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AMBIENT METRIC CONSTRUCTION OF Q-CURVATURE IN
CONFORMAL AND CR GEOMETRIES

CHARLES FEFFERMAN AND KENGO HIRACHI

1. Introduction

This article presents a geometric derivation of the ()-curvature in terms of the
ambient metric associated with conformal and CR structures. The Q-curvature
in conformal geometry is a scalar Riemannian invariant @) that is conformally
invariant up to an error given by a conformally invariant power of the Laplacian.
In dimension 2, the Q-curvature is the half of the scalar curvature, @1 = R/2,
which satisfies

e?TQ1 = Q1 + AT whenever § = 2V g.
In general even dimension n, the Laplacian A is replaced by a conformally

invariant (n/2)"" power of the Laplacian P, s2 and the Q-curvature, @, /s, is
1

mA”/ 2R modulo nonlinear terms in curvature. We here give a simple for-
mula for @, /o which directly follows from the ambient metric construction of
P, /2 given in [15]; this formula can be generalized to any invariant differential
operators P on functions (densities of weight 0) that arise in the ambient metric
construction. We also apply the construction of the Q-curvature to CR geome-
try; it then turns out that the Q-curvature gives the coefficient of the logarithmic
singularity of the Szego kernel of 3-dimensional CR manifolds.

The Q-curvature in general even dimensions was first defined by Branson [3]
in a study of the functional determinant of the conformal Laplacian. He used an
argument of analytic continuation in the dimension, in which the Q-curvature in
dimension 7 is defined from P, 5 in dimension m > n. For example, Q1 = R/2
in dimension 2 is obtained from the zeroth order term of conformal Laplacian
Pr=A+ 4(8:_21)) R in dimension n > 2. It was thus natural to ask: what is @Q,, />
in n dimensional conformal geometry? An answer to this question was given by
Graham-Zworski [17] in their study of the scattering for the Laplacian A} in the
Poincaré metric associated with conformal structure (M, [g]) on the boundary
at infinity. They gave a formula for the Q)-curvature in terms of the scattering
matrix, where the argument of analytic continuation in dimension is replaced by
the analytic continuation in a spectral parameter. Their formulation of the Q-
curvature was significantly simplified in Fefferman-Graham [10]; the Q-curvature
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is given as the logarithmic term in the formal solution to a Dirichlet problem for
A, . This construction has an intimate relation to the volume expansion for the
a Poincaré metric [17]; in particular, it is shown that the integral of @) gives the
coefficient of the log term of the expansion.

Our approach is directly related to the original derivation of the operator
P, /2 of [15] in terms of the ambient metric space, a formally constructed (n+2)-

dimensional pseudo-Riemannian space 5 that contains the metric bundle G =
{t?g € S*T*M :t € C°(M)} as a hypersurface. The invariant differential
operator P, /o arises in two ways:

(a) as an operator on the homogeneous functions on G induced from the powers
of the Laplacian A"/2 on the ambient space;

(b) as an obstruction to the existence of a smooth homogeneous solution to
AF = 0 with an initial condition on g.

Corresponding to these derivations, we give two formulas for the Q-curvature
in §2. In either case, our key observation is the following transformation law of
log t, where t is a conformal scale (a fiber coordinate of the bundle G determined
by a section g € [g]):

—logt=—logt+ Y whenever §=e*Tyg.

In view of (a), we extend ¢ off G and apply A™2 to —logt. Then we see that its
restriction to G gives the ()-curvature; the required transformation law is clear
from that of —logt. This formulation is naturally related to Branson’s one. In
the argument of analytic continuation in dimension m the function log ¢ appears
as the differential in m of the density ¢(*~™/2 at m = n. Corresponding to (b),
we also express the QQ-curvature as an obstruction to the existence of a smooth
solution to AF = 0 with an initial condition F | = logt. Since the Laplace
equation in the ambient metric can be reformulated as the one in the Poincaré
metric, we see that this derivation is equivalent to that of Fefferman-Graham,
mentioned above.

Note that there is another derivation of the invariant operators in terms of a
bundle calculus associated with the conformal Cartan connection, which is called
tractor calculus [4]. Corresponding to this derivation, Gover and Peterson [12]
gave a tractor expression of the Q-curvature. Gover informed us that their
formula can be translated into an ambient metric expression that is equivalent
to our construction corresponding to (a). See also the remark at the end of §2.

In §3, we turn to CR geometry. For strictly pseudoconvex CR structures, the
ambient metric is given as a Lorentz Kéhler metric. The powers of the ambient
Laplacian induce invariant powers of the sublaplacian P,/ and the ambient
construction of Q-curvature is also valid. (For a comprehensive treatment of CR
invariant operators see [11].) A new feature in this setting is that P, /, has a
large null space, including the space of CR pluriharmonic functions P. Thus
the Q-curvature on (2N — 1)-dimensional CR manifolds, Q$®, which is a local
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invariant of the pseudohermitian structure 6, satisfies
(1.1) e2NTQgR = Q5" whenever 0 = ¢?T0 with T € P.

If N =2, it has been shown in [18] that this transformation law uniquely char-
acterizes gR up to a constant multiple. As a consequence, we see that the
leading term of the logarithmic singularity of the Szego kernel, v, is a constant
multiple of QCR, since the Szegd kernel enjoys the same transformation law.
While such a simple characterization does not hold for higher dimensions, the
transformation law still indicates an intimate link between the Q-curvature and

the Szego kernel.

2. @Q-curvature in conformal geometry

2.1. Conformally invariant operators. We first recall basic materials on the
ambient metric construction of the invariant operators from [9] and [15].

Let (M, [g]) be a conformal manifold of signature (p,q), p+¢ =n > 3. Then
M admits the metric bundle G C S2T* M, a ray bundle consisting of the metrics
in the conformal class [g]. There are dilations d, : G — G given by 65(g9) = s%g
for s > 0, and the homogeneous functions, with respect to ds, on G are called
conformal densities; the space of densities of weight w is denoted by &£(w), i.e.,

E(w)={feC®QG):0,f=s"f for any s > 0}.

Conformally invariant operators are then defined as operators acting on the
conformal densities:
P:E(w) — E(w).
A choice of representative g € [g] determines a trivialization
(2.1) Ew) 3 f o fyi= foge C=(M),
such that f, = ewT fq when g = e?Tg. Thus an invariant operator P defines, for

each representative g € [g], an operator Py on C*°(M) such that

4 ~
P, =e" TPge_wT whenever § = e27g.

In particular, if w = 0, then £(0) = C*°(M) and P acts on the functions on
M. We say that P is an invariant diferential operator if each P, is given by a
differential operator on C'*°(M).

The ambient metric g is formally defined on G=Gx (=1,1) along G which
is now embedded as a hypersurface ¢ : G — G x {0} C G. It is characterized by
the following three conditions:

(1) g is an extension of the tautological two-tensor go on G, i.e., t*g = go;
(2) 6:g = s2g for any s > 0;
(3) g is an asymptotic solution to Ric(g) = 0 along G.

When n is odd, these conditions uniquely determine a formal power series of g
up to homogeneous diffeomorphisms that fix G; but when n is even, g exists in
general only to order n/2.
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Many invariant differential operators can be constructed out of the ambient
metric. The basic procedure is to construct a differential operator on the ambient
space G which preserves the homogeneity P& ( ) — £ (w’) and then prove that
P induces an operators P : &(w) — E(w'), namely, prove that (Pf)|g depends
only on f \g We then call P an ambient extension of P. For example, the powers
of the Laplacian A = —V;V! in the ambient metric

Py =A":E(k—n/2) — E(—k —n/2),
for k > 0 (and k < n/2 if n is even) induce
Py :E(k—n/2) = E(—k —n/2).

The leading part of Py, for each representative g is the powers of the Laplacian A*
in g and hence Py is called an invariant power of the Laplacian — see Proposition
2.1 of [15].

More operators have been constructed by Alexakis [1] by using the harmonic
extension of densities. Denoting by 7" the infinitesimal generator of the dilations
T = L5521, we set p = |T||% then p € £(2) and p = 0 defines G. Then
the harmonic extension of densities are explicitly given by the following lemma,
which is a part of Proposition 2.2 of [15].

Lemma 2.1. Let f € E(w) and set k = n/2+w. If k ¢ {1,2,...}, then f
admits an extension to [ € E(w) such that Af,, = O(F™) for any m > 0.

N’m—f—l)

Such an fm is unique modulo O( and is given by

- . 1 -
m=EnEn_1--FE1f, h E=1+———pA
f 1 1f, where l +4l(k—l)p

and ]76 g(w) is an arbitrary extension of f. If k € {1,2,...}, then the same
result is true with the restriction m < k.

Using this harmonic extension and ﬁpﬁ, the iterated covariant derivative of
the curvature tensor of the ambient metric g, we form a complete contraction

Pf = contr(%’“E@ ‘-'®6p’§®6qﬁn>‘

Itdeﬁnesamapﬁ:g(w)ﬁg( "), where w' = w —p; — - —p—2l—q If g
is sufficiently small (e.g., ¢ < m) then the lemma above ensures that P induces
an invariant operator P : £(w) — E(w’).

Remark. In [1] it is shown that all conformally invariant differential operators
P : &(w) — E(w') arise as above provided the dimension n is odd and n/2+w ¢
{1,2,...}. The result of [1] applies also to nonlinear operators.

2.2. @-curvatures in terms of the ambient metric. We now define Q-
curvatures for the invariant operators constructed as above.
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Theorem 2.2. Let P : £(0) — E(w) be an invariant differential operator with

an ambient extension P : £(0) — E(w). For g € |g], choose t € (1) such that
t(u?g) =u on G. Then

Qg = —(ﬁlogt) og

is independent of the extension of t off G and defines a function determined by
g. Moreover, if P1 =0, then Q)4 satisfies the transformation law

(2.2) e "TQy =Q, +P,X whenever §=-e?Tg.

Proof. If t/ is another function (1) which agrees with ¢ on G, then we have
t' = eft for an f € £(0) such that f = O(p). So

Plogt' — Plogt = Pf = O(p),

and hence (]Slog t'Yog = (]510g t) o g. To prove the transformation law, we
extend Y to Y € £(0) and set ¢ = e~ Yt. Since P has no zeroth order term, we
have Plogt € £(w) so that

e—wTQg e 7€_w’r (ﬁ logi) (e} /g\ = —(ﬁ log%\) og.
Substituting ]BlogtA: ]?’logt — PY into the right-hand side, we get (2.2). O

In particular, if P is the invariant power of the Laplacian P, /; then w = —n
and Qg = —(ﬁ”/Z log t) o g. We now show that this @), agrees with the Q-
curvature defined by Branson [3], which we recall briefly. For m > n/2, we
denote by P, /2, the invariant powers of Laplacian of order n in dimension m.
Let Qvn/27m be the zeroth order term of P, /5 ,, in the metric g. Then, noting
P, /2,1 =0, we may write @n/va = (m —n)/2Qyp/2,m for a scalar Riemannian
invariant of g. Moreover, from the construction of P, /3 ,, we see that Q,, /2 ,, is
expressed as a linear combination complete contractions of the tensor products
of V'R, the coefficients of which are rational in m and regular at m = n. Thus
we may substitute m = n/2 and define Q-curvature by @Q,, /2 -

In the identification (2.1) with respect to g, the constant function 1 € C*° (M)
corresponds to t* € (w). Thus, extending t* to &(w), we have

En/?t(n—m)/Q)

@n/Q,m = n/2,m1 = ( ©g.

Substituting ¢+("~™/2 =1 + (n —m)/2 logt + O((n — m)?) into the right-hand
side gives

@n/g’m = LQm)(A”/Q logt) og+ O((n - m)Q),

which implies Q,, /2., = —(5”/2 log t) o g as claimed.
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2.3. @-curvature in terms of Poincaré metrics. There is another deriva-
tion of P, /5, which was also given in [15]. For f € £(0), take an extension
f € £(0) such that Af = O(p"™/?) — see Lemma 2.1. Then 5'~"/2Af|g is shown
to agree with ¢, P, o f, where ¢, = 227" ((n/2 — 1)!)72. This derivation of P,
can be reformulated as follows:

Lemma 2.3. Let n be even. For a representative g € [g], take t as in Theorem
2.2 and set p = p/(2t2). Then, for each f € £(0), there exists a formal solutzon
to Af =0 of the form_ f=fo+np™2logp with fy € £(0 ) such that fg[g =
and n € E(—n). Here fo mod O(p™'2) andn mod O(p™) are determined by f,
and moreover, 1|g is a non-zero constant multiple of Py, /o f.

Proof. By taking the smooth part and the log term, we decompose &f =0
into a system of equations

Afo+[Alogplnp™? =0, An=0.
We solve this system by using Lemma 2.1. Noting that
[Alog p]np™/? = 2nmp™/> 71 4 O(p™/?),

we first solve A fy = O(p™/271) and An = 0 under the initial conditions fo|g = f
and n|g = —c¢,/(2n) P, /2 f. Then we have Afo+[Alog pl np™? = O(p™/?), and
thus we may modify fo so that Afo + [ﬁ, log p] np™/? = 0. The uniqueness of 7
is clear from this construction. O

Corresponding to this derivation of P, 3, we have the following characteriza-
tion of the @-curvature.

Theorem 2.4. Letn be even. For a representative g € [g], take t as in Theorem
2.2 and set p = p/(2t?). Then there is a formal solution to AF =0 of the form

=logt+¢+np" /QIng

with ¢ € £(0) such that ¢ = O(p) and n € E(—n). Here ¢ mod O(p™/?) and n
mod O(p™) are determined by g and, moreover, no g is a constant multiple of
the Q-curvature of Py, 3.

The proof of this theorem is just a straightforward modification of that of
Lemma 2.3; the last statement follows form the fact that n is a multiple of
An/2 logt on G. We will omit the details and, instead, we show that this theorem
is equivalent to Theorem 3.1 of [10], which we state as Theorem 2.5 below.

Let X = M x (0,1) and identify M with a portion of the boundary M x {0}.
The Poincaré metric g4 is a metric on X satisfying the following conditions: g4
satisfies the Einstein equation Ric(g4) 4+ ng4 = 0 asymptotically along M, and
if r is a defining function of M in X, then h = r~2g, is smooth on X = M x
[0,1] and h|7p € [g]. Note that 7 mod O(r?) corresponds to a representative
g € [g]. The higher jets of r can be uniquely determined by the normalization
|dlogr|y, =1.
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Theorem 2.5. ([10]) Let n be even. For a representative g € |g], take a defining
function v such that ||dlogr|ly, = 1 and (r’gy)|lrm = g. Then, there is an
asymptotic solution to the equation

A+U =n,
of the form
U=logr+ A+ Br"logr,
with A, B € C°°(X) which are even inr and Alpr = 0. Here A mod O(r™) and

B mod O(r®) are formally determined by g, and moreover, By is a constant
multiple of the Q-curvature.

To translate this theorem into Theorem 2.4, we recall the relation between
the ambient metric and Poincaré metric from [9] and [17]. With respect to a
suitable a decomposition of G =R, x M x (—1,1), we have
(2.3) g = 2tdtdp + 2pdt* + t°7,,,
where ¢ € R is homogeneous of degree 1, p € (—1,1) and g, is a one-parameter
family of metrics on M such that g, = g. Then T = td; and p = 2t?>p hold.
We embed_Y = M x [0,1] > (x,7) into G by the map ¢(x,7) = (1/r,2, —1r%/2)
so that «(X) = {2p = —1,p < 0}. Then g4 = ¢*g gives the Poincaré metric.
Now set s = t/—2p = tr and define new coordinates (s,z,r) of G in which
1(X) = {s = 1}. Then we have g = s2g, — ds? and hence

A = s72(Ay + (s0,)% + nsd,),
where A is considered as an operator in the variables (z,7). Thus

s’AF = s?A(log s — logr + ¢ +n5™*1og p)

"/?log p)

because —logr + ¢ +np"/?log p is homogeneous of degree 0. Now, restricting
the both sides to s = 1, we get

(AF)|

=n—Ay(logr—p—np

ZH—A+U,

s=1
where U = —F’SZI and it is of the form
U=logr+ A+ Br"logr.

Therefore AF = 0 is equivalent to Ay U = n. Comparing the log term coeffi-
cients, we have B(z, 1) = —2(=1)"21|(; 2 p)=(1,0,—r2/2)-

2.4. Examples. We give two examples of the pairs (P, @), an invariant opera-
tor P and the associated Q-curvature. It is a routine computation and we only
outline the computation by quoting basic formulas from [9] and [15].

Fixing a representative g € [g], we take local coordinates (¢, a;,p) of G =
R4 x M x(—1,1) such that (2.3) holds; we here rename the coordinates as (x;) =
(20, i, Tso) and use capital indices I, J, K, ... (resp. small indices 4,7, k,...) to
ran through 0,1,...,n,00 (resp. 1,...,n). With these coordinates, it is easy to
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compute the covariant derivatives of logt. We have v 1% slogt = 0 except for
the following two cases:

(2.4) VoVologt = —t72, ﬁzﬁj logt =t 2P, + O(p).
Here P;; is the Rho tensor, the trace modification of the Ricci tensor of g,
determined by

1

. .
Pij = —— Brij” = J gij), J=F"=

1

——  _R;J%.
2(n—1)" "

In particular, we see that Alog tlg = —J is a constant multiple of the scalar
curvature. _

We next express the components of R;jxy, on G in terms of the curvature of
g:

D 53 2 D 2 D t2Bij

(2.5) Rrjxo =0, Rijri = t"Wijki, Rijkoo = t"Chijy Rocijoo = m—E
(If n = 4, Eooijoo is undetermined.) Here W, C' and B, called the Weyl, Cotton
and Bach tensor, respectively, are defined as follows: W;;; is the totally trace-
free part of the curvature tensor Rjjii; Cijr = ViPi; — VP, and B;; =
VkC’ijk + Plekijl. These relations and the usual symmetries of the curvature

tensor determine all the components of R.
Our first example of P is the operator P! : £(0) — £(—6) with the ambient
expression

PY(f) = Ry "R EMN Vo fr.
Recalling ﬁ = f+ Mﬁﬁf and using
(2.6) E[JKLTL = 0, %[TJ =drJj with 2T[ = %[ ,5
(see (1.3)—(1.6) of [15]), we see that
o~ - -~~~ 1 o~ i~
PYf) = Ry "R MV LV f + > IRI[PAf + O(p).
In terms of the representative metric g, it can be expressed as
3 3 1
PY(f) = Wi W7V, f = 2C3i; WIHN f + mHWHQAf-
On the other hand, using (2.4) and (2.5), we can express the Q-curvature Q! =
—Pl(logt) o g as
. 1
Q' = —Wi' WP, +||C|° + mHWHQJ-
Our next example is P? : £(0) — &(—6) induced by
P(f) = Rugxr(VMRYSE)Va fi.
Noting that 2P2(f) = V(||R||2V f1), we have

2P2(f) = U (IRIPV 1) + "= S IRIPAF + 0(p),
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and from this one can easily deduce
n—=6

2P2(f) = V(IW2Vif) + =

IW*Af.

The Q-curvature Q? = — P2 (logt)ogis
o . 1
Q? = 2(Wiyn V'O + Wige W™ Py, 4+ 2] C2 = — [W]27).

Remark. The Q-curvature associated with P? : £(0) — £(—6) in dimension
6 has been obtained in Gover-Peterson [12]; their Q-curvature is § A[|[W||%. Our

Q? is consistent with their formula because Q* = g (A||W|* — A||R||? o g) when
n =6 and A||R||? o g is a conformal invariant — see [9].

3. Q-curvature in CR geometry

3.1. Ambient metric and invariant contact forms. We now turn to CR
geometry. We first recall the ambient metric of [7] and [8]. Let M be a strictly
pseudoconvex real hypersurface in CV and let J be the complex Monge-Ampere
operator

PP op
3.1 Jp] = (=1)N det 7o), pi ===, etc.
1) = e ()=
Then there is a smooth defining function of M that is positive on the pseudocon-
vex side and satisfies J[u] = 1 + O(uN*1); such a u is unique modulo O(u™N*2).

The ambient metric lives on C* x M for a small collar neighborhood M of M.
It is the Lorentz-Kéahler metric

~ 92 (J20[*u(2))

3.2 =— ————>dz;dz
( ) g[u] Z azjazk RjAZ L,
7,k=0
with (2o, 2) € C* x M. Note that J[u] = 1 + O(uN"1) implies Ric(§) = O(u™).
The defining function u also specifies a contact form O[u] = Imdu|rys of

M and g[u] induces a real Lorentz metric g[u] on the circle bundle S* x M.
Since g[u| is shown to depend only on f[u], we may write the metric as g[f)].
This correspondence 6 +— g[f] can be extended to a general contact form 6
of M in such a way that g[e?T0] = e2Yg[f] holds, and we have a conformal
class of Lorentz metric [g] on S1 x M — see [19]. For the conformal manifold
(St x M, [g]), the metric bundle and the ambient space are given by G = C* x M
and G = C* x M respectively, and the metric g[u] satisfies the conditions (1),
(2) and (3) of §2.1. Thus the definition of the ambient metric in conformal and
CR cases are compatible, where (2N — 1)-dimensional CR manifolds correspond
to 2N-dimensional Lorentzian conformal manifolds — see [9].

The contact form #[u] defined above has special importance, and we call §[u]
an invariant contact form. This notion can be generalized to CR manifolds
M: 0 is an invariant contact form on M if it is locally given as an invariant
contact form for some local embedding of M into CV. An intrinsic formulation
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of invariant contact form is also given ([6], [20]): € is an invariant contact form if
it is locally volume-normalized with respect to a closed (NN, 0)-form on M. From
this characterization, it is straightforward to see that any two invariant contact
forms 6 and ' satisfy #' = €270 with a CR pluriharmonic function Y (that is,
T is locally the real part of a CR function). Note that, when N > 3, Lee [20]
showed that # is an invariant contact form if and only if 6 is pseudo-Einstein,
that is, the Tanaka-Webster Ricci tensor of 6 is a scalar multiple of the Levi
form (this condition is vacuous when N = 2).

We next consider the CR analog of the operators P,. CR densities of weight
(w,w) are functions f(zo, z) on G such that f(\zg, z) = |A\|?* f (20, 2) for any \ €
C*. The totality of such functions is denoted by £(w,w). For each €, the metric
g|0] determines a S'-subbundle of 7 : G — M. Restricting each f € &(w,w) to
the circle bundle, we obtain a function m, f on M; this correspondence gives an
identification &(w,w) = C*°(M). Note also that £(w,w) can be regarded as a
subspace of conformal densities £(2w) for the conformal manifold (S* x M, [g]).
As in the conformal case, we extend £(w,w) to the ambient space and define
£ (w,w) to be the smooth functions on G which are homogeneous of degree
(w,w) in zo variable. Then the powers of the ambient Laplacian A¥ maps
g(w,w) into g(w — k,w — k) and, for w = k — N < 0, it induces an operator
Py : E(w,w) — E(w — k,w — k). From this construction, it is clear that the
CR invariant operator Py is the restriction of the conformally invariant operator
Py : EQ2w) — E(2w — 2k).

3.2. CR Q-curvature. The CR version of the Q-curvature is defined by

CR ._
g = Qg

where @, is the Q-curvature, of the conformal Py, in the metric g = g[f], and
where 7 is the projection S' x M — M. Since @, is S'-invariant and pushes
forward to a function on M. Then, as in the conformal case, we have

(3.3) egNTQgR = Q5™ + PyY whenever 6 =e*70.
Here Py is computed in 6.

o . . . . C o
Proposition 3.1. If 0 is an invariant contact form, then Q§% = 0.

Proof. For the metric g[0], we may take |29|? as a fiber coordinate of C* x M —
St x M. Then QS® = —(AN log |20/|?) o g[¢] = 0 because A kills pluriharmonic
functions. 0

In view of this proposition, we have another expression of Q¢®. Take an
invariant contact form 6y as a reference and set

(3.4) SR =7 2NT Py,
where 0 = €276, and Py is computed in 6p. This is well-defined because Y

modulo additions of CR pluriharmonic functions is independent of the choice of
0o and CR pluriharmonic functions are killed by Py.



AMBIENT METRIC CONSTRUCTION OF @Q-CURVATURE 829

If M is a real hypersurface in CV, then M admits a global invariant contact
form 6 so that QgR = 0 on M. However, for abstract CR manifolds M, there is
a topological obstruction for the global existence of an invariant contact form 6:
the existence of # implies the vanishing of the first Chern class of the holomorphic
tangent bundle c; (T1°M) in H?(M,R). This obstruction, for N > 3, was first
found by Lee [20] in the study of pseudo-Einstein contact form and his argument
implicitly contains the proof for the N = 2 case. At present, we do not know if
we can always choose 6 so that QgR vanishes globally.

Remark. The operators Py were first introduced in Graham [13] as a compati-
bility operator for the Dirichlet problem for the Bergman Laplacian for the ball
in CV. This construction of Py was generalized, in [16], to the boundaries of
strictly pseudoconvex domains in CV; the CR invariance of P, was realized later
in [18]. Graham [13] proved that the kernel of Py for the sphere agrees with the
space of CR pluriharmonic functions (this can be partially generalized to the
curved case [16]). As a result, on the sphere, we see from the expression (3.4)
that QSR = 0 if and only if 6 is an invariant contact form.

3.3. Logarithmic singularity of the Szegd kernel. Now let M be the
boundary of a strictly pseudoconvex domain € in C. For a choice of contact
form 6 on M, we define HZ(M) to be the kernel of 0, in L?(M) with respect
to the volume element 6 A (df)N~1. Then the Szego kernel K (z,y) is defined as
the reproducing kernel of the Hilbert space H3(M). K(x,y) can be extended to
a holomorphic function K (z,) on € x €; its restriction to the diagonal K (z,%)
admits an expansion

K(2.2) = o(z)u(z) " + 6(2) log u(2),

where @, 1 are functions smooth up to the boundary and u is a defining function
of Q — see [8], [2]. This asymptotic expansion is locally determined by the CR
structure of 92 and 6. Moreover, 19 = 1|); is shown to be a local pseudo-
hermitian invariant of @, that is, ¢y can be written as a linear combination of
complete contractions, with respect to the Levi form, of the tensor products of
Tanaka-Webster curvature and torsion and their covariant derivatives.

In general, there is no simple transformation law of the Szego kernel under the
scaling of contact form 0 = e2Y0. But if T is CR pluriharmonic, we have K=
e 2NT K where Y is extended to a pluriharmonic function in €. In particular,
we obtain

2NY
e Ty = g

In case N = 2, this transformation law is strong enough to characterize 1y up
to a constant multiple. In fact, we have

Theorem. ([18]) Let N = 2. Suppose that Sp is a scalar pseudohermitian
invariant satisfying the transformation law

(3.5) e*NT S, =Sy whenever 0 =¥ 0 and Y is CR pluriharmonic.
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Then Sy is a constant multiple of
(3.6) AR —2TmV*VP A,

where R is the Tanaka-Webster scalar curvature, A is the torsion, Ay is the
sublaplacian computed in 6.

Since QS® also satisfy the transformation law (3.5), the theorem above implies
g = cQ§R for a universal constant ¢, which can be identified by an explicit
computation for an example (c.f. [18], [11]). Thus we have

Proposition 3.2. If N = 2, then
4
32724y = QF™ = (AR - 2ImV*V7 4,5).

For N > 3, there are examples of pseudohermitian invariants that satisfy
(3.5) for any T € C>°(M) — see [8]. Such invariants are called CR invariants of
weight N. Thus it is a natural conjecture that S is a constant multiple of QR
up to an addition of CR invariant of weight N. (In case N = 2, there is no CR
invariant of weight 2 — see [14], and this conjecture is reduced to the theorem
above.)

We finally note that the integral of the Q-curvature Ly = [,, Q5RO (d6)N 1
is independent of the choice of a contact form 6 and gives a CR invariant; this
follows from the analogous fact in the conformal case. In case N = 2, it turns
out that Ly; = 0 because (3.6) is the divergence of the one form V,R—iV?A,z.
We also see from the argument of §3.2 above that Lj,; vanishes if M admits a
global invariant (or pseudo-Einstein) contact form. It should be interesting to
find a link between Lj; and the Chern class c;(T1°M), which obstructs the
existence of an invariant contact form 6.
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