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DISTRIBUTIONAL AND L9 NORM INEQUALITIES FOR
POLYNOMIALS OVER CONVEX BODIES IN R"

ANTHONY CARBERY* AND JAMES WRIGHT**

This paper is dedicated to the memory of Donna L. Wright.

1. Introduction

Let P4, be the vector space of all polynomials of degree at most d in R™. Let
K be a convex body of volume 1 in R and let 1 < g < oco. Since Py, is finite

1
dimensional, the norms ( / K ]p|q> * are all equivalent to each other. Recently

there has been considerable interest in the behaviour of the constants in these
equivalences as ¢ varies when we consider arbitrary unit-volume convex bodies
K. See for example the work of Brudnyi and Ganzburg [BG], Gromov and
Milman [GM], Bourgain [Bour], Bobkov [Bobk| and Nazarov, Sodin and Volberg
[NSV].

In this paper, we wish to complete the analysis of the constants in these
equivalences as well as to extend these results to the vector-valued setting. For
a (real or complex) Banach space X with norm ||-|| and a polynomial p : R” — X
of degree at most d, we define the functional p#(z) = ||p(z)||2. For a convex

body K in R™ of volume 1, we consider the usual L? norms of p# over K;
1

1 1
that is, ||p¥|l, = (pr#(:U)qu) = (fK Hp(x)||%d:v> *. When ¢ = 0, we set
[p%]lo = exp [, log p? (x) dz and ||p¥ ||« is the usual L> norm of p#.

Let 0 < r < ¢ < oo. Holder’s inequality gives a trivial inequality for the L9
norms with (best possible) constant 1 and for the reverse inequality we have:

Theorem 1. Let p: R™ — X be a polynomial of degree at most d, let K be a
convex body in R™ of volume 1 and let 0 < r < g < oco. Then there exists an
absolute constant C independent of p,d, K,n,q,r and X such that

#” <C [nB(nvq+ 1)]
© 77 [nB(n,r+1)]

where B denotes the classical Beta function.
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Recall that nB(n,q +1) = — fol u?d(1 — u)™; in the limiting cases ¢ = 0

and ¢ = oo, the quantity [nB(n,q+ 1)]% is to be understood as 1/n and 1
respectively. In particular we note that the estimate in Theorem 1 is independent
of the norm || - || from X.

By standard estimates for the Beta function we obtain:

Corollary. Let p : R® — X be a polynomial of degree at most d, let K be a
convex body in R™ of volume 1 and let 0 < r < g < oco. Then there exists an
absolute constant C independent of p,d, K,n,q,r and X such that
(a) if n <r <gq then
Ip*lly < C [Ip*]lr,

(b) if r <n < q then

# <C #
[z PR max(r, 1) o™l
(c) if r < q<n then
0
# <C maX(Qa # )
Pl < max(r, 1) 1p7 |

Up to the numerical constant C', the constant on the right hand side of The-
orem 1 is optimal if one seeks an inequality valid for arbitrary convex bodies K.
One simply takes p(z) = 2% and K = {(z1,2’) € R® : 0 <z <1, |2/| < 1—21}.
The scalar-valued case ¢ = oo, < 1 (in which case the constant on the right
hand side is essentially n) is due to Brudnyi and Ganzburg [BG]. For dimension-
less bounds, the scalar-valued cases r =0, ¢ > 0 and r = d, ¢ > 2d are due to
Bobkov [Bobk] (in these cases the dimensionless bound on the right hand side
is essentially ¢). One can then extrapolate these bounds to get sharp dimension
free Khinchine-Kahane type inequalities in the exponential class. This refined
earlier work of Bourgain [Bour] which in turn extended a result of Gromov and
Milman [GM] to the general degree d case from the linear case d = 1. Nazarov,
Sodin and Volberg [NSV] have also obtained Bobkov’s dimensionless bound in
the case r = 0 and ¢ > 0 (by different methods), as well as other interesting re-
sults. Our Theorem 1 may be viewed as a completion of all these results, giving
the precise behaviour in all the parameters, d,n,q and r.

The case r < 1 and general g has a stronger formulation in terms of dis-
tributional inequalities for vector-valued polynomials over convex bodies in R"
(which may be of independent interest for certain problems in real and harmonic
analysis). In fact, we have:

Theorem 2. Let p: R™ — X be a polynomial of degree at most d, and let K be
a convex body in R™ of volume 1. Let 0 < q < oo. Then there exists an absolute
constant C independent of p,d, K,n,q and X so that for any a > 0,

lp#)ly a ' [{z € K : p#(z) <a}| < Cn(nB(n,q+1))7.
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In particular, we have:

Corollary. Let p : R® — X be a polynomial of degree at most d, let K be a
convex body in R™ of volume 1 and let 0 < q < oco. Then there exists an absolute
constant C independent of p,d, K,n,q and X so that for any a > 0,

(a) if n < q then
Ip*lly o' {z € K : p#(2) <a}| <Cn;
(b) if ¢ < n then
||P#||q a {z e K : p?(z) < a}| <Cmax(q,1).

As before, up to the constant C, the inequalities are sharp (to see this we use
the same example as for Theorem 1). The scalar-valued case ¢ = oo is due to
Brudnyi and Ganzburg [BG]. Nazarov, Sodin and Volberg [NSV] have obtained
Theorem 2 independently by somewhat different methods. In §6, Remark 2
below, we shall show how one can obtain the case » < 1 and general ¢ in
Theorem 1 from Theorem 2.

In common with Bobkov’s work [Bobk] (and that of Nazarov, Sodin and
Volberg [NSV]) the main tool in this current work is the utilisation of a certain
powerful extremal result of Kannan, Lovéasz and Simonovits which we now state.
For a,b € R™ and A > 1 define the measures jiq 5 x by (@, ftapr) = fol o(a(l —
t) +bt) (A —t)"Ldt.

Theorem ([KLS]). Suppose fi1, fa, f3, fa are continuous nonnegative integrable
functions on R™ and o, 8 > 0. Suppose that for every a,b € R™ and A > 1,

(/ fldﬂa,b)\>a</ f2dﬂa,b,>\)ﬁ < (/ deﬂa,b,A)a(/ f4d,ua,b,)\>ﬁ-

Then for every convexr open set K in R™
(/fl)a(/fg)ﬁ < (/fs)a(/ﬁ;)ﬁ.
K K K K

(Note that the reverse implication is straightforward.)

Finally, C will denote a generic absolute constant whose precise value may
change from line to line.

2. Reduction to weighted inequalities in dimension 1

We shall first prove the results in the scalar-valued setting and then show
in §5 how one can extend the arguments to the vector-valued setting. In the
scalar-valued setting, by the Kannan, Lovédsz and Simonovits theorem of the
introduction, Theorems 1 and 2 are equivalent (after a limiting argument because
X{z€K : |p(z)|<a} is MOt a continuous function) to Theorems 3 and 4 respectively:
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Theorem 3. Let p: R — C be a polynomial of degree at most d, n € N, A > 1
and 0 < r < q < oo. Then there exists an absolute constant C' independent of
the above parameters such that

flp O — )ty

R [nB(n,r—i—l)]
bf(A tyn—1dt

3= -QI»—‘

1

[lp@)[E( =)=ty +

0

< 1 ) .
JA—=t)n—1dt

0

Theorem 4. Let Let p : R — C be a polynomial of degree at most d, n € N,
A>1and 0 < q < oo. Then there exists an absolute constant C independent of
the above parameters so that for any o > 0,

1
(f!p(t |2 (A —t)”‘ldt>é a~d {X{Ip(t)|<a} (A=t lat

(A —t)yn—1dt

Ot —r

1
J(A=t)r—1dt
0

< Cn(nB(n,q+ 1))5

Although the forms of the inequalities in Theorems 3 and 4 make sense only
for 0 < r < g < oo, it is clear how to extend them when r = 0,¢ = 0 and/or
r = 00,q = 0o. For instance, when g = 0, the conclusion of Theorem 4 takes the
form

L (S log @I — &)~ tdty o~

JA=t)n—1dt J(A—t)r—1dt
0 0

X{|p(t)|<at(A — )"~ 1dt

Ct—r
Ct—sr

< C.

To prove Theorems 3 and 4, we may of course assume that » > 0 and ¢ < oo
and then pass to the limit.

3. Proof of Theorem 3

We begin with the proof of Theorem 3. We first need some preliminary lemmas.
The first is a well-known elementary Remez type inequality. It is also a simple
consequence of the case n = 1 of Theorem 1 or Theorem 3 and as such is already
contained in [BG], for instance. We include a simple proof for the convenience
of the reader.

Lemma 1. There is an absolute constant C so that if p : R — C is a polynomial
of degree at most d, if 0 <r < q < oo, and if t > u, then

/|p| )i < t(l/ pl) 7.

(We have the usual interpretation in the limiting cases r, ¢ = 0, c0.)
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Proof of Lemma 1. We may assume that ¢ = co,7 = 0 and u = 1. So we want

to show
1

1 1
Ilpl# leon < Ctexp / log [p(s)|ds

0
for ¢t > 1. Clearly we may also assume that p(z) = [[(z — (;) is monic. Now

max |p(s) 5 = max H|S—C]|d = max H|st Cj\d <t Jnax H\S—C]/ﬂ

0<s<t 0<s<t

Moreover ¢ > 1 and |(;| > 2 implies \s — (j/t] < 2| < 4)s — Cj| for 0 <s <1
so that we are left with proving

Inax H ]s—Cj/tﬁ < Cexp / Z 10g|s—Cj|ds}

T IgI=2 1¢;1<2

The term on the left of this inequality is bounded by 3, while the term on the
1

right is bounded below by exp~y where v = | gl<f [log|s — ¢|ds. The lemma is
<2y

established with C' = 12e77. O

Lemma 2. There is an absolute constant C' so that if 0 < r < 2m,

r

(/2 (1- t/m)mflt’"“dt)% > C(/m(l — t/m)mflt”ldt)%

We remark that the term on the right hand side of Lemma 2 is itself bounded
below by m[(m + 1)B(m + 1,7 + 1)]*

Proof of Lemma 2.

r

/2(1 —t/m)" T de > /4(1 —t/m)™ T gt > /4 e 2t at

0 0 0

1 T\r+2 _
)

>
T r+2 ¢

(V]

But
/ (1 —t/m)™ 1 Hat < (r + 1)/ (1 —t/m)™t"dt
0 0

o
< (r+ 1)/ e rdt = (r +1)!
0
Taking r’th roots establishes the lemma. O

Lemma 3. There is an absolute constant C so that if p : R — C is a polynomial
of degree at most d, if 0 <r < q<oo and if 5 <t <z, then

g Caatl x . u . u
/ | a[(m+1)B(m~+1,r+1)]* [/ (1 —u/m) (/0 |p| )du] ,
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Proof. By Lemma 1, we have for t > u

t - ” u .
ur“(/ pld)e < CTt”?/ p| 2.
0 0

Multiplying this inequality by (1 —u/m)™~! and integrating with respect to u
from 0 to t yields

[/Ot a1 — u/m)™ du] (/Ot p#)T < et /0 (1— u/m)ml(/ou Ip| @) du.

Lemma 2 and the remark following its statement now imply that

t

t oo Crt’r—l—g t . u R
a)1 < 1— me ) du.
(/0 1) m’"[(m—i—l)B(m—i—l,r—i—l)]/O( u/m) (/0 pl)du
Lemma 3 now follows upon taking 2’th roots. O

Proof of Theorem 3. We may assume that 0 < r < ¢ < co. For ease of notation
we write m for n — 1, and denote [(m+1)B(m+1,q+ 1)]% by A, (for m fixed).
We assume m > 2 (otherwise the proof simplifies), and changing variables we
see that we have to show, for each A > 1 and all polynomials p of degree at most

d
Case 1: m < \
Notice that if 0 <t < 1,e72 < (1 —t/m)™ < 1 for m > 2. Moreover,

A [ . P i
(—/O Ip(t)|dt) —/O Ip(t)]7 dt)

m m
for 0 < g,r < 00 by Lemma 1. Finally, since A, is an increasing function of ¢
this case is complete.

=

=i

lp(t)|4 (1 — t/m)mdt> 1 ) a(1— t/m)mdt> 1

?(1 —t/m)™dt
0

OSyls

(1 —t/m)mdt

Q=
3=

<o

Case 2: m > .

Let . = B then 1 <2z <masA>1 Forl<az<m, fox(l—t/m)mdt
is bounded above and below by absolute constants. So we wish to see that for
1<z<mand 0<r <gq,

1
T

W ([ -yt <o ([ - gmra
Now
|t =tgmymar= [ —apmm =t ([pitya + 0=ajmm [l

We shall concentrate on the first term, the arguments for the second being similar
but easier. We distinguish two subcases of (1):
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Subcase (i): r/2 < z.
In this subcase, r < 2m and

/01:(1—t/m)”"b‘l(/olt Ip| @) dt r
:/;u—t/m)m‘l(/ot \p|%)dt+/:<1—t/m>m‘1(/ot [p|#)dt

The estimate for the second term here is a special case (x = r/2) of subcase (ii)
below, so it suffices to deal with the first term. Using Lemma 3 we have

fa- %)m—l(/ot plf)at
< quq [/w(1— ! — )t e ] [/Ow(l— )ml(/ou p| ) du]

Clqg+1) mq'HAq o
maAL(m + 1) / |p|d 1__ dt)r

Sl

Sle

Taking ¢’th roots establishes subcase (

Subcase (ii): 1<z <r/2.

(2) /Ow(1 —t/m)m—l(/ot p|?)dt =
/01(1 —t/m)ml(/ot ’p‘g)dt"’_/lx(l—t/m)ml(/ot \p]%)dt.

The first term is easy to deal with since by Lemma 1

b

r
T

1 t 1 1
/(1—t/m>m—1/ p|3czt§/ |p,g§0q(/ 1p|
0 0 0 0

1
<cr( [ Iplaa—t/mmta)

For the second term, Lemma 1 implies that for ¢t > u
u

t .
ey (/ ‘M%)E < CTtr+§/ ’p‘ﬁ
0 0

1 and integrating with respect to u

9
T

Multiplying this inequality by (1 — u/m)
from 0 to t yields

t t u
[ = upmyr=taal ([ w1 < o [ (i) - ugmye-tan
0 o Jo

t x
<creti / Pl (1 — w/m)™du < CTEFE / 1Pl (1 — w/m)™du
0 0



240 ANTHONY CARBERY AND JAMES WRIGHT

provided ¢t < x. But

t 3
/ w1 = u/m)™ du > e_t/ u T du =
0 0

Thus for 1 <t <z < 3,

efttr+2

2r+2(r 4 2)°

t T q T q
/ pld < et 12 [/ 1Pl (1 — w/m)™du]* < C’q[/ 1pl# (1 — w/m)™du] *.
0 0 0
Now multiplying both sides of this inequality by (1 —¢/m)™~! and integrating
with respect to t from 1 to x gives

R ey Ry ST

q
=

x
<t [l - upmyma?

0
(as (1 —t/m)™ ! <1and z <% <q). Taking ¢’th roots finishes subcase (ii) of
(2), and hence (1), proving Theorem 3. O

4. Proof of Theorem 4

The first step in proving Theorem 4 is the special case n = 1, g = oo:

Lemma 4. There is an absolute constant C' so that for all polynomials p : R —
C of degree at most d and all intervals I,

Ex _1
Iplfey o iz el p@) <a}| < CIII.

This lemma is an old result and in fact the best constant C' is known to be 4.
This is due to Dudley and Randol, [DR]. However this result for some absolute
constant C'is an easy consequence of a classical inequality of H. Cartan [C] which
we now state:

Cartan’s lemma. Let wy,ws,...,wq be d points in the complex plane C and
let h > 0. Then the set of points z € C such that the inequality

d
[11z—w| < e
j=1

holds can be covered by at most d circles, the sum of whose radii is 2eh.

Note, in particular, Cartan’s lemma implies the corresponding statement of
Lemma 4 for monic (as opposed to L - normalised) polynomials. We provide
a proof of Lemma 4 for completeness.

Proof of Lemma 4. We may assume that I = [0,1] by translating and dilating
the polynomial p. Observe that the statement of the lemma is invariant under
multiplication of p by any nonzero constant, and (up to changing the value of C')
under multiplication of p by a function, whose d’th root is bounded above and
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below by absolute constants. So if p(z) = A[[(z — {;), we may multiply p by

IT 1¢1(z—¢;)~" and then by (A [] |¢;])~! without changing matters. Thus
I¢5122 1¢51>2

we may assume that p(z) = [] (2 — ¢;). This modified p(z) is now monic,
I¢51<2

has degree k < d say, and when restricted to the unit interval [0, 1] satisfies

1
Ipll& < 3. We may therefore assume o < 1 and Cartan’s inequality tells us that
{z €[0,1] : |p(z)| < a}| < Cat < Cad,

completing the proof of the lemma. O

Note the case ¢ = oo of Theorem 4 and thus Theorem 2 is now an immediate
consequence: we merely have to observe that for 0 <t <1 and A > 1, we have
A=) <n [ (A—s)"'ds.

Proof of Theorem 4. Again we may assume that 0 < g < co. For ease of notation
we again write m for n — 1 and assume m > 2 (the cases m = 0 and m = 1 are
easier). Let

1
f Ip(t)[a (A —t)mdt o~ d | X{|p|<a} (A —t)™dt
=2 il and I =
SN =t)mdt
0

o

(A — tymdt

Ot —r

We wish to show that I-11 < C'(m~+1)[(m+1)B(m+1,q+1)] . We immediately
make the change of variables ¢t — %t in all integrals, so that

% q
S Ip()]4(1 — L)ymat a”
77 = 0 and  IT

fT(l — Lymdt
0

3

n

X{jpl<a} (1 — ;7)™ dt

=
O =y

(1—Lymat

SR

(for a possibly different polynomial p). Note that if D := fo% (1— %)mdt, then
for m < X\, we have D > fo%(l — 1/m)™dt > %2—16 while for m > A,

D> [}(1—t/m)mdt > f"(l —1/m)™dt > k.
0

Case 1: m < \.

In this case we have

X
2e q 2e q
< 22 (1 - mar < 22 E
< 22 [lpolta - ymmae < 22 [lp)iar
0
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while

m 26)\ 1
X{lp|<a} (1 —t/m)"dt < o

H<@a%

o X{jpl<a}dt

O\yls
O\»IS

so that

m

LN [ g \§ DU E
I-I1<(20) 3 (2 / p@O1Fdt)" - a7E 2 [Ty qcadt < C(2)'
0 0

by Lemma 4. Thus I - II is bounded above by an absolute constant in this case.

Case 2: m > \.

In this case, since D is uniformly bounded below and the numerators of I and
II are decreasing with \, we may take A = 1 and reduce matters to showing
that

T-TT < Clm+1)[(m+1)B(m+1,q+1)]s

where
o= [ChoBa—ymra wd T = a7d [ g (- o/mme
0 0

Now

qu/omu—t/m /yp Hds}at = /Om(l—t/m)m_l{/ot|p(s)\%ds}dt

which in turn is less than fo Hdt + CTH [™(1 — t/m)™ 1491 dt where H =
fol Ip(s)|4ds, by Lemma 1. Hence

m 1
I* < H[1+C‘J/ (1—t/m)m—1tq+1dt] <H [1+C‘1mq+2/ (1—s)m—1sﬁ1ds]
1 0

= H [1 + CmT™ (g + 1)B(m + 1,9+ 1)]

Therefore I < CH1 (m+1)[(m+1)B(m+1,q+ 1)]% On the other hand,

m

II:(I_%/ X{|p|Sa}(1—t/m)mdt:Oé_é/
0

t
; (1—?5/771)7"‘1/0 X{|p(s)|<a}ds dl

t
< « 3 / / X{‘p(s)|<a}d8dt +/ (1_t/m)m_1/ X{|P(5)\§a}d‘9dt}
0
c [ ¢
< Z ~ 1_ m—1 < = —t/2 < —
K+K/ t/m) tdt K/o e tdtiK

by Lemma 4, where K = |||p|4 | Lo<10,1]- Thus

(m+1)[(m~+1)B(m+1,q+1)]s

1
777 < C[ Pl 0.
Pl Loefo,1]
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which in turn is less than C(m + 1)[(m + 1)B(m + 1,q + 1)]% as required,
completing the proof of Theorem 4. (Note that we have used in passing that

nnB(n,q+ 1)]% is bounded below uniformly in n and q.) O

5. The vector-valued case

To extend Theorems 1 and 2 to the vector-valued setting, we first observe that
our arguments extend to a wider class of functions than polynomials of degree
at most d. Following a preliminary version of [NSV], we say that a function wu :
R™ — R is of class L if it is the restriction to R™ of a plurisubharmonic function

@ : C" — R such that limsu lgg(Ti\ < 1. When n = 1, u(z) = +log|p(z)] is

|z|—o0
of class L if p : R — C is a polynomial of degree d. We can write such a p as
p(x) = ATTj_, (z =), so that §log|p(x)| = §log |A| +§ 327, loga — (1, and
the distinguishing feature of a function of class £ (when n = 1) is that it can be
written as u(z) = constant + [ log |z — ¢|du(¢) where p is a positive measure of
mass at most one in the plane. This is the well-known Riesz representation for
subharmonic functions, see for example Hayman’s book [H]. In particular, it is
not difficult to see that the key lemmas, Lemma 1 and Lemma 4, remain valid
if one replaces |p(z)|a with expu(z), where u is a general function of class £
in one dimension. With these remarks in mind the reader will have no trouble
extending Theorems 1 and 2 to functions of class £ to obtain the following:

Theorem 5. Let u:R"™ — R be a function of class L, 0 <r < q < o0 and K
be a conver body in R™ of volume 1. Then there exists an absolute constant C
independent of r,q, K,n and u so that

[nB(n,q+1)]

eu q S C
le*llaee [nB(n,r +1)]

HeuHLT(K)-

= Q=

Theorem 6. Let u : R" — R be a function of class L, 0 < q < o0 and K
be a convex body in R™ of volume 1. Then there exists an absolute constant C
independent of q, K,n and u so that

le“l[Lacry lle™ llree (i) < Cn[nB(n,q+ 1)]7.

To obtain the vector-valued extension of Theorems 1 and 2, we simply observe

that whenever p : R — X is a polynomial of degree at most d with values

in a Banach space X, u(x) = llog||p(z)| is a function of class £. Indeed,

— d
lg(z) < 1 is straightforward, and using the fact ||w| =
g |z

the estimate lim sup

|z]—o00

sup  |[¢(w)| for any w € X, one easily sees that u(z) is plurisubharmonic.
LeX= |lfI<1
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6. Further remarks

1. If we let m — oo in inequality (1), we have, since (1 —¢/m)™ < e! for
m>0and 0 <t <m,

1 1
([ ooty <o ([ e’

maxr 1

by the dominated convergence theorem, where C is absolute: combining this
with Lemmas 1 and 4 yields the following results.

Proposition 1. There exists an absolute constant C' such that if p is a poly-
nomaal of degree at most d, N >0, and 0 <r < g < 00,

N 4oty N 5oty
<Of|P(7f)|de t>q SCm@ux(q,l)(oﬂp(mde t)r
N max(r, 1) N

Jetdt [ e tdt
0 0

=
=

Proposition 2. There exists an absolute constant C such that if p is a poly-
nomial of degree at most d, N > 0, and 0 < g < 00,

< Cmax(g,1).

N
<{ !P(tﬂﬂe‘tdt) Loqi f X{p(t)|<ae” ‘dt

N
[e~tdt f e~tdt
0 0

Propositions 1 and 2 are also true if one replaces |p(t)|4 with expu, where
u is any function of class £. Using another theorem of Kannan, Lovasz and
Simonovits [KLS] (which is similar to their theorem stated in the introduction
except that the measures p are replaced by measures with exponential densities)
we then obtain

Theorem 7. Let X be a Banach space and let p : R — X be a polynomial of
degree at most d. Suppose 0 < r < g < oo and p is a log-concave probability
measure on R™. Then there is an absolute constant C such that

(f w2 oo

and for the sublevel set estimate:

Theorem 8. There exists an absolute constant C' such that if p: R® — X is a
polynomial of degree at mostd, 0 < q < oo, and u is a log-concave probability
measure on R™, then

([1p@ltau@)" - o~ ufw € B )] < a} < Ca
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A measure is said to be log-concave if it is supported by an affine subspace
L of R", and with respect to Lebesgue measure on L has a density of the form
e 9 where the set K = {z : g(z) < oo} and g|x are convex. In addition
to characteristic functions of convex bodies, these measures include gaussians
e~le’dz.  Of course we can let q or r — 0 in Theorems 7 and 8 to obtain
estimates in the exp — log class L°.

2. To see why Theorem 2 implies the case r < 1 and general g of Theorem
1, we first observe that Theorem 2 has a trivial reverse inequality. Considering
the sublevel set for |[p(z)| with a4 =2 [, ||p||4, we have 1/4 < ||||p||4 || pa(x) -

supa—i|{z € K : ||p(z)|| < o}| uniformly for ¢ > 0. Hence, by Theorem 2
a>0

1/4 < lpl* oo - supa™{z € K : p()]| < 0}| < Cn(nB(n.q+1))+.

In particular, using these inequalities with ¢ < 1, we see that the “norms”
1 _1 _
Pl s (ry for ¢ < 1 and [supgsoa”@{z € K : [p(@)| < off]7! =
|||~ d||211,00( k) are uniformly equivalent. Therefore for any ¢ > r, we have

( / ||p<w>||%dx)q
K

3. It is easy to see that the conclusion of Theorem 2 has the following
equivalent formulation for general finite-volume convex bodies K:

< Cn(nB(n.q+ 1) ( / ||p<x>||%dx> .
K

1

1 / .\’ LK
— Pl < Cn(nB(n,q+ 1)) Pl || 0

uniformly over all closed subsets E of K (with the same constant C'). Somewhat

surprisingly, one can replace the L norm on the right side with the smaller
1

L" norm, (ﬁ Jz|Ipll[7) ", incurring only an extra factor of 2 in the estimate.
This was observed in [BG] for the case ¢ = oo and follows by considering the
non-decreasing rearrangement of ||p|| over E, p.(7) (i.e., p, is the inverse of the
measure of the sublevel sets of ||p|| restricted to E). The estimate in Theorem 2
implies a lower bound for p,, namely

1

(% /K rp\\3> I S OB g+ 1) lp. ()]

for 0 < 7 < |E|. Raising this to the r’th power, integrating in 7 and then taking
the r’th root gives the desired bound.

-

4. The convexity of the set K is crucial in obtaining the form of the constant
in Theorem 1. If instead one asks for the form of the constant B in the inequality

(L1m17)" < 5( [ 1w17)’
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where F' is now an arbitrary (unit-volume) compact set in R"” and 0 <r < ¢ <
00, one may see that not only must B contain a factor of |cvzF|'"« (where
cvzF' denotes the convex hull of F') but also a factor n'~4. To see this, consider
the example p(z) = z¢ as before and F = {(x1,2') € R* : x; € (0,1/n) U
(1 —¢1),|2'| <1— a1} for suitable € much smaller than 1/n. The proof of the
resulting inequality

1
([ )" < cnt=ijevar =5 ( [ 1))
F F

is due to Brudnyi and Ganzburg [BG] (at least in the case ¢ = 00). To see this,
we first observe

r r Lyg—r
[ It < / I 15y < [ 1NN e

A e L L )

where the last inequality follows from the case ¢ = oo and general r of Theorem
1. Next, using the following equivalent formulation of Theorem 2 (which we
derived in Remark 3 above)

S

1

L % % nn n é 111 @ '
3) <|K|/Krpu ) < CnfnB(n.q+ 1)} ol (|E|/ Il )

when ¢ =r, E = F and K = cvaF', we obtain the result. Interestingly, (3) can
be thought of as a way to formulate the analogue of Lemma 1 in the higher-
dimensional context, and it is natural to enquire as to whether the constant
n(nB(n,q + 1))% can be improved upon if we restrict E to range over convex
subsets of K. This however is not the case. To see this, take K = {(z1,2') €
R":0<2 <n-—1, |x’|<1—¢a:1} E={(z1,2/) eR": 0 <21 < 1,|2'| <
1— 121}, and p(z) = 2¢. (Of course, X = R here).

5. If p: R™ — C is a polynomial of degree at most d, it is well known that
w = |p| is an A, weight when ¢ > d + 1 with A, bounds independent of the
coefficients of p ; see [RS|. Theorem 2, when ¢ = d, can be viewed as a sharp
endpoint result of this nature. Recall that a weight w is in A, if

|Br/ -

for all balls B in R™. The smallest constant A for which the above holds is called
the A, bound, A,(w), for w. Using Theorem 2 with ¢ = d, we see that there is
an absolute constant C such that if p : R™ — X is a polynomial of degree at
most d with values in a Banach space X and ¢ > d + 1,

Aq(llpll) < (Cd)d {#dil)}q—l.

a/q
w(z) 7y <A<
1Bl /
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We remark that this estimate remains valid when we allow the A, bound to also
vary over all convex bodies K in R™, not just Euclidean balls B. See also [NSV].

6. The theorem of Kannan, Lovédsz and Simonovits which we used relies heav-
ily on the non-negativity of the functions involved. However there are phenom-
ena, closely related to sublevel set problems for polynomials, which are highly
oscillatory in nature; most notably estimates for oscillatory integrals. For exam-
ple, it follows from Theorem 7.2 of [CCW] that if @ = [0,1]", p: Q@ — R is a
polynomial of degree at most d so that pr = 0 and ||p||z~(g) = 1, then for A
large and real,

(4) ‘ / ei)‘p(“")da:‘ <
Q

Can we expect improvement to this along the lines enjoyed by sublevel sets?
In particular if pr = 0 and |pl[z1(@) = 1, can we take Cg, in (4) to be

Cd,n
A7

C'min(d,n)? On average the answer is yes, because a direct consequence The-
orem 2 is that for ||p[|z1(x) = 1, K a convex body of volume 1, ¢ € S(R) with

0<¢<x-1,

‘l/{/ e”p(z)dx}QS()\/u)dA’ < Cwin(d,n)p—4

K K

with C' absolute. To see this, note that the left side is equal to [} d(up(z))dzx
which is in turn equivalent to [{z € K : [p(z)] < p~'}|. (This well-known
argument also demonstrates the fact that oscillatory integral estimates imply
sublevel set estimates).
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