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INSTABILITY OF PERIODIC BGK WAVES

ZHIWU LIN

ABSTRACT. We investigate the stability of periodic Bernstein-Greene-Kruskal (BGK)
waves. It is proved that any such wave is linearly unstable under some perturba-
tion of twice the period. A new method is developed to find a growing mode.

1. Introduction

We consider a one-dimensional electron plasma with a fixed homogeneous
neutralizing ion background. In such a plasma collisions are relatively rare;
hence we assume no collisions at all. So the time evolution can be modeled by
the Vlasov-Poisson system

of ~ of of
(1a) a""l)%— % —0,
OF Foo
(1b) %——/m fdv+1,

where f(z,v,t) is the electron distribution function, E (z,t) the electric field,
and 1 is the ion density. In 1957, Bernstein, Greene and Kruskal ([1]) showed the
existence of an infinite family of exact stationary solutions to (1), called BGK
waves. Since then, the stability of these BGK waves has been of great interest.
For example, in [2], [3], [4], [5], numerical computations and formal analysis are
used to study the instability and long time behavior. In a series of recent papers
([10],[11],[12],[13],][14]), Guo and Strauss initiated a rigorous study of instability
of spatially-dependent equilibria in plasmas. Using some delicate perturbation
arguments, they proved in particular that slightly inhomogeneous periodic BGK
waves are unstable, if the corresponding homogeneous case has some growing
mode according to Penrose’s criteria.

In this paper, we consider an arbitrary periodic BGK wave. We prove that
it must be linearly unstable. The novelty is that the unperturbed BGK wave,
which is spatially dependent, may have an arbitrarily large electric field. Thus
we rigorously justify for the first time what was conjectured by physicists ([3],

[4], [5], [6])-
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A BGK wave is a steady state of the form

o) = (302 = 60) ) B (0) =~ 0),

with 8 a periodic solution of the differential equation
+oo 1
(2) Boa = / n (iqﬂ —-p (1’)) dv — 1.

We assume that (i) u(6) is a nonnegative C! function on R ; (ii) p is neutral,
that is,

(3) /:}Ou(%#)dulo;

and (iii) p decays at infinity, namely, for some v > 1

, c
(4) W (0)] < Tr

Let § be any periodic solution of (2). Let Pg be its minimal period . By
adjusting the starting point, we can arrange that the solution satisfies:

B(0) = B(Ps) = min Bx), A(L)= max ).

0<z<Pg 2 0<z<Pg

ﬂ(%):ﬂ(Pg—x), V:EG[O,PQ},

and (3 () is strictly increasing in [O, %] .
Our main theorem is
Theorem 1. Let (Ey, fo) be the above periodic BGK solution to (1) with

period Pg. Then there exists a 2Pg-periodic growing mode for the linearized
equation. That is, there is a solution (e f, eMNE) with A > 0 to

Of | Of _ 0f _ ok

(53) E‘FU%—EO%— W’
OFE +oe

1
loc*

where f and E are 2Pg-periodic functions in x and EeH

Now we sketch the main idea in the proof. First, we write the usual dispersion
relation in terms of a family of operators A, with A positive denoting the possible
growing rate. The key observation is that A) is self-adjoint and is a relatively
compact perturbation of —d2?/9z2. To show the existence of a growing mode,
it is sufficient to find some A > 0 such that A, has nontrivial kernel. For this
purpose, we study the limiting behavior of Ay,as A — 0 and A — +oc0. It turns
out that limy_, o, Ay is nonnegative. So it suffices to prove that limy_,o Ay has
some negative subspace. In the multi-periodic case, permitting kPg periodicity
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of the perturbation for some integer £ > 2, we can indeed construct such negative
function explicitly, using a symmetry property of the problem. Thus we prove
the instability for multi-periodic case. The same method can be used to treat
the relativistic case. The same conclusion holds, that is, periodic BGK waves
are always unstable under multi-periodic perturbations.

In the exact one-periodic case, the situation is more complicated. In general,
we can not hope that all periodic BGK waves are unstable under Pg-periodic
perturbations. But it is already known that some weakly inhomogeneous BGK
waves are unstable (see [11], [6]) under such perturbations. Using our method,
we can recover these results as well.

This paper is organized as follows. In section 2, we define the family of
dispersion operators. Then we study its properties and limiting behavior. In
section 3, we prove the instability under kPg—periodic perturbations.

2. Dispersion operator

In this section, we define a family of operators to study the eigenvalue problem
of (5). Then we study some properties of these operators, especially their limiting
behavior. This behavior enables us to get the instability results in the later
sections.

For A > 0,the dispersion operators are defined as

0

Axo ::—%¢—/R//(e)dv¢(m)+/r{//(e)/ e (X (s))dsdv

—0o0
where e = $v? — B(z), and (X(s;z,v), V(s; 2, v)) is the solution of the charac-

teristic equation

V(s) = —Eo(X(s)),

with initial data X(0) = #,V (0) = v. Note that e = $V(s)? — 3(X(s)) is
independent of s. Note that Ay : H — L, where £ is the space of Pg—periodic
functions with zero average that are L? over a period P = kP, and H is the
subspace of functions that are H? over the same period.

Lemma 2. Ay is well-defined by our assumption on u. Indeed, if denote
0

© Ko [ edol)+ [ e [ e is)dsd

— 00

then we have

1Ksolla <2 sup [ i@ldvlol,-
z€[0,P] JR
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Proof. Take any ¢ € L? (0, P), then

/\e*s "(e)p(X ()0 () dsdvdx:

F 2
< (/0 /R/_Ooo Aets |(/§|2|//(e)|(X (s),V(s))dsdvdx) )
P 0 %
)\ As 2 / d d d
</0 /R/—oo e |y |N(€)sux>
o / .o 1
< ([ e, [ [ot )

(/ Aer sup /|M |dv/ s dmds)
— 0 z€[0,P]
- s / 1 (e)ldv (6] I1¢ll, -

Here in the first integral of second inequality, we made the change of variable
(z,v) — (X(s), V(s)). So we have

@ L [ aeoxnas

< s [ @dlol,

z€[0,P]
and the conclusion follows. O
The following lemma indicates the reason why we introduce Aj.

Lemma 3. Let A > 0.Then there exists some nontrivial solution (e f. e E ) to
(5) with f € L°NCY and E € H', if and only if there exists some non-constant
¢ € H , such that Ax¢ = 0. In this case,

0
(8) F(,0) =~ ()6 (@) + 1 (e) / A G(X (s 2, 0))ds
and E = —0,¢.

Proof. If (e feME ) is a solution to (5) with f € L*, F € H' and F =
—0, ¢, then ¢ € H.From the Vlasov equation(5a) we get

(9) A 4+ 00, f — EgOy f = —0r0vp (€).
By (9) we have

(10) % (€ f(X(5), V(5))) = —e™¢' (X (s)V (s) '(e) -
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Integrating (10) from —oo to 0, we get

-/ Om X ()¢ (X ())V (5) ds
= [ ok e

0

=~ (e)p(x) + ,u’(e)/ et (X (s))ds .

— 00

Placing this expression into the Poisson equation(5b), we get

0= [ wemow + [ w@ [ o

which is just Ax¢ = 0.
Conversely, if there exists some ¢ € H such that Ay¢ = 0,then ‘g—f =

- fj;o fdv is automatically satisfied for £ = —0,¢ and f determined by (8).
We only need to check (9).
Setting (x,v) to be (X (), V (t)) in (8), we get

0
FX@), V(1) =—p(e)¢p(X (t))+u’(€)[ A p(X(s;0,X (1), V ()))ds
0

= W (&6 (X (1) + 4 (e) / AAG(X(s + 1))ds

— 00

d

— () ¢(X(s))ds

— ()6 (X (1)) + ﬂ’<6>6’”/ is
X

1 (e)o( p(e)e ™

t

- [ v ds>

(1))
7)\15/ )\s¢ S) ds .
So
Mf(X (1), V(1) = —u’(e)[ ¢/ (X(s))V (s)ds .

Differentiating both sides, we get

95X, VD)) = ~M (X MV (1) 4
which is equivalent to (9). O
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Next we study some properties of Ay.
Lemma 4. Ay is self-adjoint on L and has purely discrete spectrum.

Proof. We write

2

Ay =—— L
A 0x2

+KA7

where K is defined by (6).
First we show that K is symmetric. For any ¢, € L?(0, P), we have

/OP /R / Ooo AN G(X ()11 ()9 () dsdvda
B /OP [R /_Ooo AN () (e)) (X (—s)) dsdude

_ /0 " /R /_ OOO AP ()l () (X(s)) dsdvds .

So (Kx¢,¢) = (K, o) follows. Here in the second equality, we made the
change of variable (z,v) — (X(s), V(s)). In the third line, we changed v to —v
and used the facts that

(X(s;z,v), V(s;z,v)) = (X(=s;x,—v), =V (=s;2,—v))

and e = %02 — ¢(z) is an invariant along the characteristic curve.

Next we claim that K is a relatively compact perturbation of —(98—;. For con-
venience, we recall the definition of relative compactness from [17]. Let A be self-
adjoint. An operator C' with D (A) C D (C) is called relatively compact with re-
spect to A if and only if C' is compact restricted to the space (D (A),||.|| ,) .Here
||(;5||?4 = ||¢]|* + || A¢||* . Then in our case, we need to show that Ky is compact
from H? to L?. By Lemma 2, K is a bounded operator from L? to L?. Com-
bining it with the fact that the inclusion H? — L? is compact, we get the
compactness of Ky : H> — L2

Thus by the Kato-Rellich Theorem(see [17]), A is self-adjoint. By Weyl’s
Theorem for self-adjoint operators(see[17]), ess (AX) = Tess (—88—;) . Since we

know that —3‘9—; with periodic boundary condition has only discrete spectrum,

A, also has only discrete spectrum. O

The operator A is quite complicated since it depends on the particle orbits.
In the following, we will study the limiting behavior of Ay when A is near 0 or
+o00. For our later purpose, we only need to study the following problem:
If ¢ € HY(0, P) , what is the limit of (Ax¢,¢) as A — 0 and A — +oo ?
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2.1. Limiting behavior near A = 0. First we prove a simple fact which will
be used later.

Lemma 5. For any T-periodic function ¢ (z) € L* (0,T), we have
0

. <, (S 1 [T
Jim, ,of‘f’(x)d“f/o ¢ (s)ds .

Proof.
0 +oo
/_Oo e’p (;) ds = /0 e % (Ts> ds
00 (k+1)AT s
= Z/ e % (—> ds
im0 AT A
oo AT _
= Ze‘k)‘T/ e % (—8> ds
k=0 0 A
A T
= W/o e ¢ (—s)ds
So

0 T
lim e’d <£> ds = lim #/ e Mo (—s)ds
0

A—0t oo A A—0+ 1 — e AT

=%/OT¢<—s>ds
_%/()T(;S(s)ds.

Now we study the solutions to the characteristic equation
X(s) = V(s),

V(s) = —Eo(X(s)),

with initial conditions X(0) = z, V (0) = v. The energy e = 1v? — 3 () is an
invariant. According to the size of e, we can divide the particles into two types:

1. The free particles have energy e > —min 3 (x). They travel through the
whole interval [0, P], then go back and forth. The period is

Pg 1

S
0 2(e+ B (y))

2. The trapped particles have energy —max [ (z) < e < —min 3 (x).Let
k € N and let P = kPg. According to the properties of our BGK solution
(stated in the introduction), there exists an unique interval (a, b) in [0, P3|, such
that e+ B(a) = e+ 5 (b) =0, and e+ 3 (z) > 0 for = € (a,b) . Thus the particles
are trapped in exactly one of the k intervals [a,b],[a + Pg,b+ P3|, -+ ,[a +

Py =
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(k—1)Pg,b+ (k—1) Pg]. Denoting a; = a+ (i — 1) Pg,b; = b+ (i — 1) Pg, the
half period of the particle trapped in [a;, b;] is

bi 1 b 1
Pt:/ 7dy:/ —dy
a; V2(e+5(y) a V2(e+5(y)
Now we can state the result concerning the limit as A — 0.

Lemma 6. For any ¢ € H'(0, P), we have
P
tm (6.0 = [ {10 = [ wnolof | as
> ) y)
+ - —_d
/mmm Hp, </ V2let B y) y)

S > |
+2/maxﬁ(w)ﬂ()Pt;</ai \/2(6+ﬂ(y))dy e

We denote this limit by ag ().

2
de

Proof. First we note that for any particle orbit with initial (z,v), by Lemma 5
the following limit holds

0

li AeMp(X(s))ds = i o (X(2
Jim [ AN (s)ds = Jim [ e (X(5)) ds
_ 2Pf fozpf ¢ (X(s))ds if e>—ming
ob Ji 6 (X(s)ds  if —maxf <e< —ming
5 Jo. \/ﬁy if e > —min 3
R RN if —maxf<e<—ming
Pedai \/oletBly dy and z € (a;, b;)

Here in the third line, we change of variable s to y = X(s), and notice that

X() _ v (s) = /2(e + B (X(3))). By definition,

(A*¢’¢):/OP{|¢I|2—/Ru’<e>dv|¢2}dm+
/OP/RM/(@M(x) /OOO AN (X (s))dsdvda .
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In the last term, the integrand is < X |u'(e)||¢ (x)||¢| . which is integrable.
So by Dominated Convergence Theorem, we have

i [ [ @ [ oo

e (X (s))dsdade

:Q/mmﬂ /WMJ
lim ’ Ae%( (s))dsdxde

7m1nﬁ
+2/ /
7maxﬂ Z V €+ﬁ >‘_’0+

/jﬁ Py </ \/T>
e iob S ([ )

Here in the second line, we changed variables v — e, and changed the order of
the integrals of e, x . Thus we complete the proof of the lemma. O

2.2. Limiting behavior near A\ = +co. Next we show that when A — +o0,
A, is nonnegative.

Lemma 7. There exists Ag > 0 such that if X > Ag then Ay is nonnegative.

Proof. First we claim that: if ¢ € H' (0, P), then [|[K |, < £ [|¢z]l5 -
To prove the claim, let ¢» € L2 (0,P). Let « = 1 — ¢ — 3 b where ¢ is small.
Then

P 0
|(KA¢7¢)|:‘/O /R/_ el (e)¢' (X (8))V (s) 1 () dsdvdx

1
2

< (/P/ /O g (X)IQI/L’(%V2 ~ BX))PA-OV (5)? dsdvdx> .
</ / / e [l ' )|2adsdvd:c>

< (/ Asdsxit[lopp/vﬂu ()2~ adV/ X)| dX)
(' s [ (o)

= <19/l IIsz .

[SE
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Thus [[Kx¢ll, < §|#zll,. Here in the second line, we changed variables
(X (s),V(s)) to (z,v) since the Jacobian =1. From the definition of o and
v > 1, it is easy to check that 4oy > 1 and 4(1 —a)y — 2 > 1. Thus by the
assumption on u, we have

Nf=

c= ( sup /vz|u'(e)|2(1*a)dv sup \,u |2adv> <00 .
R

z€[0,P] z€[0,P)

Suppose now that there exists some ¢ # 0 € H, k < 0 such that Ay¢ = ko.

That is,
ax2 ¢> / e)dve (x / / AeMp(X(s))dsdv = ko.

Integrating both sides, we get

k/op ¢ (x) dx / / x) dvdx
. / / / AN (X (s)) () dsdvd
/ / x) dvdx
+ [ R /0 [R 1 (e)¢ (X) dVdXds
—0

So fo z)dx = 0, and thus by Wirtinger’s inequality, [[¢l, < £ ||¢s ], -
Hence

k(6,0) = (Axd, ) = [|all3 + (Ko, ¢)
> |l ball3 — 1Koy 1]l

c P
> [|6zll; = 5 1923 > 0.

IfA> Ay = %. This is a contradiction. Thus Ay is nonnegative if A > Ag. O

We have the following result.

Lemma 8. In case there exists some ¢_ € H'(0,P), such that ag(¢_) <
0 (deﬁned in Lemma 6), then there exists \g > 0, and ¢, # 0 € H ,

fo b, (T)dx = 0, such that [e*lf e 'E] is the solution to linearized prob-
lem (5), where

0
E =065, [(2,0) = —1(e)br (2) + 1 (e) / A6 (X (s))dsdo .
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Proof. By Lemma 1, the conclusion is equivalent to showing that there exists
Ao > 0 such that Ay, has some nontrivial kernel. By assumption, we know that
for some small €9 > 0, A,, has a negative eigenvalue. Define k() to be the least
eigenvalue of Ay (0 < A < 400). We claim that k(\) is a continuous function.
To prove this, first we recall the following fact (based on Lemma 4):

k()‘) - inf (¢7 A)\Qb) ’

€D (Ax):ll¢ll,=1
where D (Ay) = H. Fixed Ao > 0, ¢ € H, |||, = 1. Consider A € (Ao/2,3X0/2).
We suppose A > Ag in the following. We have
k:()‘ ) (¢7 A)\oqs)
(¢7 A>\¢) + |(¢7 A)\(rb (d)a A)\o(rb)‘

< (6. 430) + / /| / % 0| [pa) (€)6 (X(s)| dsdvd

<@+ [ /R/OO/A (Rlsle + &)

X |p(x)pt (€)¢ (X(s))| dsdvd
< (4, Ax9) +z§épp/ | (e IdvAO/ Als| AereAS) dsd)

< (6, Axd) + sup /m 'd“Ao 20

z€[0,P]
< (¢, Axg) + c|ln X —1n Ag|.

where ¢ = 2sup, (o, pj Jg |1/ (€)|dv. We can get the same inequality for A < Ag in
the same way. Here the proof of the fifth inequality is the same as the proof of (7)
with ¢ = ¢. Taking the infimum over all ¢ in the above inequality, we get k(Ag) <
k(M) 4+ c¢|ln A — In Ag| . The same argument gives k() < k(X)) + ¢|ln A —1n Ag|.
Thus we have

K(A) — k (Ao)| < e[ln A —InXo| .

This proves the continuity of k ()).
Since k (g9) < 0 by assumption and &k (A\) > 0 for A large enough (Lemma 7),
there exists Ag > g¢ such that k (A\g) = 0. Thus we get the conclusion. O

3. Instability of multi-periodic BGK waves

In this section, we prove the main theorem of this paper. That is, we show
that Pg—periodic BGK waves are unstable under kFPs—periodic perturbations if
k > 2. By Lemma 8, we only need to show that there exists some ¢_ € H! (0, P),
such that ag (¢—) < 0. Denoting P = kPs (k > 2), we are able to construct such
a test function. This is done in the following lemma.
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Lemma 9. If P = kPg for some integer k > 2, then there exists ¢_ € H' (0, P),
such that ag (¢—) < 0.

Proof. We treat the case k = 2 first.

The BGK waves in Theorem 1 indeed have the following symmetry: §(z) =
B (Ps — x), for x € [0, Pg]. Denote ¢1 = 0,3, so that ¢ (x) = —¢1 (Pg — z) for
x € [0, Pg]. The electric potential 3 satisfies the equation:

62
@ﬁ:/ftﬂ(e)dv_l

where e = %vz — [ (z) . Differentiating the above equation, we get
0? ,
(11) @(151 = */Ru (e)dv ¢1.

Note that ¢1 (0) = ¢1 (Pg) = ¢1 (%) = 0. Now consider the following eigen-

value problem:

82
da?

¢+(A+/Ru’(e>dv)¢:07

2072 2

where ¢ € H? (pﬂ 3P5) LO(P2) = ¢ (%) = 0.Then by equation (11),¢; is

a solution with A = 0. Furthermore, ¢; has a zero in (%’5, %) , so by ODE

3P

theory there exists some A\_ < 0 and some ¢_ € H? (%ﬁ, 3

o—(g) = ¢ (%) = 0 such that

) that satisfies

02 ,
w¢_ +(A-+ /R,u (e)dv)p_ =0.

We now extend ¢_ (z) to whole interval [0,2Ps] in the following way:

—¢_(Ps —x) ifx e {0, %}

#- (=)= —¢_(3Pg—x) ifze [%,2135} :

Then ¢_ (0) = ¢— (2P3), and 0,0 (0) = 0,¢_ (2Pg) = 0y¢— (P3). Thus ¢_ is
a 2Pz —periodic function in H' (0,2P3) . By our construction it is obvious that
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2Pg
/ [{am_lQ— / u’(e)dv|¢_|2}dm
0 R
3Pg
2 2 ’ 2
=2 [ {oco-r - [ weroio i

2
3Pg

= )
—2) ﬁﬁ 6|2 dz < 0.
Eh
Now we compute ag (¢—) .We claim that:

6 (y)

b;

gy, [ gy,
0o V2(e+pB(y) a; \/2(e+B(y))

where the above expressions appear in the definition of ag (¢) in Lemma 6). In

fact, this follows directly from our construction of ¢_ (z) and the symmetry of

Blz): B(z) = B(Ps—z)ifz € [o, %} ,B(z) =B (3Ps — ) ifx e [%,zpﬁ] .
Thus the trapping and nontrapping terms all disappear, so

2P,
(12) a0 () = / T 0ubf? — /R 1 (©)dv |6 de < 0.

For k > 3, we can simply construct ¢_(z) as follows: In [0,2Pg], it is just
the above function. In [2Pgs, kP3|, we merely let ¢_(z) = ¢_ (0). Then this ¢_
is a kPg— periodic function in H' (0,kPs). And it is easy to see that (12) again
holds. O
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