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A REMARK ON MAXIMAL OPERATORS ALONG
DIRECTIONS IN R?

ANGELES ALFONSECA, FERNANDO SORIA, AND ANA VARGAS

ABSTRACT. In this paper we give a simple proof of a long-standing conjecture, re-
cently proved by N. Katz, on the weak-type norm of a maximal operator
associated with an arbitrary collection of directions in the plane. The proof relies
upon a geometric argument and on induction with respect to the number of direc-
tions. Applications are given to estimate the behavior of several types of maximal
operators.

1. Introduction

Let © be a subset of [0, 7). Associated to it, we define the maximal operator
Mg acting on locally integrable functions f on R? by

Mof(z) = sup ﬁ /R )| dy,

rEREBq

where Bq denotes the basis of all rectangles with longest side forming an angle
o with the x-axis, for some « € ).

For finite sets (2, it was conjectured that the L? norm of Mq had logarithmic
growth with respect to the cardinality, IV, of 2. More precisely, that M, satisfied
the following estimate

(1) IMafllzzme) < Clog N)7|| £l 2 e2),

for some exponent 4 and with C' independent of 2 and f.

This inequality was first proved in the seventies for some special sets €2, such
as uniformly distributed directions (see [9]). Also, for lacunary sequences the
result holds with 5 = 0 (see [4] and [7]) and therefore one can take an infinite
sequence in this case. In 1995, Barrionuevo [3] obtained the following result:

| Mo fllp2mey < CN2/VIOEN|| £l 1 oy,

again for card? = N < oo and C independent of {2 and f.
Conjecture (1) for general finite sets 2 was finally proved by Katz in 1999,
[6], (see also [5]), with the best possible exponent, that is, with 5 = 1.
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The main result of this paper (Theorem 1 below) establishes an estimate
for the weak type (2,2) of an operator in a related problem which gives, as a
consequence, a simple proof of that conjecture. With our arguments we do not
obtain the sharp exponent of the logarithm given in Katz’ proof. Theorem 1
however does provide a wide range of applications which we explore in the last
section. The proof of Theorem 1 uses some geometric arguments, in the same
spirit of the work of Stromberg, [9], and Cérdoba and Fefferman, [4].

In order to state our result, we introduce first some notation. Given the set
Q C [0,%) we consider a subset Qg = {6, : [ =1,2,...} C Q with T > 6, >

4

O > ... > 0; > .... There is no restriction on whether g is finite or not. Let
us define for 1 = 1,2,..., @ ={a € Q: 0, < a < 0,1}, where we have set
0o = 7. We shall assume that (g is chosen so that Q = U;>1§};. To each set

Q, 1=0,1,2,... we associate the corresponding basis B; C Bq. We define the
maximal operators associated to each €); as

1
Mo, f(z) = sup W/R|f<y>rdy, 1=0,1,2,...

xGREBl
In the next section we shall prove the following

Theorem 1. There exist constants C1,Cs independent of Q) such that

(2) IMolZ 2 < C sup [| Mo, 72— 1200 + C2 | Mg [I72 2.0

where ||T'||p2_ 2. denotes the “weak type (2,2)” norm of the operator T.

What the theorem says is that if we decompose €2 into disjoint blocks, “sepa-
rated” by the elements of certain collection of directions 2y, then the price that
one pays to make the inequality

(3) | sup Mg, ||p2— 200 < CSLllP Mg, |2 2.

true is given by the norm of the operator Mg, , associated to €2y, in the precise
form stated above. This can be seen as a weak-L? quasi-orthogonality principle
for the family of operators {Mgq,}. In particular, if the “separating” set Qg is
given by a lacunary sequence, then (3) is true no matter how the “intermediate”
sets ;,  =1,2,... are chosen. This extends a result by Sjogren and Sjolin [8].
In Section 3 we present this and some other applications of our theorem, such
as the new proof of Katz’s theorem that we mentioned above.

2. Proof of the main result

Let us start by changing slightly our previous hypotheses. Given a set 2 C
[0, %), we consider the basis Bg of all parallelograms with the shorter sides
parallel to the y-axis and the longer sides forming an angle o with the x-axis, for
some a € (). With certain abuse of language, we shall call these parallelograms
“rectangles”.

We introduce now the following notation: given a rectangle R € Bq, P;(R)
will denote the projection of R on the x-axis. If Pi(R) = [ak, a%], we also define
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Py1(R) = {y : (ah,y) € R} and P22(R) = {y : (a%,y) € R}. P»1(R) and
P, 5(R) are the projections of the two “vertical sides” of R on the y-axis. Note
that [Py,1(R)| = [P22(R)| and |R| = |PL(R)[ - |[P21(R).

Let ¢ be any ordered subset of 2. By a simple limiting argument, it is clear
that in order to prove (2) we may assume with no loss of generality that 2 (and,
hence, Qg too) is finite. We shall denote the elements of Qy by 601,0,,... 60y,
with

T 0y >0, >0,>...>0y 1 >0y >0.

4
Define @ = {a € Q:60, <a<0_1},forl=1,... ,N. Then Q = U{\LIQI by
assuming simply that 6 = min 2. To each set ;, [ =0,1,..., N we associate

the corresponding basis B; C Bg.
We now define the maximal operators

1
Mof(z)= sup o / 1F)]dy,
mERGBQ |R’ R
and
1
Mo, f(z) = sup —/!f(y)\dy, I=0,1,... .N.
zeren, |Rl Jr

To prove (2) we look at the level sets of Mq. If z € {Mqf(z) > A}, there is
a rectangle R, € Bq containing x such that

1
) L el
and therefore
{Mqf(z) > A} C U R,.
r€{Maf(z)>A}
So if we consider a compact set K C {Mqf(z) > A}, then K C |J;_, Ry, for
some finite family of rectangles F = {R,, }3_, satisfying (4).

From the family F we select a subfamily F = {B} in the following way:
we take Bj as the rectangle R € F with longest projection on the x-axis. As-
suming we have already chosen By, ..., B,_1, we take B,, as the rectangle R of
the remaining collection F \ { By, ;1:_11 such that |P;(R)| is maximal among the
rectangles satisfying

n—1

1
> |RNBy| < 5IBl.
k=1

It is easy to see that the family { By} has the following two properties:
(5) > Byl < 2|U By

() [ (Zxm) <231l
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In order to estimate the weak type (2,2) norm for Mg, we first observe that

YB3 [ 1< S s <

< ?Hf”z (Z |Bk:|>1/27

where we have used (6). This implies

/2 /2
< —
(7) (X 1Bil) < S0 e
If we show that
(8) ‘Uij\UBk|§C()Z|Bk|,

then, using (7) we get
|K| < |URy,| <[UBk|+[UR,,; \UBg| <

< (1+co) (Z yBk\) < @IUII%-

Consequently, we would obtain

2(1 + co)
22

provided ¢g is independent of the compact set K. o
It remains to prove then (8). Let R be one of the rectangles in F \ F. Then

1
> ]RﬂBk|>§\R|.
By:|P1(Bg)|>|P1(R)|

{Maf(z) > A} < 1113

If R € B;, we observe that one of the following inequalities must hold:

() 3 |[R N By| 1

R 4’
BreB;:|P1(Bg)|>|P1(R)|
or
RNB 1
(10) > o4
R 4
By ¢B;:|P1 (B )|>|P1(R)|
Let us denote
B _ _ |R N By 1
.7:1—U RE(}-\]’—)mBl- Z ’R‘ >4 ’
l Br€B,:|P1(By)|>|P1(R)|
and
_ . ’RﬁBk‘ 1
fQ_LlJ Re (F\F)NB: > —E >3

By ¢B:|P1(By)|>|P1(R)| ’R‘
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Observe that if R € B; and (9) holds, then R C {x: Mo, (3 p <5, XB:) > ik
Hence,

N
<16 ) [1Mo, 172 peee | D xBell3
=1 BreB;

{MQl( Z XBk:) > i}

(11) <16 sup |[Mo, |72 e | D x5lI5-

I=1,...,N P
Now, suppose we know that there exists an universal constant ¢ with the property
that, for any R € F» N By, there are Ry, R_ € By containing R so that

|kaPR\S(JBkEIR+|+CJBk£lRf\
|B| Ry | |R_|
for all By ¢ B;. Then, we would have

1
| Ur, R’ < |{MQO(Z XBk) > %H < 6462||MQO||%2—>L2’°° |l ZXBk“g <

(12)

)

(13) < 128¢2|| Moy |22, 2.0 | U Byl

Combining (11) and (13), we get (8) with co = 32sup || Mg, ||? + 128¢2|| Mg, ||*-
So we have to prove (12).
In order to do this, we introduce first some notation.

Definition. Given U,V € Bg, we say that U crosses V entirely if there exists
an interval J such that

J C Pl(U), Pl(V),
and, if S is the strip S = {(x,y) : z € J}, U=UNS,V=VnS§, then
UNnv #0,
Pz’i(ﬁ) N Pg’l(i}) == @ fO?“ 1= 1, 2.
Observe that U crosses entirely V' if and only if V' crosses entirely U.

Lemma 2. If V1,V cross entirely U, with |Py1(V1)| = |P2,1(V2)| and
angle(Va,U) = as < ay = angle(V4,U), then
VinU| < |VanUl.
Proof. We may assume without loss of generality that U has sides parallel to
the axis. Then, if a = |P»1(U)| and b = | P51 (V})],
a-b
tan oy’

so if ag < ag, then V3 NU| < [VoNU|. O

V;nU| =
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Lemma 3. If V1, Vs are parallel, cross entirely U and |Py(Vy)| = |P1(V2)| = L,
then
Unw| _ [UnV,
Vil V2|

Proof. Again, we may assume that U has sides parallel to the axis. Set
a = |P1(U)], « = angle(V;,U) and b; = |P1(V;)| for j = 1,2 (note that o
does not depend on 7). Then, as in lemma 2, we have

\UNV;|  a-b; 1 a
V;|  tana b;-L Ltana’
which does not depend on j. O

Once we have these two lemmas, let us prove (12). Let R € FoNB;, B € F\B,
such that BN R # 0 and |P;(B)| > |P1(R)|. Let ag be the angle that R forms
with the x-axis, and ap the angle that B forms with the x-axis. We shall assume
that ap > agr. (The case ap < ap can be handled in a similar way.) Then
there exists 0 € €y such that

apg > 0, > ag.

Let R be the smallest rectangle in the direction of 8y containing R. We define
R, as the rectangle concentric with R and 9 times bigger. We will call R4 to
the middle third of R4, i.e. the rectangle in the direction of 8 satisfying

Pl(ﬁmid) = Pl(é:-)a
ﬁ - ﬁmid7
~ 1 ~
R| = =|Ruial.
1Bl = 5| Rl
‘We have to show that

[BNR| _ |BNRY|
<ec — .

|R| IR, |

Since é:_ € By, this gives (12).
To simplify the notation, from now and on we shall write R instead of Ry. We
define R* as the smallest infinite strip containing R and with the same slope.

~

Let B’ be the smallest rectangle containing B with P;(B’) D P;(R), and define

B* = B'n|P(R) x R].
Observe that |B* N R| < 3|BN R.
We shall consider two cases:
Case 1. B* crosses entirely R.
Let R™! be a rectangle in the direction of 6}, such that

P (R™) = P\ (R),



MAXIMAL OPERATORS ALONG DIRECTIONS 47
Rrat C Rmida

[P 1 (R™)| = [ P21 (R).
Then, by Lemma 2,
|B*NR| < |B*NR>®| < |B*NR™,
and
|B* N R - |B* N R _ 33BN Rrot| _ 31BN R|
B[~ |R| [Rre] R

In the last equality we have used Lemma 3. So we get
IBNR| _|B*NR| _3|B*NR| _9BNR)
< < = < =.
|R| R R| R|

Case 2. B* does not cross entirely R.
We may assume that [Py 1 (B*)| < 1|P2,1(R)|, because otherwise we would have

R C Rypig C 25B* C 125B.
But if |Po1(B*)| < 1|P2,1(R)], then we have
|B*| < 3|B* N R
Let B*"° be a rectangle with slope 0 such that
Pi(B*"") = Pi(R) = P1(B"),

*rot D
B C Rmid7

| P21 (B*")| = | P21 (B7)].
Note that |B*| = |B*™°!|. By Lemma 2, we have
B AR < |B* N R®| < B 0 R,
and so we get
|B* N R < | B*"°t N R
B —  |B*|

By Lemma 3, this is equal to
|[Rmia N R*| _ 3R] _ 9|R|
[Rmial — [Rmial  |R]|

This implies
BOR 9B, |B 0 k|
7] |5 B
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Hence
B BNR
BOR| _ g QR\’
|R| IR|
and (12) is proved. O

3. Some Applications
We can use Theorem 1 to give a simple proof of the following

Theorem 4. There exist positive constants C and « such that for any set Q) C
[0, %) of cardinality N > 1 one has

(14) [Mol|p2— 20 < C(log N)®,

Proof. The proof is by induction on the number N of directions. It is clear

that (14) holds for small N. Let us assume now that it is true for all & < N.

We choose a subset Qg of cardinality N'/2 so that the corresponding subsets

,1=1,2,...,NY2 have all cardinality N'/2. Note that N'/2 may not be an

integer, but we may assume this with appropriate initial assumptions on V.
Then, by Theorem 1,

IMallZs oo <C1 o sup  [[Ma, 7220 + Col| May |72 2.
1<I<N1/2

By hypothesis, (14) holds for Mg, and Mq,, 1 =1,... ,N'/2. So we get
M7z, 200 < C1C?(log(N'/?))* 4+ CyC?(log N'/2)** <

<2 (cl (%)m +Cy (%)m) (log N)2°.

Now we choose o appropriately so that (C1(3)%* + Ca(1)2%) is less than or equal
to 1 and the theorem is proved. O

Well known interpolation arguments show that from (14) one has the strong

type estimate
| Ma||r2—z2 < C(log N)*+3.

It is interesting to observe that the exponent « that we obtain in (14) depends
only on the constants C and Cy in Theorem 1. In particular, inequality (2) with
C1 = 1 would give the sharp exponent @ = 1/2.

Our second application is an extension of a result by Sjogren and Sjolin [8].
We follow the notation introduced in Section 2.

Theorem 5. Let Qg C [0, ) denote the elements of a lacunary sequence {6},
say 0; < %91_1 and consider , 1 = 1,2,... arbitrary sets with Q; C [0;,0,-1).
Set Q0 = U;>o€Y. Then the mazximal function Mq has the property

|Mollzapee < C sup [ Moo o~
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In particular, if each set §; is given by the elements of a lacunary set as above
(i.e., Q is a double lacunary set), then Mgq is of weak type (2,2).

The proof follows easily from Theorem 1.

Remark. At the time of submission of this paper for publication, the authors
obtained a new result, similar to Theorem 1, but concerning now the strong
type 2. Namely, under the hypothesis of Theorem 1 and with the notation given
there, they showed that

(15) [Mollzz—r2 < sup [ Moyl 2 + Co [| Moy | 12— 22

This estimate yields a very simple proof of Katz’s result, (1), with the sharp
exponent, 5 = 1. The details will appear in [2].
Also, the first author has recently extended these results to the case p # 2 in

[1].
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