, Hodge integrals and invariants of the unknots, preprint,

math.AG/0307209.

[31] P. Ramadevi, T. Sarkar, On link invariants and topological string amplitudes, Nucl. Physc.

B 600 (2001) 487-511.

2] C. Vafa, Lectures on strings and dualities, preprint: hep-th/9702201.
3] S. Sinha, C. Vafa, SO and Sp Chern-Simons at large N, preprint: hep-th/0012136.

[34] E. Verlinde, Fusion rules and modular transformations in 2D conformal field theory,

Nuclear Phys. B 300 (1988), 360-376.

[35] C. Voisin, A mathematical proof of a formula of Aspinwall and Morrison, Comp. Math.

104 (1996), 135-151.

[36] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121

(1989) 351-399.
, Chern-Simons gauge theory as a string theory, Progr. Math., 133, Birkh&user,
Basel, 1995.

[38] J. Zhou, Some closed formulas and conjectures for Hodge integrals, Math. Res. Lett. 10

(2003), 275-286.

, On some conjectures for Hodge integrals, in preparation.

, Hodge integrals, Hurwitz numbers, and symmetric groups, preprint:
math.AG/0308024.

, Marino-Vafa formula and BPS numbers in local P2 and P! x Pl geometry,
preprint.

, Localizations on Moduli Spaces and Free Field Realizations of Feynman Rules,
preprint.

DEPARTMENT OF MATHEMATICAL SCIENCES, TSINGHUA UNIVERSITY, BEIJING, 100084, CHINA
E-mail address: jzhou@math.tsinghua.edu.cn



