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EXISTENCE OF IRREDUCIBLE R-REGULAR ELEMENTS IN
ZARISKI-DENSE SUBGROUPS

GoPAL PRASAD AND ANDREI S. RAPINCHUK

Let G be a connected semisimple algebraic group defined over the field R of
real numbers. An element = of G(R) is called R-regular if the number of eigen-
values, counted with multiplicity, of modulus 1 of Ad z is minimum possible. (If
G is R-anisotropic, i.e., the group G(R) is compact, every element of G(R) is R-
regular.) The existence of R-regular elements in an arbitrary subsemigroup I' of
G(R) which is Zariski-dense in G was proved by Y. Benoist and F. Labourie [3]
using Oseledet’s multiplicative ergodic theorem, and then reproved by the first-
named author [15] by a direct argument. Recently G.A. Margulis and G.A. Soifer
asked us a question, which arose in their joint work with H. Abels on the Aus-
lander problem, about the existence of R-regular elements with some special
properties. The purpose of this note is to answer their question in the affirma-
tive. Before formulating the result, we recall (cf. [16], Remark 1.6(1)) that an
R-regular element x is necessarily semisimple, so if in addition it is regular, then
T := Zg(7)° is a maximal torus; moreover, x belongs to 1" (see [4], Corollary
11.12).

Theorem 1. Let G be a connected semisimple real algebraic group. Then any
Zariski-dense subsemigroup T' of G(R) contains a regular R-regular element x
such that the cyclic subgroup generated by it is a Zariski-dense subgroup of the
mazimal torus T := Zg(x)°.

Remark 1. Let I', x and T' = Z5(x)° be as in Theorem 1. Let T (resp., Ty,) be
the maximal R-split (resp., R-anisotropic) subtorus of 7. Then T'= Ty - T,, (an
almost direct product), T is a maximal R-split torus of G since x is R-regular
(see [16], Lemma 1.5), and T,(R) ~ (R/Z)", where r = dimT,. There is a
positive integer d such that ¢ =y - 2 with y € T4(R) and z € T,(R). Then the
cyclic group C' generated by z is dense in T, in the Zariski-topology and since
T,(R) is a compact Lie group, C' is actually dense in T, (R) in the usual compact
Hausdorff topology on the latter. Thus, in particular, if G(R) is compact, then
any dense subsemigroup contains a Kronecker element, i.e. an element such that
the closure of the subsemigroup generated by it is a maximal torus.

Also, since the cyclic subgroup generated by z is dense in T in the Zariski-
topology, Zg(x) = Zg(T) = T. Thus the centralizer of x is connected.
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Remark 2. Let I', x and T' = Zg(z) be as in Theorem 1. Assume, in addition,
that ' is a subgroup. Then the subset {yz"y~!|y € I',n € Z — {0}}, which
consists of R-regular elements with the properties described in Theorem 1, is
Zariski-dense in G. To see this note that the cyclic subgroup generated by x
is dense in T and, as is well-known, the union of the conjugates of T under a
Zariski-dense subset (of G) is Zariski-dense in G.

The proof of Theorem 1 uses the result of [15], some facts about R-regular
elements established in [16] and suitable generalizations of our recent results
about irreducible tori [17]. We recall that a torus T defined over a field K is
called K-irreducible if it does not contain any proper K-subtori, and a regular
semisimple element x € G(K), where G is a semisimple K-group, K-irreducible
if the torus T' = Zg(x)° is K-irreducible. To handle arbitrary semisimple groups,
these notions need to be generalized as follows.

Let G be a connected semisimple algebraic group defined over a field K. Then
G =GW...G®) an almost direct product of connected K-simple groups G*)
(cf. [19]). Given a maximal torus T of G, we let T(") denote the maximal torus
TNG® of GV for any i = 1,... ,s. We say that a maximal K-torus T of G is K -
quasi-irreducible if it does not contain any K-subtori other than those which are
almost direct product of some of the T(9)’s. Furthermore, a regular semisimple
element x € G(K) will be called K-quasi-irreducible if the torus T = Zg(x)°
is K-quasi-irreducible, and x will be called K-quasi-irreducible anisotropic if,
in addition, T is anisotropic over K. We also say that an element z € G is
without components of finite order if in some (equivalently, any) decomposition
T =x1--Ts with x; € G(i), all the z;’s have infinite order. (Of course, if G is
absolutely, or even K-, simple, then the notions of K-irreducibility and K-quasi-
irreducibility for maximal K-tori of G and regular semisimple elements of G(K)
coincide, and elements without components of finite order are simply elements
of infinite order.) It is easy to see that a K-quasi-irreducible element x € G(K),
which is without components of finite order, generates a Zariski-dense subgroup
of the corresponding torus T' = Zg(x).

We now observe that without loss of generality the subsemigroup I' in Theo-
rem 1 can be assumed to be finitely generated, hence contained in G(K), where
K is a suitable finitely generated subfield of R over which G is defined; therefore,
we see that Theorem 1 is a consequence of the following.

Theorem 2. Let K be a finitely generated subfield of R, and G be a connected
semisimple algebraic K-group. Then any finitely generated subsemigroup I' of
G(K) which is Zariski-dense in G contains a Zariski-dense set of R-regular K -
quasi-irreducible anisotropic elements without components of finite order.

One of the ingredients of the proof of Theorem 2 is the following refinement
(with a different proof) of Theorem 1 of [17]. We observe that this refinement
is valid for an arbitrary semisimple group defined over an infinite field (of any
characteristic) while the result in [17] was established only for absolutely almost
simple groups over global fields.
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Theorem 3. Let G be a connected semisimple algebraic group defined over an
infinite field K, r be the number of nontrivial conjugacy classes in the absolute
Weyl group of G. Furthermore, let S be a set of r nontrivial inequivalent nonar-
chimedean valuations of K such that for every v € S, the completion K, 1is
locally compact and splits G. Then

(i) for each v € S, we can choose a mazximal K,-torus T, of G so that any
K-torus T which is conjugate to T, under an element of G(K,), for all

v € S, is K-quasi-irreducible and anisotropic over K ;
(ii) there exists an open subset U of Gg = [[,.q G(K,) with the following
properties:

vES

(a) U intersects every open subgroup of Gg, and for any element x = ()
of U, all the x,’s are elements without components of finite order;

(b) 05" (0s(G(K))NU), where dg: G(K) — Gg is the diagonal embedding,
consists of K-quasi-irreducible anisotropic elements.

First, we need to fix some notations and conventions. Given a maximal torus
T of G, we let ®(G,T) denote the root system of G with respect to T'. As usual,
we will identify the absolute Weyl group W(G,T) = Ng(T')/T with a normal
subgroup of Aut ®(G,T). For x € W(G,T), we let [x] denote the conjugacy
class of x in W(G,T), and for a subset X of W(G,T), we let [X] denote the
collection of conjugacy classes [x] with € X (in particular, [W (G, T)] is the set
of all conjugacy classes in W(G,T)). Next, given two maximal tori T, T5 and
an element g € G such that Ty = ¢gT1¢~ ", we let ¢, denote the isomorphism from
Aut ®(G,T1) to Aut ®(G,Tz) induced by Int g. We notice that given another
g’ € G with the property To = ¢'T1(g’) !, we have ¢'g~! € Ng(Ts) and 1y =
Int w o ¢y, where w is the class of ¢’g~! in W(G,T»); in particular, there is a
well-defined bijection v, 7, : [W(G,T1)] — [W(G,Ty)] satisfying the standard
properties: vpr = id, v, = L;217T1, and v 1, = i1y, © U1y, Finally, if
a maximal torus T is defined over a field L O K, we will denote by Lp its
minimal splitting field over L and by G(7, L) the corresponding Galois group
Gal(Lr/L). Since G is semisimple, ®(G, T') generates the character group X (7),
and therefore the action of §(7), L) on ®(G,T) allows one to identify it with a
subgroup of Aut ®(G,T).

Proof of Theorem 3(i). Let m : G — G be the simply connected cover of G
defined over K, where 7 is a central isogeny. By our assumption, for each v € S,
the group G, and hence also its simply connected cover C~¥, splits over K, and
therefore, G possesses a maximal torus C~’U which is defined and split over K.
According to a theorem of A. Grothendieck (see [5], Theorem 7.9, and also [8]
for the characteristic zero case), the K-variety T of maximal tori of G is a K-
rational homogeneous space of é, hence has the weak approximation property
(see [14], Proposition 7.3). Since the orbit G(K,) - C, (which coincides with
the é(KU)—conjugacy class of 6’U) is open in %(Kv) for all v € S, by the weak
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approximation property of T there exists a maximal K-torus To of G which
splits over K, for all v € S. Set Ty = 7r(1~“0).

We fix a bijection between S and the set of nontrivial conjugacy classes in
W (G, Ty) and for v € S, we will denote the corresponding conjugacy class by
¢y. We have the following:

Lemma 1. For each v € S, there exists a mazimal K,-torus T, of G such that
Cy € LTv,To([g(Tva KU) N W(G’ Tv)])'

Proof. The central isogeny m: G — G induces an isomorphism
7 W(G, Ty) — W(G, Tp).

Let &, be the conjugacy class in W (G, Ty) such that 7(é,) = c,, and & €
W(é,fg) be a representative of ¢,. Since Ty splits over K,, (NJ/KU and the
torus Tp /K, are obtained respectively from a Chevalley group-scheme over Z
and a split-torus Z-subscheme by base change Z — K,. From this we see that
there exists a finite subgroup N of No(K,), where Ny = Ng (Tp), that contains
representatives of all elements of W(G’, To). Let y € N be a representative of x.
The homomorphism ¢: Z — ]\~70(KU) defined by (1) = y can be thought of as a
continuous 1-cocycle on the group Gal(K" /K,) with values in No(K™), where
K" is the maximal unramified extension of K, (we recall that being locally
compact, K, is either a finite extension of the field Q, of p-adic numbers or it is
the field of Laurent power series in one variable over a finite field, and therefore
there exists an isomorphism 7 ~ Gal(K»/K,) sending 1 to the Frobenius au-
tomorphism ¢), and hence also as a continuous 1-cocycle on G, := Gal(K}/K,)
with values in No(K3), where K2 is a separable closure of K, containing K.
Since H'(K,,G) = {1} (Kneser [10] for characteristic zero and Bruhat-Tits [7]
for general local fields with perfect residue field of cohomological dimension < 1),
there exists g € G(K?) such that ¢(7) = g~ '~(g) for all v € G,. We claim that
the torus T, := w(gTv 0g~ 1) is deﬁn~ed over K, and has the required property.

1

Obviously, it suffices to show that T, := gfog_ is defined over K, and

(1) &y €ty 3, (ST, Ku) "W (G, T))).
By our construction, T, is defined over K, and besides, for any v € G, one has

Y(T) =19 Tov(g) " = glg™ " v(9)Tolg () 97" = gTog ' =T,
as g~ 'v(g) = C(7) € No(K?), implying that 7T, is in fact defined over K, ([4],
AG 14.4). To prove (1), we will consider the action of an arbitrary v € G,
on ®(G,T,), and compute the corresponding action of tg-1(7y) on ®(G,Tp). Let
ap € B(G, Tp), and let a € ®(G, T,) be defined by the formula a(t) = ag(g~tg).
Since fg is K,-split, and hence «q is defined over K,, for any ¢t € TQ(KS) we
obtain the following

Lg—1(7) () (t) = y(a@)(gtg™") = v(a(y (@ )y Hg)™)
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=ao((g7 v O O 9) 1 9)) = eollg(9) g (9)),
ie. ¢ -1(7)(0@) = ((7)(ap), where ((7) is the image of ¢(vy) in W (G, Tp). Thus,

g ~
L _1(9(TU,K )) = Im (. In particular, z = ((¢) € t,-1(5(T,, Ky)), and (1)
follows The proof of Lemma 1 is complete. O

For all v € S, we fix a maximal K,-torus T}, of G as in the preceding lemma.
To prove Theorem 3, let T' be a maximal K-torus of G such that for every v in
S, there exists a g, € G(K,) so that T = g, 'T,g,; the existence of such a T
follows from the weak approximation property of the K-variety 7 of maximal
tori of G. Then ¢4, (§(T, K,)) = (T, Ky), so it follows from Lemma 1 that

ey € v, 1, ([S(To, Ko) N W(G, To)]) = tr, 1 (e, ([S(T, Ko) N W(G, T)]))

= 1,1, ([S(T, Ky) N W(G, T)]) C oo, ([S(T, K) N W(G, T))).
Thus, if g € G is chosen so that Ty = gTg~ ", then the subgroup ¢,(5(T, K) N
W(G,T)) of (the finite group) W (G, Tj) meets every conjugacy class of the
latter. However, conjugates of a proper subgroup of a finite group cannot fill up
the group, so we conclude that

(ST, K)NW(G,T)) = W(G, Tp),
and therefore §(7, K) D W (G, T). This obviously implies that 7" is anisotropic
over K.

Now, to prove that T is K-quasi-irreducible, we observe that each of the
K-simple components G of G can in turn be decomposed further into an
almost direct product of connected absolutely almost simple groups: G(*) =
G(ll) e Gg), where the subgroups Gy), j=1,...,t;, are transitively permuted
by the absolute Galois group § = Gal(K*/K), where K* is a separable closure of
K. Since G splits over K, all of its connected absolutely almost simple normal
subgroups are defined over Kr, so this permutation action of G factors through

S(T,K). Let TO =TnGD, T =T NG and 0 = o(G, T"). Consider
V= X(T) ®z Q. Let Vj(i) denote the subspace of V spanned by ‘bgi) and V()
be the (direct) sum of the Vj(i) for j = 1,...,t;. We claim that any §(T, K)-
invariant subspace Y of V' is the direct sum of some of the V(¥ ’s. Indeed, since

V= @@V(” and W(G,T) HHWG(” ),

=1 j=1 1=1j5=1
the facts that 1) W(Gg-i),Tj(i)) acts on Vj(i) irreducibly for all ¢ and j, and 2)
(T, K) contains W (G, T), imply that Y is the direct sum of some of the Vj(i)’s.

However, for any fixed i, as §(T, K) acts transitively on the set of the Vj(i) ’s
our claim follows. If now T is a K-subtorus of T, then the subspace Y :=
Ker(X(T) =% X(T"))®zQ is of the form Y = @ZQV( ) for some I C {1,... s},
and hence T is an almost direct product of the T;’s for i € {1,...,s} — I, as
claimed.
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Proof of Theorem 3(ii). For each v € S, we let R, denote the set of regular
elements in 7T, (K,) and consider the map

ot G(Ky) X Ry — G(Ky),  hu(g,2) = grg™".
It follows from the implicit function theorem that v, is an open map. For
i=1,...,s, welet 00 . GO — E(i) be the natural central isogeny to the
adjoint group é(i) of G® and let #: G — 6(1) X oo X @(S) denote the resulting
central isogeny. Furthermore, for v € S, we let T =T, NG, Tii) =90 (Tv(i)),

and pick an open torsion-free subgroup i(j) of Tfj)(Kv). Set

S =01 x - x B,
and consider the open subset U, := ¢, (G(K,), R,N%,) of G(K,). Given an open
subgroup 2, of G(K, ), the v-adically open subgroup Q,N%, of T,,(K,) intersects
the Zariski-open subset R, (cf. [14], Lemma 3.2), and therefore U, NQ,, # 0. We
claim moreover that any x,, € U, is without components of finite order. To prove

this claim, after replacing x, by a conjugate, we may assume that x, € R, NX,.
Ifz, = Jm(,l) e xq(js) with Jm(f) € G, then

O(z,) = (0D (@), 09 E) e TV x . x T,

Now if for some 1, a:g,i) has finite order, then since i(f) is torsion-free, we obtain

that () (:UQ(,Z)) = 1, and therefore, 2 e Z(GW). But then z, is not regular, a
contradiction. It follows that U := ][], g U, satisfies condition (a).

Finally, if 0s(x) € ds(G(K)) N U, then x is regular semisimple and the torus
T = Zg(x)° is G(K,)-conjugate to T, for all v € S. So, by (i), T is K-quasi-
irreducible and anisotropic. This completes the proof of Theorem 3. O

Remark 3. For v € S, let O, be the ring of integers in K,. As fo, and hence
G, splits over K, G /K, and To /K, are obtained respectively from a Chevalley
group-scheme G, over Z and a split-torus Z-subscheme of G by base change
Z — O, — K,. From this we can see that the subgroup N in the proof of Lemma
1 can be chosen inside No(O,) := No(K,)NGy(O,). Then ¢ can be thought of as
a continuous 1-cocycle on Z ~ Gal(K™/K,) with values in G, (O"), where QU
is the ring of integers of K, and instead of using the triviality of H'(K,, é), we
can use the triviality of H* (K™ /K,,G,(O™)), which easily follows from Lang’s
theorem on the triviality of Galois cohomology of connected algebraic groups
over finite fields, see Theorem 6.8 of [14].

Remark 4. If K is a global field, then given any finite set Vj of places of K,
using, for example, Tchebotarev’s Density Theorem, one can find a set S of r
nonarchimedean places outside V (where r is the same as in the statement of
Theorem 3) such that G splits over K, for all v € S. For every v € S, we choose
a maximal K,-torus T, of GG so that the assertion of Lemma 1 holds, and let
To be a maximal K-torus of G which is G(K,)-conjugate to T, for each v € §
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(the existence of such a T} follows from the weak approximation property of the
K-variety 7 of maximal tori of G). Now for any maximal K-torus T" of G which
is G(K,)-conjugate to Ty for all v € S, G(T, K) D> W(G,T) (see the proof of
Theorem 3(i)), hence such a T is K-quasi-irreducible and anisotropic over K,
yielding a generalization, and an alternative proof, of Theorem 1(i) of [17].

Another ingredient of the proof of Theorem 2 is the following proposition
which is a variant of Proposition 1 of [18]. For the reader’s convenience we give
the full proof although it is similar to the argument given in [18].

Proposition 1. Let K be a finitely generated field of characteristic zero, R C K
be a finitely generated subring. Then there exists an infinite set 11 of primes such
that for each p € 1I there exists an embedding €,: K — Q, with the property
ep(R) C Zy,.

Proof. Pick a transcendence basis {si,...,s} of K over Q, and let A =
Zls1,...,s1], L = Q(s1,...,s). Furthermore, pick an element o € K so that
K = L[a], let f(z) denote the minimal monic polynomial of « over £, and set
B = Ala]. Since R is finitely generated, there exists a nonzero a € A with the
following properties:

@) RcCB E] and f(z) € A H 2.

As f(x) is prime to its derivative f’(x), there exist polynomials u(x), v(z) € Alz]
such that

3) u(z) f(z) +v(x)f'(x) = b
for some nonzero b € A. Set ¢ = ab € A (= Z[s1, ... ,s;]) and choose z1,... ,2 €
Z so that ¢o := ¢(z1,...,21) # 0. Let v: A — Z be the homomorphism special-

izing s; to z;, and F' be the splitting field over Q of g(z) := f¥(x). It follows
from the Tchebotarev Density Theorem that the set of primes

M:={p|FCQ, and p fco}

is infinite (this, in fact, can also be proved by an elementary argument). We
claim that II is as required.

Indeed, suppose p € II. Then by our construction all roots of g(x) belong
to Qp; moreover, since co € Z,;, the coefficients of g(x) belong to Z, by (2),
and therefore the roots actually belong to Z,. Since Z, is uncountable, there
exist elements t1,... ,t; € Z, which are algebraically independent over Q and
satisfy the congruences t; = z;(mod p) for all i = 1,...,l. Let e: L — Q, be
the embedding sending s; to t;. We claim that h(z) := f(z) splits over Z, into
linear factors. For this, we first observe that £(c) = ¢o(mod p), implying that
e(c) € Z,; , and therefore h(z) € Zp[z] in view of (2). Moreover, for the canonical
homomorphism Z, — Z,/pZ, =: F,, z — Z, one has h(z) = g(z), hence by the
above, h(z) splits over F,, into linear factors. On the other hand, it follows from
(3) that

uf (2)h(z) + 0% (2)h'(z) = e(b) # 0,
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which implies that h(x) is prime to its derivative h/(x), and so it does not have
multiple roots. Invoking Hensel’s Lemma, we now conclude that h(z) splits
over Zj, into linear factors, as was claimed. It follows that for any extension
£: K — Q, (= an algebraic closure of Q,) of &, one has £(K) C Q,. Furthermore,
as &(a) is a root of h(x), and, on the other hand, all the roots of h(z) belong
to Z,, we obtain that é(a) € Z,, i.e. €(B) C Z,. Since by our construction

e(a) € Zy, it follows from (2) that £(R) C Z,. Thus, ¢, := € is an embedding
which has all of the required properties. O

We shall view G as a K-subgroup of GL,, in terms of a fixed embedding. For
a subring R of a commutative K-algebra C| in the sequel G(R) will denote the
group G(C)NGL,(R).

For the proof of Theorem 2, we also need the following:

Lemma 2. Let G be a semisimple algebraic group defined over a field K of
characteristic zero, and let R be a subring of K. Given a finite set S of distinct
primes and a system of embeddings €,: K — Q, with the property e,(R) C Z,,
one for each p € S, we let ds: G(K) — Gg denote the embedding induced by the
ep’s. Then for any subsemigroup I' of G(R), which is Zariski-dense in G, the
closure of 65(I") in Gg is open.

Proof. Given a subset X of G(K), let X" denote the closure of ds(X) in Gg.
Also, for an individual p € S, we let 0,: G(K) — G(Q,) denote the embedding

induced by ¢, and will use X" to denote the closure of 9p(X) in G(Qp). Since
a closed subsemigroup of a profinite group is in fact a subgroup (simply because

the set of natural numbers N is dense in the profinite completion Z of Z), we have
¥ —a® (C Il,es G(Zp)), where A is the subgroup of G(R) generated by T,
so we may assume from the outset that I' is a subgroup. A standard argument
(going back to Platonov’s proof [13] of the strong approximation property) shows
that H(p) := ) is open in G(Q,), for every p € S. Indeed, let G = g ...g
be a decomposition of G' as an almost direct product of its Q,-simple factors.
Then the Lie algebra g of G is the direct sum of the Lie algebras g@ of G,
i =1,...,1. Moreover, since G is Qp-simple, the algebra ggi does not have
any proper ideals. Now, by the p-adic analogue of Cartan’s theorem on closed
subgroups (see [6], Ch. III, §8, n® 2, Thm. 2), H(p) is a p-adic Lie group. Let
h(p) denote its Lie algebra. Since I' is Zariski-dense in G, h(p) is an ideal of gqg,
(cf. [14], Proposition 3.4), and therefore h(p) = @ielg(zz for some subset I C

{1,...,1}. If we assume that thereisani € {1,...,l} —1I, then F' := H(p)ﬂgA(i),
where G = g(1) ... gli-Dgli+1) ... GW | has the same Lie algebra as H(p), hence
is open in H(p). But being a closed subgroup of G(Z,), the subgroup H(p) is
compact, so [H(p) : F] < oo, and hence [I" : T N G(®] < co. This contradicts the
fact that I' is Zariski-dense in G, proving that in fact b(p) = gg,, and therefore
H(p) is open in G(Qp), as claimed.
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Now, let H = f(s). It suffices to show that
(4) HNG(Qyp) is open in G(Qy),

for all p € S. If m,: Gs — G(Qp) is the projection corresponding to p, then
mp(H) = H(p). Since H(p) possesses an open pro-p subgroup, it follows that for
a Sylow pro-p subgroup H,, of H, the subgroup m,(H,) is open in H(p), hence
also in G(Q,). But 7,(H,) is finite for any ¢ # p, so H,, N G(Q,) is open in H,,
and (4) follows. O

Remark 5. The strong approximation theorem of Nori and Weisfeiler (see [11],
[20], and also [12]) provides a substantially more precise information about the
closure of I, but the (almost obvious) assertion of Lemma 2 is sufficient for our
purpose.

Proof of Theorem 2. Since I is finitely generated, there exists a finitely gener-
ated subring R of K such that I' C G(R) = GNGL,,(R). Fix a maximal K-torus
T of G, and let L denote the splitting field of T over K. Let r be the number
of nontrivial conjugacy classes of the Weyl group W (G, T'). Using Proposition 1,
one can find a set S consisting of r distinct rational primes such that for each
p € S, there exists an embedding ¢,,: L — Q,, so that £,(R) C Z,. Let v,, denote
the restriction of the p-adic valuation to K ~ €,(K) (in the sequel, we will make
no distinction between p and v,; in particular, we will think of S also as the set
of all the v,’s). Then K,, = Q, and G splits over K, , for all p € S. This means
that Theorem 3 applies in our set-up, and we let U denote the open subset of
Ggs given by assertion (ii) of that theorem. Now if G is R-isotropic, by [15], T’
contains an R-regular element y, and then by Lemma 3.5 of [16], there exists a
nonempty Zariski-open subset W of G (W can clearly be assumed to be defined
over K) such that for any x € G(R) N W, the element xy™ is R-regular for all
sufficiently large m. If G is anisotropic over R, we let y = 1 and W = G. Let
WS = HvES W(Kv) C Gs.

Let 0g be as in the preceding lemma and H be the closure of dg(I') in Gg.
According to Lemma 2, H is open. Hence by property (a) of U described in
Theorem 3(ii), HNU # (. It follows that X := HNU N Wy is a nonempty open
subset of H, and dg(I") N X is dense in X. Let = be an element of I" such that
ds(z) € X. There exists an open normal subgroup € of [[ .5 G(Zp), of index,
say, d, such that

(5) 5s(z)Q C U.

For all large positive integers m, say for m > s(z), the element xy?™ is R-regular.
Since dg(y)? € Q, it follows from (5) that dg(zy?™) € 65(I')NU, so by Theorem 3,
xy®™ is a R-regular K-quasi-irreducible anisotropic element without components
of finite order. The Zariski-closure of the set {zy®™ |m > s(x)} clearly contains
x. As x was an arbitrary element of I' such that dg(z) € X, and the set of
such elements is a Zariski-dense subset of GG, we conclude that the subset of
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I" consisting of all R-regular K-quasi-irreducible anisotropic elements without
components of finite order is Zariski-dense in GG. This proves Theorem 2. U

Remark 6. Let K and G be as in Theorem 2 and I' be a finitely generated
Zariski-dense subgroup of G(K). Let L, S, for p € S, ¢, H,U and X be as in
the proof of Theorem 2 and g be as in Lemma 2. We fix an element x of " such
that ds(z) € X. Let Q be an open normal subgroup of [[ g G(Z,) as in the

proof of Theorem 2 and let A = 551(55(I‘) NQ). As H is compact, A has finite
index in I, hence it is Zariski-dense in G. By Theorem 6.8 of [1], there exists a
finite subset M of A such that for every g € G(R) at least one of the elements
vg, v € M, is R-regular. Let Q be the set of R-regular elements in zA. Then
we have zA = M~10.

Clearly,

5S($A) C 55(1‘)9 cU,

and hence, every element of xA is K-quasi-irreducible anisotropic and none of
them have components of finite order. This implies the following strengthening
of Theorem 2:

The subgroup I' is the union of finitely many translates of the subset consist-
ing of all R-regular K -quasi-irreducible anisotropic elements which do not have
components of finite order.

In conclusion, we point out that R-regular elements are closely related to the
so-called proximal elements, which are defined as invertible linear transforma-
tions of a finite dimensional vector space, over a nondiscrete locally compact
field, which have a unique eigenvalue of maximum absolute value which, in ad-
dition, occurs with multiplicity one. We recall that according to Lemma 3.4 of
[16] an element g € G(R) is R-regular if and only if the element p(g) is proximal,
where p is the representation of G(R) constructed as follows: let G(R) = KAN
be a fixed Iwasawa decomposition, g and n be the (real) Lie algebras of G(R)
and N respectively, and k¥ = dim n; let o denote the representation of G(R)
on AFg obtained from the adjoint representation, and let V be the smallest
G(R)-submodule of AFg containing the 1-dimensional subspace AFn; then p is
the restriction of o to V.

Proximal elements were used by H. Furstenberg to analyze the “universal
boundary” of a Lie group, and more recently in [2] to investigate the Auslander
problem about properly discontinuous groups of affine transformations (not to
mention the fact that proximal elements in the nonarchimedean set-up were
used by J. Tits in the proof of his celebrated theorem on the existence of free
subgroups in nonvirtually solvable linear groups).

Gol’dsheid and Margulis ([9]) have proved that if G is a connected semisim-
ple R-subgroup of GL(V') such that V is irreducible as a G-module, and G(R)
contains a proximal element, then so does any Zariski-dense subsemigroup I" of
G(R) (a more precise result in this direction was obtained in [1]). Using the re-
sult of Gol’dsheid-Margulis in place of the result of [15] and an obvious analogue
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of Lemma 3.5 of [16] for proximal elements and repeating verbatim the above
argument, one obtains the following.

Theorem 4. Let G be a connected semisimple real algebraic subgroup of GL(V)
such that V' is irreducible as a G-module and G(R) contains a proximal element.
Then any Zariski-dense subsemigroup I' of G(R) contains a regular semisimple
prozimal element x which generates a Zariski-dense subgroup of the torus T :=

Zg(.%')
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