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HARMONIC MAPS AND THE TOPOLOGY OF
CONFORMALLY COMPACT EINSTEIN MANIFOLDS

NarcHunG C. LEUNG* AND ToM Y. H. WaAN**

ABSTRACT. We study the topology of a complete asymptotically hyperbolic Ein-
stein manifold of which its conformal boundary has positive Yamabe invariant.
We prove that all maps from such manifold into any nonpositively curved mani-
fold are homotopically trivial. Our proof is based on a Bochner type argument on
harmonic maps.

Introduction

While studying the AdS/CFT correspondence in physics, Witten and Yau
[15] proved that for any conformally compact Einstein manifold (M™*!, g) with
Ric = —ng and a conformal infinity of positive scalar curvature, one has
H,, (M,Z) = 0. In particular, the conformal boundary of such manifold is con-
nected. This result has opened up a new and exciting direction in geometric
analysis. Since then, there have been several different proofs of the Witten-Yau
Theorem by Anderson [1], Cai and Galloway [2] and X. Wang [13, 14].

In terms of homotopy theory, the above result can be expressed as

[(M, oM), (S, *)] =1,

i.e., any continuous map from M to S which maps the boundary into the marked
point is homotopic to the constant map. So it is natural, from the point of view
of harmonic maps, to ask whether the same is true if we replace S' by any
nonpositively curved manifold. We answered this question affirmatively. More
precisely, we have:

Theorem 1. Let (M"™*! g), n > 2, be a conformally compact Einstein manifold
of order C** with Ric, = —ng such that the conformal infinity of M has positive
Yamabe invariant. Suppose that N is a compact nonpositively curved manifold.
Then the homotopy classes [(M,0M), (N, )] are trivial.

In case that Ric > 0, the usual Bochner technique on harmonic maps is a
standard tool in proving similar types of theorems. When Ric = —ng, there is a
Matsushima formula, a version of Bochner type formula, which can be used to
obtain vanishing results under special situations. For example, Jost-Yau [5] and
Mok-Siu-Yeung [11] used this idea to obtain superrigidity results. In [13, 14], X.
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Wang showed that the lower bound on the smallest L?-eigenvalue can be used
to balance the negativity of the Ricci curvature in the Bochner argument and
hence, a new proof of the Witten-Yau Theorem via the result on the smallest
eigenvalue by J. Lee [7]. Moreover, he found the sharp lower bound on the
eigenvalue such that the method works. We want to remark that Lee’s result is
an estimate on the eigenvalue by the boundary geometry. Hence, this method is
in fact using the boundary geometry to absorb the Ricci curvature term. This
idea is also first introduced and used by Witten and Yau in [15]. Recently, P.
Li and J. Wang [8] were able to show that without assuming the manifold is
conformally compact, the conditions Ric > —n and A > n — 1 are sufficient
to prove that the manifold has only one end of infinite volume or it is a wrap
product.

We extend X. Wang’s arguments to harmonic maps and generalize his result
in this paper. Suppose that (M ntl g) is a conformally compact manifold of
order C*< i.e. there exists a smooth defining function ¢ for &M on M such that
Gij = t%g;; defines a metric on M which is C¥“ up to the boundary. By a defining
function ¢, we mean t > 0 in M and t vanishes to first order on M. If g satisfies
the Einstein equation Ric = —ng and is regular enough, then |Vt|; =1 on OM.
Since the sectional curvature is asymptotic to —|Vt\§ on OM for conformally
compact metric [10], the Einstein metric g is asymptotically hyperbolic according
to Lee’s terminology (called “weakly asymptotically hyperbolic” by X. Wang).
By denoting the first L2-eigenvalue of M as )\,, we can now state our main
results in which M is not necessarily Einstein.

Theorem 2. Suppose that (M™*! g), n > 2, is an asymptotically hyperbolic
conformally compact manifold of order C* such that

Ricy > —ng and Ay > n — 1.

Suppose that f: M — N is a smooth harmonic map of finite total energy from
M into a complete nonpositively curved manifold N. If \y > n — 1, then f is a
constant map. If \; = n — 1, then either f is a constant map or M = R x X
with the warped product metric g = dt? 4+ cosh®(t)h, where (3, h) is a compact
manifold with Ricp, > —(n —1).

After finishing the first draft of this paper, the second author was told by P.
Li that, using the method in [8], Theorem 2 remains true without assuming the
conformally compactness of the manifold M if the harmonic map is assumed to
be asymptotically constant at infinity.

Combining Theorem 2 with results of Li-Tam [9] and Liao-Tam [6] concerning
harmonic map heat flow, we can prove the corresponding topological result for
such a manifold easily. Finally, together with Lee’s result [7], we can generalize
the Witten-Yau Theorem as stated precisely in Theorem 1.

To prove Theorem 2, we proceed as in [13, 14] and consider the (n — 1)/2n-
power of the energy density. The technical part is to show that under our
assumption, this power of energy density still belongs to L'?(M). Our method
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is to show that the energy decay is sufficiently fast, as precisely state in Lemma
1.1. This decay Lemma may be interesting in itself.

This paper is arranged as follows: In section 1, we first study the decay rate
of the energy for harmonic maps with finite total energy on each end and prove
a couple of lemmas which are needed in the proof of our theorems. We will prove
our main theorem in section 2, and apply it in section 3 to prove the desired and
other topological theorems.

1. Energy decay of harmonic maps with finite total energy

Let (M™"! g) be an asymptotically hyperbolic conformally compact mani-
fold of order C'. Its boundary components and the corresponding ends will be
denoted by Xf = OM® and E° respectively. Under our assumption, there ex-
ists a special defining function ¢ in the following sense [4]: each end E? can be
parametrized by (t,z) such that the metric can be written as

g=1t"?(dt* + h(t,2)),

(i.e. g = dt* + h) where x € ¥}, t > 0 is small and h(t,-) is a family of metric
defined on Xj.
For any 0 < t; < ty sufficiently small, we define

E; ={p€eE :0<t(p) <ti},
Al L, ={p e E 1ty <t(p) < ta},

S, ={peE :ip) =t}
and
Mt1 — M\UlEzzjl

In order to simplify notations, we will omit the superscript ¢ and write E,,
At 1y, Or 3y, if we are working on a fixed end.

Lemma 1.1. Suppose that M"Y, n > 2, is a conformally compact manifold of
order C1 with Ric > —n and N is a complete nonpositively curved manifold. Let
[+ Ey, — N be a smooth harmonic map from an end Ey, C M into N of finite
total energy. Then

/ IVF?=0(t") ast— 0.
Ey

Proof. We may assume that ¢y > 0 is sufficiently small so that E;, is param-
etrized by (¢, x), where x belongs to the corresponding boundary component ¥
and t € (0,1p).

By straightforward calculations and the harmonicity of f, one has the follow-
ing conservation law: for any smooth vector field X on Ej,

[ VIR mde = [ (o, dmydo+ [ (5, V),

T,t 8A7,t T,t
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where Sy = 1|V f|2g — f*ds% is the stress-energy tensor of f. There is a distin-
guished vector field X = —t% on E;, and the conservation law applied to this

X gives
/ET%‘Vf‘2<—T%,— gt>daT /E 1|vf|2< t% t§t>dgt
_ /M<5>*f,vx>+/E <df< ) df< 88t>>dUT
+/Et<df( ) df( )>dat.
That s,

1 1
—/ \Vf\QdaT——/ \V f|2do
2 Jg. 2 Js,

(1.1) = /5_: dJT — /Et t?

For a fixed point p = (t,z) € FE,, one can choose a normal coordinates z°,

a 2
a—{ dat—l—/ (Sf, VX).

ot

T,

i = 1,...,n, of the metric h(t,-) centered at p. Then ey = tatv i = ta'z“
i1 =1,...,n, forms an orthonormal basis at p. By straightforward calculations,
t . Ol
Ve X =0 and VX =e¢; — ihjk afzej.

Therefore, at p,
t h
divX =n — -Try, (h‘18—>

2 ot
and
t Oh;j
<v€iX7 6]) - 613 - 5 ot
fori,7=1,...,n. Hence at p,
<Sf7VX> = Z Sf(eAaeB) <v€AX7€B>

A,B=0

1 n
= 5IV/PdivX — A%j_owf(m), df(ep)) (Ves X, )

= ]Vf]Q [n — iTrh <h_ ?;Z)]

t Ohy;
_ Z<df(ei),df(6j)> <5w‘ 2 ot )

i,j=0

_,0h
— nyP [n——Trh <h m)]
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(12 - Z (o) + S (e ()

By the assumption on g, we first observe that
(S7. VX)| < CIVf[?

and hence |(S¢, VX)| is integrable since f has finite total energy. So, we can let
7 in equation (1.1) tend to 0. As in [13, 14], we can also choose a sequence of
7’s tending to 0, such that

/ IVF? =0 ast—0.
ET
So, we conclude that for all ¢ € (0,t),

(1.3) /Et<sf,vx> - /E £

Secondly, the assumption on g and (1.2) together imply that there exist ¢; €
(0,tp) and Cy > 0, such that for any ¢ € (0,¢1),

1
dat — = | |Vf]*doy.
pam

ot 2

C t -
(S;,VX) > —— VIR = (14 Cit) D Jdf(e)]?
=1
B n—Clt 8f —2— 301t NE

To simplify notation, we write

2
Vof? =2 |2

and [V, f* = |df(e
=1

Putting these into (1.3), we have

— Cqt —2—3C1t
R R ey G
2 Et 2 Et
1 2 2 1 2
(14) S 5 . t ]th] dO’t - 5 . \fo\ dUt.
If we further write
F(t) = : IVef? and G(t) = : Vo fI?
and note that
tF'(t) = | |Vif|?do; and tG'(t)= | |V.f|*doy,
¥y pI

then the above inequality becomes

(n—Cit)F + (n —2—3C1t)G < tF' —tG'.
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This immediately implies

d
7 [t 2e 3NN (F - G)] > (2n — 2 — 4C1H)t" Be 3O,
So if we set to = min{ty,1/2C1}, then for all t € (0, t3),
d

% |: n—2€—301t (F _ G)] Z O

As f has finite total energy, lim;_.o F'(t) = lim;—,0 G(t) = 0, and hence
F(t) <G(t) Vte(0,ts).
Put this back into (1.4), we first have
tF' > (n—4C1t)F  for n = 2.
And then for n > 3, one simply drops the term that involve G and conclude that
tF' > (n— C1t)F > (n — 4C1t)F.
Hence, in all cases, ;

o (t et R(t)) > 0.

Integrating this inequality from ¢ to t2, we see that there is a constant C' > 0
such that

F(t) < Ct" Vte (0,ty).
Together with G < F', we have

/ IVf]? <20t
By

and the proof of the lemma is completed. O

Lemma 1.2. Let f be a smooth harmonic map from an (n + 1)-dimensional
manifold, then

92 > (14 2) 919

Proof. With respect to normal coordinates, we have ), f¥ = 0 at the center.
Then for each a, one can show, as in the gradient estimate in [12], that

1
V2P (142 ) 191V

2
VIV =V [ IVfep

2 IVIIVIVEY
V2o VTP

Therefore,

2
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2
<> VIVl
(141 _lzyvvaﬁ
< 2 2
-1
1
_ <1 + —) V2 r|.
n

Lemma 1.3. Let M, N be as in Lemma 1.1 and f : M — N be a smooth
harmonic map with finite total energy, then

/|WVfF<+m.
M

O

Proof. We only need to show this on one of the end E;,. Let n be a smooth
cutoff function such that 0 <n <1, n(f8) =1 for g € (0, 1], suppn C [0,2), and
|n’| < C for some absolute constant C' > 0. Then for any r > 0, consider the
function on E}, defined by

1 t1
ty=n(=[log2|).
o(z, 1) n(r 0g - )
Then 0 < ¢ <1, ¢(-,t) =1 for all t € [e "t1,t1], (-,t) =0 for all t € (0,e2"t4],
2 2
and |V¢|? = t2 <%> < 0—2 Then, multiplying ¢? by the Bochner formula of
r
f and integrating, one obtains
1
N Gy Y

By Lemma 1.2, we have

LAY AP . |
<1+n> /E¢> VIV £l Sn/Et1¢ V] Z/E PV fIVH-V|VS]

5 [ |5
<n | v+ / & |VIV 1|2
Etl Etl

2 2 t_l/ 0 2
Ry G

t1

2 C? 5 11
VIV < (n+—% V" + =
r E 2 Js

t1

This implies
3
n.Jja

Letting r — oo, we conclude that [, IVIVf||? < 400 which completes the

t1

proof of the lemma. O

0 2
&|Vf|

e~ Tty,ty t1
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2. Vanishing Theorem of Harmonic Maps

We will prove Theorem 2 in this section. As we mentioned in the introduction,
we proceed as in [13, 14] and consider the (n—1)/2n-power of the energy density.
The technical part is to show that, under our assumption, this power of the
energy density still belongs to L'2(M).

Proof of Theorem 2. Let us consider the function
¢=1v/”.
We first prove that for 8 > 1/2, ¢ € L3(M).

For each fixed end Ej,, we set t, = 2-k+1¢, and consider the integral of (2
on the annulus Ay, ¢, . Then the Holder inequality implies that

[ooe= [ v,

tht1otk tet+1otk
B 1-8
< ( / |Vf|2dvg> ( / dvg>
Atk+1»tk Atk+1»tk
2 ’ e dt e
< / |V f|*dvg sup VOlh(Et)/ prEy
Atk+1*tk o<t<ty 41
, 18 g
< <5up0<t<t1 VO]h(Et)) (/ |Vf|2> -t;ﬁl_ﬁ).
n Atk+lvtk
By Lemma 1.1,
su ol (Z)\ 7P —n(l—
/ ¢ < C( Po<t<t Volnl t>> tzﬁ'tk+£1 ?
Aty n
k+1tk
SUPg<iet, VOlp(24) 1-5 k
< O < <t<ty ) (2—’Y> ,
n

for some constants C' and C7 > 0 independent of k£ and 3, and
vy=nB—-n(l-p05)=n(26-1)>0.
Hence for all K > 0,

/

Since the upper bound is independent of K, we have proved that

SUPg< <y, VOIn(E¢) g
n 1—2-7"

LEONT? 1
2o SUPg<¢<t; VOIn '
c=a n 1-277

t41t1

(2.1) @sa(
Ey,
As the end Ej, is arbitrary, this proves that ¢ € L?(M).
Now we consider a differential inequality of ¢ which is a direct consequence of
the Bochner formula of f and Lemma 1.2. To simplify notation, we use Ky < 0
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to denote the curvature term of NV in the Bochner formula, which is in the order
of |V f|%. In this notation, the inequality becomes

21-=8)

AC? > ;( +261)|VC\2 omBe? — ¢ Ky

With this inequality and ¢ € L?(M), we conclude as in the proof of Lemma 1.3
that |V(|? is also integrable. Hence ¢ € LY2(M).
Integrating “by parts” the above inequality on M;, one obtains

2 /1 9 9
_/UZEI at( doy > B<E+2ﬁ—1>/Mt|vg| —2np Mt(

_2(1-p)
— ¢ 7 Ky.
My

The left hand side can be estimated as follows:

/ tQQQdat < 2/ C2dat+2/ |V¢|?doy.
UiZi at uiEi UiZi

Therefore, since ¢ € L2(M), one can choose a sequence of t’s tending to 0, as
n [13, 14], such that
2
d
/Uizz o o
As a consequence,
2(1 8) 1
(2.2) / ¢ Ky + > (— +28 — 1)/ IV¢|? < 2n5/ ¢z
M B \n M M

If f is not a constant map, then ¢ Z 0 and hence

2
A<
S+28-1
Since (n —1)/n > 1/2 for n > 3, by letting # = (n — 1)/n in this case, we have

— 0.

Ag <n—1.

Therefore, if \; > n — 1, then f must be a constant map. If A\, = n — 1, then
inequality (2.2) implies that N is flat. Then the result follows from X. Wang’s
result [13, 14].

If n = 2, Cheng’s result [3] implies that A\, =n — 1 = 1. Hence

IGEY RS

Putting this into (2.2), one obtains, by taking 8 = 1 + § with any § > 0,

_20-p) 842 9
_/Mg ’ N—1+26/C
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To estimate | VLS 2 we fix a sufficiently small ¢; > 0 and note that

[e=] evf e
M M, U B

By sub-mean value property, |V f|? is uniformly bounded and, hence, there is
constant C' > 0 such that

CQ :/ |Vf|1+25 < C
My, M,

t1

for sufficiently small § > 0. For the second term, we apply (2.1) to each Elgf)

and get
1

/UZEt(;)C >~ V1 1_2_45)

where V' = sup; (sup0<t<t1 Volh(Egi))/2). Since 1/(1 —27%) — 400 as § — 0,

we have )
2(1-8) 1 1 80
— T Ky < CoVET0 :
/MC NS ERVE T T2

for some C5 > 0. Since the upper bound tends to 0 as § — 0, we conclude again
that N is flat and the result follows as above. This completes the proof of the
Theorem 2. O

3. Application to asymptotically hyperbolic Einstein manifolds

As an application of our vanishing theorem, we first prove the following topo-
logical theorem.

Theorem 3.1. Suppose that (M™1, g), n > 2, is an asymptotically hyperbolic
conformally compact manifold of order C* such that

Ricy > —ng and Ag>n-—1

Then for any nonpositively curved compact manifold N, the homotopy classes in
[(M,0M),(N,x*)] are trivial or M slpits as R x ¥ for some compact manifold .

Proof. Since M is conformally compact, (M,0M) is homotopy equivalent to
(M \ (UE}),Ust) for sufficiently small t. Therefore, in each class, we can find
a smooth representative g : M — N which maps each end E! into the marked
point *. Thus g has bounded energy density and bounded image. Hence by [9],
the harmonic map heat flow has a unique solution. Also the square norm of the
tension field of g is in LP for p > 1 and tends to 0 near the boundary. The results
in [9] imply that the heat flow converges to a harmonic map f with the same
boundary data as g. So, f is also a representative of the class [g]. (In particular,
f is asymptotically constant on each end.) On the other hand, using the result
in [6], ¢ has finite total energy, and the uniqueness implies that f also has finite
total energy. Therefore, Theorem 2 immediately implies that either M splits or
f must be a constant and hence the homotopy class is trivial. O
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The above theorem includes the following results of [13, 14].

Corollary 3.2. Let (M, g) as in theorem 3.1, then H,(M,Z) = 0 and in par-
ticular the conformal infinity is connected.

As we mentioned in the introduction, all of the above application and study
are motivated by the results of [15]. We are now ready to prove the promised
generalization (Theorem 1) which is an immediate consequence of Theorem 3.1

Proof of theorem 1. By Lee’s theorem [7], M has eigenvalue A = n?/4 which is
strictly greater than n—1 if n > 3. Therefore, by Theorem 3.1, the claim follows.
If n = 2, Theorem 3.1 implies that either the claim is true or the manifold splits.
As the boundary is assumed to have positive Yamabe invariant, the warped
product metric cannot be negative Einstien. Hence the theorem is also true for
this case. O

Corollary 3.3. Let (M™"1 g), n > 2, be a conformally compact Einstein man-
ifold with Ric, = —ng. Suppose that the conformal infinity of M has positive
Yamabe invariant, then H,,(M,Z) = 0 and, in particular, the conformal infinity
s connected.

Proof. This follows immediately from Theorem 1 and basic results in algebraic
topology. O

Finally, we apply Theorem 1 to prove a nonexistence theorem for Einstein
manifolds in the situation of AdS/CFT correspondence.

Theorem 3.4. Suppose that N"T1, n > 2, is a compact manifold which support
a nonpositively curved metric. Then for any embedded disc D C N, the manifold
M = N\ D has no asymptotically hyperbolic conformally compact metric of order
C' satisfying Ric > —n and A > n — 1.

Proof. 1t is obvious that [(M,0M), (N, *)] is nontrivial for any point * € D and
M does not split. Therefore, the existence of such metric contradicts Theorem 1.
O

Theorem 3.5. Suppose that N1, n > 2, is a compact manifold which sup-
ports a nonpositively curved metric. Then for any embedded disc D C N, the
manifold M = N\ D has no conformally compact Einstein metric of order C3*
satisfying Ric = —n.

Proof. Since OM = 0D has positive Yamabe invariant, if there exists a confor-
mally compact Einstein metric of order C*% with Ric = —n, then Lee’s theorem
[7] implies that A = n?/4, which is greater than n — 1 for n > 3. This is impos-
sible, by Theorem 3.4. If n = 2, then the manifold splits with the given form of
warped product metric. The negativity of this Einstein metric contradicts the
fact that the OM has positive Yamabe invariant. O
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