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ALMOST CONSERVATION LAWS AND GLOBAL ROUGH
SOLUTIONS TO A NONLINEAR SCHRODINGER EQUATION

J. CoLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA, AND T. TAO

ABSTRACT. We prove an “almost conservation law” to obtain global-in-time well-
posedness for the cubic, defocussing nonlinear Schrodinger equation in H3(R™)

when n = 2,3 and s > %, %, respectively.

1. Introduction and Statement of Results

We study the following initial value problem for a defocussing nonlinear
Schrédinger equation,
(1.1) i0s(x,t) + Ad(x,t) = |p(x,)|?P(x,t) = €R" >0
(1) O(,0) = dolx) € HY(R")
when n = 2,3. Here H*(R™) denotes the usual inhomogeneous Sobolev space.
Our goal is to loosen the regularity requirements on the initial data which ensure
global-in-time solutions. In particular, we aim to extend the global theory to
certain infinite energy initial data.

It is known [5] that (1.1)-(1.2) is well-posed locally in time when n = 2,3 and
s> 0, % respectively!. In addition, these local solutions enjoy L? conservation;

(1.3) lo( Ollz2@ny = [[¢o ()| L2 mn)
and the H'(R™) solutions have the following conserved energy,
1 1
1) B@W= [ SVo@nP+ ol de = B@)0).

Together, energy conservation and the local-in-time theory immediately yield
global-in-time well-posedness of (1.1)-(1.2) from data in H*(R") when s > 1,
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Tn addition, there are local in time solutions from L2, H% data when n = 2, 3, respectively.
However, it is not yet known whether the time interval of existence for such solutions depends
only on the data’s Sobolev norm. For example, the L? conservation law (1.3) does not yield
the widely conjectured result of global in time solutions on R2+! from L? initial data.
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and n = 2,3. It is conjectured that (1.1)-(1.2) is in fact globally well-posed
in time from all data included in the local theory. The obvious impediment
to claiming global-in-time solutions in H?®, with 0 < s < 1, is the lack of any
applicable conservation law.

The first argument extending the lifespan of rough solutions to (1.1)-(1.2) in
a range Sp < s < 1 was given in [2] (see also [3]). In what might be called a
“Fourier truncation” approach, Bourgain observed that from the point of view of
regularity, the high frequency component of the solution ¢ is well-approximated
by the corresponding linear evolution of the data’s high frequency component.
More specifically: one makes a first approximation to the solution for a small
time step by evolving the high modes linearly, and the low modes according to
the nonlinear flow for which one has energy conservation. The correction term
one must add to match this approximation with the actual solution is shown to
have finite energy. This correction is added to the low modes as data for the
nonlinear evolution during the next time step, where the high modes are again
evolved linearly. For s > %, one can repeat this procedure to an arbitrarily large
time provided the distinction between “high” and “low” frequencies is made at
sufficiently large frequencies.

The argument in [2] has been applied to other subcritical initial value prob-
lems with sufficient smoothing in their principal parts. (See [3], [7], [13], [18],
[22], and [23]). It is important to note that the Fourier truncation method
demonstrates more than just rough data global existence. Indeed, write SV
for the nonlinear flow? of (1.1)-(1.2), and let S denote the corresponding linear
flow. The Fourier truncation method shows then that for s > % and for all
t € [0,00),

(1.5) SN — Sf¢o € H' (R?).

Besides being part of the conclusion, the smoothing property (1.5) seems to be
a crucial constituent of the Fourier truncation argument itself.

In this paper we will use a modification of the above arguments, originally
put forward to analyze equations where the smoothing property (1.5) is not
available because it is either false (e.g. Wave maps [16]) or simply not known
(e.g. Maxwell-Klein-Gordon equations [15], for which we suspect (1.5) is false).
In this “almost conservation law” approach, one controls the growth in time of a
rough solution by monitoring the energy of a certain smoothed out version of the
solution. It can be shown that the energy of the smoothed solution is “almost
conserved” as time passes, and controls the solution’s sub-energy Sobolev norm.
In proving the almost conservation law for the i.v.p. (1.1)-(1.2), we shall use
only the linear estimates presented in [2], [3]. Implicitly, we also use the view of
[2] that the energy at high frequencies does not move rapidly to low frequencies.

The almost conservation approach to global rough solutions has proven to be
quite robust [16], [15], [8], [11], and has been improved significantly by adding

2That is, SN L (¢o)(z) = ¢(z,t), where ¢, ¢po as in (1.1)-(1.2).
3See the appendix of [15] for the failure of (1.5) for Wave Maps.
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additional “correction” terms to the original almost conserved energy functional.
As a result, one obtains even stronger bounds on the growth of the solution’s
rough norm, and at least in some cases sharp global well-posedness results [12],
9], [10]-

The aims of this paper are three-fold: first and most obviously, an improved
understanding of the evolution properties of rough solutions of (1.1)-(1.2); sec-
ond, the almost conservation law approach is presented in a relatively straight-
forward setting; and third, we can directly compare this almost conservation law
approach to the Fourier cut-off technique, since both approaches apply to the
semilinear Schrodinger initial value problem. Our main result is the following:

Theorem 1.1. The initial value problem (1.1)-(1.2) is globally-well-posed from

data ¢g € H?(R™), n = 2,3 when s > %, % respectively.

By “globally-well-posed”, we mean that given data ¢, € H*(R"™) as above,
and any time 7" > 0, there is a unique solution to (1.1)-(1.2)

(1.6) ¢(x,t) € C([0,T]; H*(R™))

which depends continuously in (1.6) upon ¢y € H*(R™). The polynomial bounds
we obtain for the growth of ||¢|| s rn)(t) are contained in (3.4), (3.14), and (4.6)
below.

Theorem 1.1 extends to some extent the work in [2, 3] where global well-
posedness was shown when s > %, % and n = 2,3 respectively. In a different
sense, the result here is weaker than the results of [2, 3] as we obtain no infor-
mation whatsoever along the lines of (1.5).

In a later paper, we hope to extend Theorem 1.1 to still rougher data, using
the additional cancellation terms mentioned above, and the multilinear estimates
contained in [6].

In Section 2 below we present some notation and linear estimates that are used
in our proofs. Sections 3, 4 present the almost conservation laws and proofs of
Theorem 1.1 in space dimensions two and three, respectively.

2. Estimates, Norms, and Notation

Given A, B > 0, we write A < B to mean that for some universal constant
K >2 A< K- -B. We write A ~ B when both A < B and B < A. The
notation A < B denotes B > K - A.

We write (A) = (14 A2)2, and (V) for the operator with Fourier multiplier
(14 |¢?)2. The symbol V will denote the spatial gradient.

We will use the weighted Sobolev norms, (see [21, 1, 4, 20]),

(2.1) 1911, = ) (T — 1€ 9 (E, 7| 2 (n xy)-

Here 1/; is the space-time Fourier transform of . We will need local-in-time
estimates in terms of truncated versions of the norms (2.1),

(2.2) ||f“X§’b = }gf[oﬂ Hd’”xg,b-
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We will often use the notation 34+ = 3 + ¢ for some universal 0 < ¢ < 1.

Similarly, we shall write %— = % —eand 1 ——=1_2¢

Given Lebesgue space exponents ¢, r and a function F(x,t) on R"*!, we write

(2.3) y\Fy\LgL;(Rnﬂ)z(A </ ]F(w,t)rdq:> dt> .

This norm will be shortened to L{L}, for readability, or to L}, , when q = r.

We will need Strichartz-type estimates [24, 14, 17] involving the spaces (2.3),
(2.1). We will call a pair of exponents (q,7) Schridinger admissible for R"*!
when ¢, > 2, (n,q) # (2,2), and

1 n n

24 -4 —=—.
(24) q + 2r 4
For a Schrodinger admissible pair (q,7) we have what we will call the L{L"
Strichartz estimate,

(2.5) Bl Larr @n+ty < H¢||XO,%+-

Finally, we will need a refined version of these estimates due to Bourgain [2].
Lemma 2.1. Let 11,1y € XglJr be supported on spatial frequencies |§| ~
' 2
N1, Ny, respectively. Then for Ny < Na, one has

A
26 W wallaaan S (1) ol sl
In addition, (2.6) holds (with the same proof) if we replace the product ¥y - 1y
on the left with either 1y - 1Yo or i1 - Yy.

3. Almost conservation and Proof of Theorem 1.1 in R2

For rough initial data, (1.2) with s < 1, the energy is infinite, and so the
conservation law (1.4) is meaningless. Instead, Theorem 1.1 rests on the fact
that a smoothed version of the solution (1.1)-(1.2) has a finite energy which is
almost conserved in time. We express this ‘smoothed version’ as follows.

Given s < 1 and a parameter N > 1, define the multiplier operator

(3.1) INF(€) = mn(€)F(©),

where the multiplier my(§) is smooth, radially symmetric, nonincreasing in |£|
and

1 €l < N

(3.2) my (&) = (%)178 €] > 2N,



A.C. LAWS AND GLOBAL ROUGH SOLUTIONS FOR NLS 663

For simplicity, we will eventually drop the N from the notation, writing I and m
for (3.1) and (3.2). Note that for solution and initial data ¢, ¢¢ of (1.1), (1.2),
the quantities ||¢||g=rn)(t) and E(In¢)(t) (see (1.4)) can be compared,

2
(33) E(In)®) < (N 160Dl igoqary )+ 160t M3 g
(34) 1903y S EING)E) + 160l 32 o)

Indeed, the H'(R™) component of the left hand side of (3.3) is bounded by
the right side by using the definition of Iy and by considering separately those
frequencies |¢] < N and |[¢] > N. The L* component of the energy in (3.3) is
bounded by the right hand side of (3.3) by using (for example) the Héormander-
Mikhlin multiplier theorem. The bound (3.4) follows quickly from (3.2) and L?
conservation (1.3) by considering separately the H*(R™) and L?(R™) components
of the left hand side of (3.4).

To prove Theorem 1.1, we may assume that ¢ € C5°(R"™), and show that the
resulting global-in-time solution grows at most polynomially in the H?® norm,

(3.5) (o )| e @y < Crt™ + Co,

where the constants Cy,C2, M depend only on ||¢g||fs®n) and not on higher
regularity norms of the smooth data. Theorem 1.1 follows immediately from
(3.5), the local-in-time theory [5], and a standard density argument.

By (3.4), it suffices to show

(3.6) E(Ing)(t) S (1+6)M.

for some N = N(t). (See (3.13), (3.14) below for the definition of N and the
growth rate M we eventually establish.) The following proposition, which is one
of the two main estimates of this paper (see also Proposition 4.1), represents an
“almost conservation law” of the title and will yield (3.6) in space dimension
n=2.

Proposition 3.1. Given s > 2, N > 1, and initial data ¢g € C§°(R?) (see
preceeding remark) with E(In¢o) < 1, then there exists a 6 = 6(||¢o||2(r2)) > 0
so that the solution

¢(x,t) € C([0,0], H*(R?))
of (1.1)-(1.2) satisfies
(3.7) E(Ing)(t) = E(In¢)(0) + O(N"27),
for all t €0, 6].

Remark. Equation (3.7) asserts that I ¢, though not a solution of the nonlin-
ear problem (1.1), enjoys something akin to energy conservation. If one could
replace the increment N~2% in E(Iy¢) on the right side of (3.7) with N~ for
some « > 0, one could repeat the argument we give below to prove global well
posedness of (1.1)-(1.2) for all s > QJ%& In particular, if E(Iny¢)(t) is conserved
(i.e. @ = 00), one could show that (1.1)-(1.2) is globally well-posed when s > 0.
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We first show that Proposition 3.1 implies (3.6). Note that the initial value
problem here has a scaling symmetry, and is H®-subcritical when 1 > s > 0, %
and n = 2, 3, respectively. That is, if ¢ is a solution to (1.1), so too

1 z t

(33) V1) = 1005, 25)
Using (3.3), the following energy can be made arbitrarily small by taking A large,
(3.9) B(Ingg”) < (N*7)IN72 4 A7) - (14 (|0l - ze))!
(3.10) < Co(NF2N725) - (1 + || o | - (m2))*-
Assuming N > 11is given?, we choose our scaling parameter A = A(N, |[@|| = (r2))
(3.11) A= N (L . (1 + lidollar- o)) *

2Cy

so that E(I N¢(()’\)) < % We may now apply Proposition 3.1 to the scaled initial

data <Z>[()>‘), and in fact may reapply this Proposition until the size of E(Iy¢™)(t)
reaches 1, that is at least C - N 2~ times. Hence

(3.12) E(In¢M)(CyN776) ~ 1.

Given any Ty > 1, we establish the polynomial growth (3.6) from (3.12) by
first choosing our parameter N > 1 so that

N3- o
G~ N

where we’ve kept in mind (3.11). Note the exponent of N on the right of (3.13)
is positive provided s > %, hence the definition of N makes sense for arbitrary
Ty. In two space dimensions,

E(Ing)(t) = N E(In¢™)(N2).
We use (3.11), (3.12), and (3.13) to conclude that for Ty > 1,

(3.13) Ty ~

1—s
Ts—1

(3.14) E(Ine¢)(To) < CoTy! +,

where IV is chosen as in (3.13) and Cy = Ca(|[¢o|| = (r2), ). Together with (3.4),
the bound (3.14) establishes the desired polynomial bound (3.5).

It remains then to prove Proposition 3.1. We will need the following modified
version of the usual local existence theorem, wherein we control for small times
the smoothed solution in the X f, 1, horm.

Proposition 3.2. Assume % < s < 1 and we are given data for the problem

(1.1)-(1.2) with E(I¢g) < 1. Then there is a constant 6 = 6(||¢ol|r2(r2)) s0
that the solution ¢ obeys the following bound on the time interval [0, ],

(3.15) Hllxs, S 1.
1,3+

4The parameter N will be chosen shortly.
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Proof. We mimic the typical iteration argument showing local existence. We will
need the following three estimates involving the X, 5 spaces (2.1) and functions
F(z,t), f(x). (Throughout this section, the implicit constants in the notation <
are independent of 4.)

(3.16) HS(It)fo;s L SN e w2y,
'
t
(3.17) ‘/ S(t — 7)F(z, 7)dr <IFlxs
0 X, 1 1%
)
P
(3.18) 1Fllxs S0 1Flxs

2,and P = (1 — %) > 0. The bounds
(3.16), (3.17) are analogous to estimates (3.13), (3.15) in [19]. As for (3.18), by
duality it suffices to show

where in (3.18) we have 0 < f < b < 2

P
1Fllxs, , S P IFllxs, -
Interpolation® gives
<1p| -8 i
1Flls, , S IR D RN
As b€ (0,3), arguing exactly as on page 771 of [7],
1
1Pllxs, , S 83 1Pllxs .

and (3.18) follows.
Duhamel’s principle and (3.16)- (3.18) give us

Irelxs, = |seton + [ ste-nreéonar

X9
1,5+

[N

S ol @2y + [1(668)Ixs

(3.19) S ol a1 (r2) +5€HI(¢$¢)fo

Y

1
T2
where —% + + is a real number slightly larger than —%+ and € > 0. By the
definition of the restricted norm (2.2),

(3.20) 116115 , < ol ez + 3N (we)llx, _,
7§ 2

where the function ¢ agrees with ¢ for ¢ € [0, 0], and

(3.21) Hellxs, ~ IHYlx, ,, -

+

++’

We will show shortly that
(3.22) H@Ellx, ,,, S I,

1
—-5++

5The argument here actually involves Lemma 3.2 of [19]. We thank S. Selberg for pointing
this out to us.
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Setting then Q(0) = ||[I6(t)||xs , the bounds (3.19), (3.21) and (3.22) yield
1A+

)

(3.23) Q) S || ol 2y + 6°(Q(6))?,
Note
(3.24) 1160l | ey S (E(1¢0))% + [ollraqmey S 1+ [|dol| 22 me)-

As @ is continuous in the variable d, a bootstrap argument yields (3.15) from
(3.23), (3.24).

It remains to show (3.22). Using the interpolation lemma of [10], it suffices
to show

(3.25) ledvllx, . Sl

+
for all 3 < s < 1. By duality and a “Leibniz” rule®, (3.25) follows from
(3.26)

)
S,

Ml»—‘

Voh1)padpzdadrdt| < ||

|l

|l

X X X

loallx, ,

5l+ s,%-Q— s,%+

RQ
Note that since the factors in the integrand on the left here will be taken in
absolute value, the relative placement of complex conjugates is irrelevant. Use
Hélder’s inequality on the left side of (3.26), taking the factors in, respectively,

Li 5 Li 5 Lgt and L?;:’t. Using a Strichartz inequality,
IKV)?llpa , a1y S (V) <l51||X0,%+
= Hd)lHXsy%+7
and

162]]22 ,@2+1) S ll92llx, 5,
5 H¢2HXSY%+'

The bound for the third factor uses Sobolev embedding and the LY L3 Strichartz
estimate,

@3l Lo Ls 241y S (V) ? ¢3||L§L3(R2+1)
< H<V>§¢3HXO,%+
< H¢3|’X51%+-

It remains to bound ||¢4||psre+1). Interpolating between |[¢4l|z2r2 < |[¢allx, o
and the Strichartz estimate [|¢a||paps < [|dallx, ,, vields
® 2

leallzzee Slloallx, ,
This completes the proof of (3.26), and hence Proposition 3.2. O

6By this, we mean the operator (D)*® can be distributed over the product by taking Fourier
transform and using (§1 +...&4)% < (1) + ... (€a)®.
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Proof of Proposition 3.1. The usual energy (1.4) is shown to be conserved by
differentiating in time, integrating by parts, and using the equation (1.1),

08(0) = Re | G060~ Ad)da
—Re [ Gu(l6P6 - Mg — ign)da
R2

=0.
We follow the same strategy to estimate the growth of E(1¢)(t),

E(I6)(t) = Re / T@I6P 16— Al — iloy)d

—Re [ T@(1616 - 1(96)dz
R2

where in the last step we’ve applied I to (1.1). When we integrate in time and
apply the Parseval formula’ it remains for us to bound

(3.27)  E(I$(0)) — E(I$(0)) =
1) — — _ —~
/ / (1_ mi& + &+ &) )m<£1>1¢<£2)1¢<53>1¢<£4>.
_,£=0

m(&2) - m(&3) - m(&a)

The reader may ignore the appearance of complex conjugates here and in the
sequel, as they have no impact on the availability of estimates. (See e.g. Lemma
2.1 above.) We include the complex conjugates for completeness.

We use the equation (1.1) to substitute for 9;I(¢) in (3.27). Our aim is to
show that

(3.28) Term; + Terms < N2,

where the two terms on the left are

(3.29) Term, =
/ b Ve (1 mEr St ) () T Tole) - To(e)
(3.30) Terms =

// 151—0< m?éfir:(gz);a))(m(él)-ﬁb(@).ﬁ@g)'m(&)‘

In both cases we break ¢ into a sum of dyadic constituents 1;, each with fre-
quency support (§) ~ 27,7 =0,.....

"That is, J, o f1(@)f2(@)fs(@) fa@)dz = [y o) yeove,—o f1(60)F2(62)f3(63) fa(€a) where

fx £,=0 here denotes integration with respect to the hyperplane’s measure
00(&1 + &2 + &3 + £4)dE1dEadE3dEy, with &g the one dimensional Dirac mass.
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For both Term; and Termsy we’ll pull the symbol

 m(§+ &+ &)
m(&2)m(&s)m(&a)

out of the integral, estimating it pointwise in absolute value, using two different
strategies depending on the relative sizes of the frequencies involved. After so
bounding the factor (3.31), the remaining integrals in (3.29), (3.30), involving
the pieces 1); of ¢, are estimated by reversing the Plancherel formula® and using
duality, Holder’s inequality, and Strichartz estimates. We can sum over the all
frequency pieces v; since our bounds decay geometrically in these frequencies.
We suggest that the reader at first ignore this summation issue, and so ignore on
first reading the appearance below of all factors such as Ni0 ~ which we include
only to show explicitly why our frequency interaction estimates sum. The main
goal of the analysis is to establish the decay of IV ~%% in each class of frequency
interactions below.
Consider first Term;. By Proposition 3.2,

AT xs | <I|dllxs
-1,5+ 1,54

<1

(3.31) 1

1

72

_3
Hence we conclude Term; < N™27 once we show

[, (st ) aemermene

(3.32) (&) -m(&3) - m(&q)

S NTEHWNNND lallx,,, clgallx, , closllx, ,, lloallx, .
for any functions ¢;, i = 1,... ,4 with positive spatial Fourier transforms sup-
ported on
(3.33) & ~2% =N,
for some k; € {0,1,...}. (Note that we are not decomposing the frequencies

|€] < 1 here. In the three dimensional argument we’ll need to do this.) The
inequality (3.32) implies our desired bound (3.28) for Term; once we sum over
all dyadic pieces v;.

By the symmetry of the multiplier (3.31) in &,&3,&4, and the fact that the
refined Strichartz estimate (2.6) allows complex conjugates on either factor, we
may assume for the remainder of this proof that

(3.34) Ny > N3 > Ny.
Note too that Z?:l & = 0 in the integration of (3.32) so that N1 < N,. Hence
it is sufficient to obtain a decay factor of N *%JFNS* on the right hand side

of (3.32). We now split the different frequency interactions into three cases,
according to the size of the parameter N in comparison to the N;.

8 Assuming, as we may, that the spatial Fourier transform of ¢ is always positive.
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Term;, Case 1: N > N,. According to (3.2), the symbol (3.31) is in this case
identically zero and the bound (3.32) holds trivially.

Term;, Case 2: Ny 2 N > N3 > N4. Since ) . & = 0, we have here also
N7 ~ N3. By the mean value theorem,

m (&) —m(&a + &3+ &a)
m(&2)

This pointwise bound together with Plancherel’s theorem and (2.6) yield

< V(&) - (€3 + &) < N3

(3.35) S miE) SN,

. N.
(336) Left Side of (332) < _3||¢1¢3|‘LQ([O,é]XRQ])||¢2¢4||L2([0,6}><R2)
No
N3Nj N7
(3.37) <=3 H illxs | -
NoNENZ o4+
Comparing (3.32) with (3.37) it remains only to show that
NyNZNZ(N) e o
T SN72EN,T,
NaN¢ N3 Na(Ns)(Na)

which follows immediately from our assumptions Ny ~ Ny 2 N > N3 > Ny.
Term;, Case 3: Ny > N3 = N. We use in this instance a trivial pointwise
bound on the symbol,

m(&a + &3 + &4) m(&1)
m(&2)m(&3)m(&a) |~ m(&2)m(&s)m(&a)
When estimating the remainder of the integrand on the left of (3.32), break the
interactions into two subcases, depending on which frequency is comparable to
Ns.

Case 3(a): Ny ~ Ny > N3 2 N. We aim for

[ e

N~=3+NJ~NyN3(Ny) 1
S N, H||¢z‘||xg’%

(3.38) '1 -

m(Ny) '
m(N2)m(Nz)m(Ny)

i=1

Pairing ¢; - ¢4 and ¢5 - ¢35 in L? and applying (2.6), it remains to show

1 1
m(N1)Nj Ny < N—3+N21_N3<N4>
m(No)m(Ns)m(Ny) Ny Ny M
or
N§7N0+
(3.39) © <1
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When estimating such fractions here and in the sequel, we frequently use two

trivial observations®: for any p > %, the function m(x)xP is increasing; and

m(z)(x)? is bounded below. For example, in the denominator of (3.39),
1

m(Ny)(Ng)2 2 1 and m(N3)N3% 2z m(N)N% — N2. After these observations
one quickly concludes that (3.39) holds.

Case 3(b): N ~ N3 > N. Argue as above, now pairing ¢1¢2 and ¢3¢4 in L?.
The desired bound (3.32) will follow from

1 1
m(N1)N7 N <N_%+N21_N3(N4>
1 1 ~ )
m(No)m(N3)m(Ny) N2 N2 (N1)

or, after cancelling powers of Ny in the numerator with powers of Ny in the
denominator,

m(N;)N 2~ N9+
m(Na)m(N3)m(Ny) N2 Ny (Na)

(3.40) <1

1 1
Using m(N,;)(N4)2 > 1 and that both m(Nz)NZ, m(Ns)NZ = m(N)N2z =
Nz, we get (3.40). This completes the proof of (3.32), and the bound for the
contribution of Term; in (3.28).

We turn to the bound (3.28) for Terms (3.30). As in our previous discussion
of Termy, it suffices to show

(3.41)
| Pl m I - . - |

6
_3 _
< N 2PN il x,

1,7
=+
=1

where as above, 0 < q@(&) is supported for [&] ~ N; = 2% i = 4,5,6, and
without loss of generality,

(342) N4 Z N5 Z NG, and N4 Z N,

the latter assumption since otherwise the symbol on the left of (3.41) vanishes.
In (3.41) we have written Py,,, for the projection onto functions supported in
the Nia3 dyadic spatial frequency shell. The decay factor on the right of (3.41)
allows us to sum in N4, N5, Ng, and Nyo3, which suffices as we do not dyadically
decompose that part of Terms represented here by ¢;,7 = 1,2,3. We pointwise
bound the symbol on the left of (3.41) in the obvious way

m(&a+8& +8) | - m(Ni23)

L ) mE miEs) | S m(Nm(Ny)m(N)

9 Alternatively, use (3.2) to write out the value of m explicitly.
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and as before, we undo the Plancherel formula. After applying Holder’s inequal-
ity, it suffices to show

(3.43)
m(N123)
m(Ng)m(Ns)m(Ne)

N PNyos L (A10203) |22 [ dal|papa-|[Lds]|para || ds||Loe e

6
_3 —
< NENE LG,
=1

To this end, we’ll use:

Lemma 3.3. Suppose the functions ¢;, i =1,...6 as above. Then,
3

1
3.44 Py, 1 212 S I1¢; ,
40 Pvl @il S s T,
1 .
(3.45) HI%HL;%Lg N WHIQSJ'HXI,% J=4,5,
(3.46) 1Hd6llrzeree S 11 9sllx, , -
Proof. For (3.44), it suffices to prove
3
(3.47) (V) Prias L(@16208) 12222 S | 1éillx, 4,
i=1

(See Section 2 above for notation). The operator (V)I obeys a Leibniz rule.
Using Holder’s inequality on a typical resulting term,

(348)  [[Pnyos ((V)I(01))d293) 202 S IV (1)l N1d2]lrs | [1¢3l s -
By Sobolev’s inequality and a LfLUT%j Strichartz estimate (2.5),

1
Iéellzg, S NTEoall s

S IV Zdellx,
(3.49) S llezllx,

and similarly for the ¢3 factor on the right of (3.48). Applying the Li,t Strichartz
estimate,

(3.50) VM nlls, S [Hénllx, 4, -

Together, (3.48) - (3.50) yield (3.44).

The bounds (3.45) follow immediately from the L} , Strichartz estimate as in
(3.50). The estimate (3.46) is seen using Sobolev embedding, the fact that ¢g is
frequency localized, and the L L2 Strichartz bound,

[ 1¢6l[ze, S (V)L sl|rser2
< 1ol -
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Together, (3.43) and Lemma 3.3 leave us to show
m(Nigg) - N5~ NJ* <1
m(Na)m(Ns)m(Ne){Ni23)(Na)(Ns) ~
under the assumption (3.42). We can break the frequency interactions into two
cases: Ny ~ N5 and N4 ~ Npa3, since we have 2?21 & =0in (3.41).
Terms,, Case 1; Ny ~ N5; Ny > N5 > Ng; Ny 2 N: We aim here for
m(N123)N%_NZ(LJ+ <1.
(m(Na))?(Na)?m(Ne)(Ni2s) ™
Since m(N4)(Ny)z > m(N)(N)z = (N)z it suffices to show
m(ngg)N%7N2+ S 1’
(Na)m(Ne)(Ni2s)

which is clear since (N123) > m(Nia3), and

(3.51)

(3.52)

(3.53) m(y)(z)2 >1 forall 0<y<a.
Termy, Case 25 Ny ~ Nyo3; Ny > N5 > Ng; Ny 2 N: Here we argue that
m(Ny)N2= N+ - Nz-NJ*

<
m(Ng){Na)?>m(Ns)m(Ne)(Ns) ~ m(N5)(Ns)2m(Ne)(Ns)?(Ns)z ~
using (3.53) and our assumptions on the N;. This completes the proof of (3.28)
and hence the proof of Proposition 3.1. O

4. Proof of Theorem 1.1 in R?

In three space dimensions our almost conservation law takes the following
form.

Proposition 4.1. Given s > %,N > 1, and initial data ¢o € CS°(R3) with

E(Ingo) <1, then there exists a universal constant 0 so that the solution
¢(x.t) € C((0,0], H*(R?))

of (1.1)-(1.2) satisfies

(4.1) E(Ing)(t) = E(IN¢)(0) + O(N™'),

for all t €0, 4].

The norm ||¢(t,-)||2(rs) is supercritical with respect to the scaling (3.8).
Hence, aside from the L? conservation (1.3) we will avoid using this quantity in
the proof of the three dimensional result. Beside the technical issues introduced
by scaling the L? norm, our proof of Theorem 1.1 for n = 3 follows very closely
the n = 2 arguments of Section 3.

We begin with the fact that Proposition 4.1 implies Theorem 1.1 with n = 3.
Recall that it suffices to show the H*(R3) norm of the solution to (1.1)- (1.2)
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grows polynomially in time. Recall too ¢ as the scaled solution defined in
(3.8). When n = 3, the definition of the energy (1.4) and Sobolev embedding
imply

A 1 by 1 A
E(Ines)) = §HVIN¢(() )H%2(R3) + ZHIN@() )HAB(RS)
S CON2—2S)\1—25(1 + ‘|¢OHH5(R3))4-

(4.2)

Once the parameter IV is chosen, we will choose A\ according to

1
1 1-2s 959 4

4.3 A= — N2 (1 s TT-2s,

(4.3 (5¢:) (1+ lldoll e a)

Together, (4.3) and (4.2) give E(INqSé/\)) < % We can therefore apply Proposi-

tion 4.1 at least C; - N1~ times to give

(4.4) E(In¢™M)(CIN'~ - 6) ~ 1.

The estimate (4.4) implies ||¢(t, )| gr=(r2) grows at most polynomially when 2 <
s < 1. This can be seen exactly as in the two dimensional case. We include the
argument here for completeness.

Given any Ty > 1, first choose IV > 1 so that

Nty (3
= T ~ N 2 .
Note that the exponent of N on the right of (4.5) is positive (and hence this

definition of N makes sense) precisely when s > %. In three space dimensions
we have

(4.5) T,

BIne™)(%0) = L B(Ino)(0)
According to (4.3), (4.4), (4.5), we therefore get
E(Ing)(To) < AE(In¢™)(NTp)

According to (3.4) and (1.3), the H*(R?) norm grows with at most half this rate
when g < s <1,

1—s+4

(4.6) ||¢HHS(R3)(T) < (1+T)6(s—%)‘

As in the two dimensional argument, the proof of Proposition 4.1 relies on
bounds for the local-in-time H*® solution. The following analogue of Proposition
3.2 avoids the use of the norm ||¢(-,t)||12(rs), which, as mentioned above, is
supercritical with respect to scaling.
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Proposition 4.2. Assume 2 < s < 1 and we are given data for (1.1)-(1.2) with
E(I1¢9) < 1. Then there is a universal constant 6 > 0 so that the solution ¢
obeys the following bound on the time interval [0, 4],

(4.7) IVIllxs S 1.
O,§+
Proof. Arguing as in the proof of Proposition 3.2, it suffices to prove
_ < 5
V1@l | SV, ,

Again, the interpolation lemma in [10] allows us to assume N = 1 in the defini-
tion (3.1) of the operator I. After applying a Leibniz rule for the operator VI
and duality, we aim to show

3
(4.8) 1(VI)($1) - @ - b3 - YllLrqeseny S ¥l , - I_IHVM%IIXO,%+
i=1

Again, the complex conjugate will have no bearing on our bounds. We split the
functions ¢;, j = 2,3 into high and low frequency components,

(4.9) 05 =05 + 5™,
where
supp d ¥ ¢, 1) € {le] > 3}
supp $1ov (&, ) € {¢] < 1}.

Note that when n = 3, homogeneous Sobolev embedding and the L}°Lj?
Strichartz estimate give

@]l 10 L1031y S IV

(=}

30
LIOL I3 (R3+1)

. <II9llx

~ 0.1+
Consider first the low frequency components on the left of (4.8). Apply Holder i
inequality with the factors in Lx t,LiOt,L}EOt, and Lg’t respectively. The L} 3

Strichartz estimate along with (4. 10) give,

1(VI)(@1) - 65 - 5™ - | o) S [11x,0l VIS L, HHW“WH Xo 1.

Together with the fact that ¢;ow =1 QS;OW, this bound accounts for part of the low
frequency contributions of ¢, ¢3 in (4.8). A typical contribution which remains
to be bounded is

IV (1) ghe" hlgthHLl L(R3+1).

Recall the Strichartz estimate,

(4.11) Il s Sllx, o

L) 3 3, (R3+1)
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Interpolating between (4.11) and the trivial bound |[¢)[|2 L@ S S Y]] 0.0 glves

(4.12) 1¥lles sy S 1Ix,

Using (4.12) and Holder’s inequality on the left of (4.8), we aim to show

3
(4.13) IV (Id1)d5 = 655" | SH\IVMZI!X 1,

L2 L (R3+1)
Since we’ve reduced to the case N = 1, we note I~! = (V)9, where
(4.14) g=1-s ¢ (0’6)

is the gap between s and 1. We may therefore rewrite our desired estimate as

3
(415)  (IVUIS)(O)TR) (VI 3 <[] IVIsillx,
i=1

L7, (R3H1)

But this estimate follows after taking the factors on the left in Lx £ L;lt, L;lt,
respectwely and using Holders inequality. The first resulting factor is bounded
using the L , Strichartz estimate. As for the second two factors, Sobolev em-
bedding, the bounds (4.14) on g, and the L11 1 Strichartz estimate yield for
J=2,3,

(V)7 167"]| sn S IO )Ty |

60
L“ (R3+1) E

high
< HVIGZsjlg ||X0 1y

45
17

The case where (blowgbhlgh appears on the left of (4.8) is handled similarly, using
a homogeneous Sobolev embedding to bound the ¢ term. O

Proof of Proposition 4.1. Arguing as in the two dimensional result leaves us to
show

(4.16) Term; + Termy < N1

where the two terms on the left are as before, (3.29), (3.30). We will have to pay
closer attention here than in R? when we sum the various dyadic components of
this estimate. The fact that we only control inhomogeneous norms (4.7) forces
us to decompose the frequencies |£] < 1 as well.

Considering first Term;, it follows from the definition of the X, ; norms (2.1)
that
SIIVIglxs

0,3+

1

(4.17) [N

-1,3
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We conclude Term; < N~'*+ once we prove

(4.18) (&) -m(&) - m(&)

/oé/z o (1- et 8 ) Se)m@m(@n(e)

1
S N_1++C(N1,N2,N3,N4)||¢1||X,1,%+ ' H HV%HXO%*’
j=2

for sufficiently small C'(Ny, N2, N3, Ny) and for any smooth functions ¢;, i =
1,...4 with 0 < ¢;(&) supported for |&]| ~ N; = 2% k; = 0,41,42,.. ..
As before, we may assume No > N3 > N,. The precise extent to which
C(Ny, N2, N3, N4) decays in its arguments, and the fact that this decay allows
us to sum over all dyadic shells, will be described below on a case-by-case basis.

In addition to the estimates (4.10), (4.11), our analysis here uses the following
related bounds, all of which are quick consequences of homogeneous Sobolev
embedding, Holder’s inequality in the time variable, and /or Strichartz estimates.
These estimates will allow for bounds decaying in the frequencies. For a function
¢ with frequency support in the D’th dyadic shell,

(4.19) ol L1o L10% (0,61 xm3) S DOjEHV(ﬁHXO%+
4.2 10 10 < 0+
(4.20) ||¢||LFL?‘([0,5]xR3) S0 el

< Do+
(421) 101138 38+ g 5y S P 1011, .-

Term;, Case 1: N > N,. Again, the symbol (3.31) is in this case identically
zero and the bound (4.18) holds trivially, with C' = 0.

Term;, Case 2: Ny > N > N3 > Ny. We have Ny ~ N here as well. We will
show

(4.22) C(Ny, Ny, N3, Ny) = Ny~ N

With this decay factor, and the fact that we are considering here terms where
N1 ~ N3, we may immediately sum over the Ny, Ny indices. Similarly, the factor
NI in (4.22) allows us to sum over all terms here with N3, Ny < 1. Tt remains
to sum the terms where 1 < Ny < N3 < N, but these introduce at worst a
divergence N°F log(NNV), which is absorbed by the decay factor N=!TF on the
right side of (4.18).

We now show (4.18), (4.22). As before, (3.35), we bound the symbol in this

case by % We apply Holder’s inequality to the left side of (4.18), bounding

10 0 10
¢1,¢3 in L2, asin (4.11); ¢p in L;* L as in (4.20); and ¢4 in L{PL°T as in
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(4.19) to get,

) N3
Left Side of (4.18) < N2+E|’¢1||XO,%+|\¢2|’X0,%+||¢3HXO,%+HV¢4|\X0,%+

NIt NN 4
NN2N2N3H¢1||X71’%+]:2H (b‘jHXO,%%*

We conclude the bound (4.18), (4.22) for this case once we note

NsNiN'"Ny™* )
NaNpNz ™7

which is immediate from our assumptions on the N;.
Term;, Case 3, N > N3 = N: As in the two dimensional argument, we
use here the straightforward bound (3.38) for the symbol. The estimate of the
remainder of the integrand will break up into six different subcases, depending
on which N; is comparable to Ny, and whether or not Ny, Ny < 1.
Case 3(a), Ny ~ Ny > N3 2> N; Ny < 1: We will show here

(4.23) C(N1, No, N3, Ny) = Ny N3~

which suffices since one may use (4.23) to sum directly in N3, Ny, and use
Cauchy-Schwarz to sum in Ny, Ns.
To establish (4.18), (4.23), estimate the ¢4 factor in L° L1 using (4.19); ¢3

10 10 10
in L, L asin (4.20); and ¢1, ¢2 in L, as in (4.11). It remains then to show

m(Np)N; N1~ N3+ <1
m(Na)m(N3)NaNg ~

(4.24)

Note that since s € (%, 1), we can use the following fact while working in three
space dimensions,

(4.25) (m(z))P*2P? is nondecreasing in z when0 < p; < 6ps.

We check (4.24) by first cancelling factors involving N7 and Na from numerator
and denominator,and then using (4.25),

m(N)N N -NgT NN
m(NQ)m(Ng)NQN:; ~ m(N3>N3
1— p70+
< N'~N; <1
~ (m(N))NI-NgT T
Case 3(b), N2 ~ N3 2 N,N; 2 1, Ny < 1: Exactly as above, one shows (4.18),
(4.23) holds. With this, one may sum directly in Ny, and also in Ny, No, N3
using the N3 decay in (4.23).
Case 3(c), Ny ~ N3 2 N,N; < 1, Ny < 1: Here we have

(4.26) C(Ny, Na, N3, Ny) = NS~ NJTNDT.
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Allowing us to sum directly in all V;. One shows (4.26) by modifying the argu-

10_|_ 10 10

ment in 3(a), taking ¢1,¢o in L, K L7 ", L? L$ ", respectively.
Case 3(d), Ny ~ Ny > N3 > N Ny 2 1 We Wlll show here
(4.27) C(Ny, Ng, N3, Ny) = NJ™ NI,

allowing us to sum immediately in N3 and N4; summing in Ny, No using Cauchy-
Schwarz.

After taking the symbol out of the left side of (4.18) using (3.38), we apply
Hélder’s inequality as follows: estimate the ¢4 factor in L{°L19~ using (4.19);

¢3 in Lt%OL;TOJr as in (4.21); and ¢1, ¢2 in L;??t as in (4.11). We will establish
(4.18), (4.27) once we show

m(N NN NFNGT .
m(Na)m(N3)m(Ng)NoNg ~

This is done as in the argument of Case 3(a).

Case 3(e), Ny ~ N3 2 N; Ny 2 1;N; 2 1: We will show here

(4.29) C(Ny, Ng, N3, Ny) = Ny~ N{~,
allowing us to sum directly in all the N;. The Holder’s inequality argument here
10 1o
takes the ¢ factor in L{°L1°~ using (4.19); ¢ in L, L’ T as in (4.21); and
10
¢3,¢4 in L2, as in (4.11). We will have shown (4.18), (4.29) once we show,
m(Ny )Ny N'== NIt NJ* <
m(N2)m(N3)m(Ng)N2N3 ™~
This argument is by now straightforward,
m(NYNIN'T " NFNGT N NN
m(Ng)m(Ng)m(N4)N2N3 ~ m(N2)2N2
< N~ NJTNIT
~ lefNéH—NS—i- ~
Case 3(f), No ~ N3 = N; Ny 2 1;N; < 1: We will show here
(4.31) C(N1, N2, N3, Ny) = Ny~ N{T,
allowing us to sum directly in all the V;.
The proof of (4. 18) (4 31) is similar to Case (3e), now takmg ¢1 in LiOLLOT

using (4.19); ¢ in L, K L; s F asin (4.21); and ¢3, ¢4 in L, K L; S asin (4.20).
This completes the 3-dimensional analysis of Term; in (4.16).
We will show Termy < N~!'* using the straightforward bound (3.38) on the
symbol in the case N > N, and the following,

(4.28)

(4.30)

Lemma 4.3.

3
(4.32) I[1(d1¢203)|| 212 (j0,6]x k) S HHVI@ |x, 14

=1
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We postpone the proof of Lemma 4.3. As in the work for Term; above, the
argument bounding Termy is complicated only by the presence of low frequencies.
Our aim is to show

6
(4.33) Left Side of (3.41) $ C(Nias, Na, N5, No) [ [ [IVIillx, , , -
i=1 ?

where Ny > N5 > Ng and Ny =2 N, and as in the Term; work above,
C(N123, N4, N5, Ng) decays sufficiently fast to allow us to add up the individual
frequency interaction estimates to get (4.16).

We sum first the interactions involving N; 2 1 for all frequencies in (4.33). In

this case we’ll show a decay factor of C' = N =17 (N33 N4 N5Ng)°~, allowing us to
sum in each index N; directly. Apply Hoélder’s inequality to the integrand on the

10
left of (3.41), taking the factors in L2 ;; L?;; L)°%; and L}%; respectively. Using
(3.38), (4.32), the Strichartz estimates and (4.10) as in the Term; argument, it

suffices to show

NliNA(lH_m(ngg) <1

(4.34) Nam(Ng)m(Ng)ym(Ne) ~

The fact that m(z) is nonincreasing in = and (4.25) give us
Nl_NiH_m(ngg) < Nl_Nf+m(N123)
N4m(N4)m(N5)m(N6) ~ N4(m(N4))3
< Nl_Nf+m(N123) <1
~ONYTNI=(m(N))B

The above argument is easily modified in the presence of small frequencies. We
sketch these modifications here. In case Nio3 ~ Ny, with Ng < 1 and possibly
also N5 < 1, we need to get factors of Ng * and possibly also N50+ on the right
hand side of (4.33). We accomplish this by taking the factor I¢s and possibly

10 10_ 10 10
also I'¢5 in LI°L19F and take the factor I¢4 in L,® L,? , or possibly L,® L,

In case Ny ~ N5, with Nio3 and/or Ng small, a similar argument gets the
necessary decay: we can take Py, [(¢1¢2¢3) in L?L2" and/or I¢g in L{°L1OF

10

10
and take T4 in LiY*L# ~ or LiL3 . O

Proof of Lemma 4.3. By the interpolation lemma in [10], we may assume N = 1.
By Plancherel’s theorem, it suffices to prove

3
(4.35) 161 62~ ¢sllL2 oaixze) S []1IVeillx, , -
=1

Decomposing ¢; = ¢\ + gb?igh as in (4.9), we consider first the contribution
when only the low frequencies interact with one another. Holder’s inequality in
space-time, homogeneous Sobolev embedding, Holder’s inequality in time, and
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the energy estimate yield,

||¢10W ¢1°W ¢)IOWHL2 L([0,6]xR3) = ||I¢low I¢10W IOWHL2 2 ([0,5]xR3)

174N
Ew

116 | s (0.5 xR>)

s
I
_

N
]

IV I | Lo 12 (0,6 xR

s
I
_

3
LTIV 16 Lge 22 (0.6 x2)

=1

3
STIIvIeETx
=1

A
b

Xo,1 147
A typical term whose contribution to (4.35) remains to be controlled is
ow high hi
(4.36) 115 - (V)P 155" - (V) 13" | 2., (0.0)xm):
where g is as in (4.14). Take the first factor here in L¢ L1® and each of the second
9
two in LY L2 via Holder’s inequality. Note then that Sobolev embedding and the
18
L8L, Strichartz inequality give us
6™ gnasqeorny S VIS e
SIVIO s

Similarly, the fact that g € (0, 6) Sobolev embedding, Hoélder’s inequality in
time, and the energy estimate give us for j = 2,3,

(V)T 20| SIUVIIGEE [ 6 12 (10,51 %)
LSLZ2 (0,6] xR3)

1 high
S O06[|VI¢; ™| Lo 2 marr)
SIIVIg;xs |
0,5+

This completes the proof of Lemma 4.3. O



[1]

A.C. LAWS AND GLOBAL ROUGH SOLUTIONS FOR NLS 681

References

M. Beals, Self-spreading and strength of singularities for solutions to semilinear wave
equations, Ann. of Math. (2) 118 (1983), 187-214.

J. Bourgain, Refinements of Strichartz’s inequality and applications to 2D-NLS with crit-
ical nonlinearity, Int. Math. Res. Not. 1998, 253-283.

, Global solutions of nonlinear Schrodinger equations, American Mathematical
Society, Providence, RI, 1999.

, Fourier transform restriction phenomena for certain lattice subsets and applica-
tions to nonlinear evolution equations. I. Schridinger equations, Geom. Funct. Anal. 3
(1993), 107-156.

T. Cazenave, F. Weissler, The Cauchy problem for the nonlinear Schrédinger equation in
H', Manuscripta Math. 61 (1988), 477-494.

J. Colliander, J. Delort, C. Kenig, G. Staffilani, Bilinear estimates and applications to
2D NLS, Trans. Amer. Math. Soc. 353 (2001), 3307-3325 (electronic).

J. Colliander, G. Staffilani, H. Takaoka, Global wellposedness for KdV below L?, Math.
Res. Lett. 6 (1999), 755—778.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao Global well-posedness for KdV in
Sobolev spaces of negative index, Electron. J. Differential Equations 2001, No. 26, 7 pp.
(electronic).

, Sharp global well-posedness of KdV and modified KdV on the line and torus, to
appear in J. Amer. Math. Soc.

, Sharp multi-linear periodic KdV estimates and applications, to appear in J. Func.
Anal.

, Global well-posedness for Schrodinger equations with derivative, SIAM J. Math.
Anal. 33 (2001), 649-6609.

, A refined global well-posedness result for Schrédinger equations with derivative,
SIAM J. Math. Anal. 34 (2002), 64-86.

G. Fonseca, F. Linares, G. Ponce, Global well-posedness of the modifies Korteweg-de Vries
equation, Comm. Partial Differential Equations 24 (1999), 683-705.

J. Ginibre, G. Velo, Smoothing properties and retarded estimates for some dispersive
evolution equations, Comm. Math. Phys. 144 (1992), 163-188.

M. Keel, T. Tao, Global well-posedness for large data for the Mazxwell-Klein-Gordon equa-
tion below the energy morm, preprint.

, Local and global well posedness of wave maps on R for rough data, Int. Math.
Res. Not. 1998, 1117-1156.

, Endpoint Strichartz estimates, Amer. J. Math. 120 (1998), 955-980.

C. Kenig, G. Ponce, L. Vega, Global well-posedness for semi-linear wave equations, Comm.
Partial Differential Equations 25 (2000), 1741-1752.

, A bilinear estimate with applications to the KdV equation, J. Amer. Math. Soc.
9 (1996), 573-603.

S. Klainerman, M. Machedon, Space-time estimates for null forms and the local existence
theorem, Comm. Pure Appl. Math. 46 (1993), 1221-1268.

J. Rauch, M. Reed, Nonlinear microlocal analysis of semilinear hyperbolic systems in one
space dimension, Duke Math. J. 49 (1982), 397-475.

H. Takaoka, Global well-posedness for the Schrédinger equations with derivative in a
nonlinear term and data in low-order Sobolev space, Electron. J. Differential Equations
2001, No. 42, 23 pp. (electronic).

H. Takaoka, N. Tzvetkov, On the local reqularity of the Kadomtsev-Petviashvili-1I equa-
tion, Int. Math. Res. Not. 2001, 77-114.

K. Yajima, Ezistence of solutions for Schrédinger evolution equations, Comm. Math.

Phys. 110 (1987), 415-426.



682 J. COLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA, AND T. TAO

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, ONTARIO, CANADA
M5S 3G3.
E-mail address: colliand@math.toronto.edu

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA TwiIN CITIES, MINNEAPOLIS, MN
55455, U.S.A.
FE-mail address: keel@math.umn.edu

DEPT OF MATHEMATICS, STANFORD UNIVERSITY, STANFORD, CA 94305, U.S.A.
E-mail address: gigliola@math.brown.edu

DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY, KiTA, SAPPORO, HOKKA 060,
JAPAN.
E-mail address: takaoka@math.sci.hokudai.ac.jp

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA LOS ANGELES, LOS ANGELES,
CA 90024, U.S.A.
E-mail address: tao@math.ucla.edu



