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L? CURVATURE AND VOLUME RENORMALIZATION OF
AHE METRICS ON 4-MANIFOLDS

MICHAEL T. ANDERSON

ABSTRACT. This paper relates the boundary term in the Chern-Gauss-Bonnet
formula on 4-manifolds M with the renormalized volume V', as defined in the
AdS/CFT correspondence, for asymptotically hyperbolic Einstein metrics on M.
In addition we compute and discuss the differential or variation dV of V', or equiv-
alently the variation of the L2 norm of the Weyl curvature, on the space of such
Einstein metrics.

0. Introduction

The Chern-Gauss-Bonnet formula for a compact Riemannian 4-manifold
(M, g) without boundary states that

1 1 1 1
00) gz [ URE=41P)av = o [ (WP = 1o + gost)av = x(),
where R, W, z, s are respectively the Riemann, Weyl, trace-free Ricci and scalar
curvatures.

In particular, if g is an Einstein metric, then z = 0, and so Einstein metrics
minimize the L? norm of the curvature over all metrics on M. Hence the L?
norm of the full curvature of an Einstein metric on M is apriori bounded by the
topology of M.

If (M,g) is a compact 4-manifold with non-empty boundary, then (0.1) no
longer holds; there is a correction or defect term given by certain curvature inte-
grals over the boundary OM. If (M, g) is complete and open, then the boundary
integrals relate to the asymptotic geometry of (M, g).

When (M, g) is a complete non-compact, Ricci-flat 4-manifold, then the defect
term in (0.1) is easily identified if the manifold asymptotically approaches that
of a quotient of R%, i.e. M is asymptotically locally Euclidean (ALE), flat, (AF)
or locally flat, (ALF), c.f. [5].

In this paper, we consider this issue when (M, g) is an Einstein 4-manifold of
negative scalar curvature, which is asymptotically hyperbolic. To define this, let
M be an arbitrary compact, connected and oriented 4-manifold with non-empty
boundary dM; we do not assume that OM is connected. According to Penrose,
c.f. [14] and also [12], a complete metric g on M is conformally compact if there
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is a smooth defining function p on M = M U OM, i.e. p(OM) = 0, dp # 0 on
OM and p > 0 on M, such that the metric

(0.2) g=0"g9,

extends to a smooth metric on M. We require that g is at least C® smooth up
to OM, although this condition could be relaxed somewhat.

Conversely, if g is any smooth Riemannian metric on M and p is any C!
defining function, then g = p~2 - g gives a complete conformally compact metric
on the open manifold M.

The defining function p is not unique, since it can be multiplied by any smooth
positive function on M. Hence, both the metric g and its induced metric v on
OM are not uniquely defined by (M, g). However, the conformal class [y] of the
metric v = grgps is uniquely determined by the complete metric g; (OM, [7]) is
called the conformal infinity of (M,g). Conversely, any conformal class [y] on
OM is the conformal infinity of a complete metric on M.

When (M, g) is a complete conformally compact Einstein metric with Ric, =
—3g, then the sectional curvatures of g necessarily approach —1 uniformly at
infinity at an exponential rate, c.f. (1.3) below or [8]. Such manifolds are called
asymptotically hyperbolic (AH).

The study of complete AH Einstein (AHE) manifolds has become very active
recently due to the AdS/CFT correspondence in string theory, c.f. [16] and
references therein. In order to produce an effective gravitational action, one
needs to renormalize the volume of such a metric, since the volume itself is
obviously infinite. If (M, g) is an AH Einstein 4-manifold and p is any defining
function on M, then one has the following asymptotic expansion for the volume
of compact domains B(r) = {logp~ < r} in M as r — oo;

(0.3) vol B(r) = v, 4+ vie” + V + o(1).

The coefficients v, and v; depend on the geometry of (OM,~) as well as the
defining function p in this generality.

Clearly, since there are numerous defining functions, the exact exponential
growth rates in r, as well as the coefficients, depend on the compactification
(M, g), and are not defined intrinsically w.r.t. (M, g). However, the constant
term V in (0.3) is an invariant of (M,g), i.e. is independent of the choice of
p. This is one of the elementary consequences of the AdS/CFEFT correspondence,
c.f. [16]; a proof appears in [7].

The first purpose of this paper is to relate the renormalized volume V in (0.3)
with the Chern-Gauss-Bonnet theorem in dimension 4.

Theorem 0.1. Let (M, g) be a complete AH Einstein j-manifold. Then, up to
a constant, the boundary term at infinity in the Chern-Gauss-Bonnet formula
renormalizes the volume in the sense of (0.3). In fact,

3

1
(0.4) > /M |W2dV = x(M) — RV
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An analogous result holds for arbitrary AH metrics on M which are suitably
asymptotic to an Einstein metric at infinity, c.f. Remark 1.2. Of course (0.4)
shows directly that V is an intrinsic invariant of (M, g), independent of any
compactification (M, ).

One thus has the following universal upper bound on V for any AH Einstein
metric:

2

(05) v < (),

with equality if and only if (M, g) is hyperbolic. Even when (M, g) is hyperbolic,
i.e. M = H*(—1)/T, (0.5) gives non-trivial information, since it implies that V'
is an integer, mod 472 /3. The renormalized volume in this case may serve as an
analogue of Thurston’s theory of the volume of closed hyperbolic 3-manifolds.
(After completion of the paper, the referee informed the author that the equality
in (0.5) for hyperbolic manifolds has also been proved by C. Epstein in Appendix
A to [13]).

A result analogous to (0.4) holds for AHE metrics on M = M™ in any dimen-
sion n > 2 and relates the Chern-Gauss-Bonnet integrand (Euler density) with
X(M) and the volume renormalization V' in even dimensions. In odd dimensions,
it (re)-produces the formula for the conformal anomaly, c.f. [10]. This will be
detailed elsewhere, and we restrict here to dimension 4.

It is interesting to compare, and combine, Theorem 0.1 with a result of Hitchin
[11], where an analogous result is proved for the signature via the Atiyah-Patodi-
Singer index theorem. Thus for any AH Einstein metric, (or any AH metric
suitably asymptotic to an Einstein metric at infinity), one has

1

0.6 —
(0.6) 1272

[ W =Wy =) -,

M

where 7(M) is the signature of M and 7, is the eta-invariant of the conformal
infinity (OM,~). In particular, (0.4) and (0.6) imply the following analogue of
the Hitchin-Thorpe inequality for AHE metrics:

3 3
(0.7) X(M)—HVZ §‘T(M)—77w’,
with equality if and only if (M, g) is self-dual Einstein.

The volume term V clearly depends, apriori, on the global geometry of the
’bulk’ manifold (M, g). However, the n-invariant of (0M,~) depends only on
the intrinsic geometry of the conformal class [y] on OM. Thus, for a self-dual
Einstein metric on M, it follows that V' is also an intrinsic invariant of (0M, [7]),
given that the topology of M is fixed.

The second purpose of this paper is to discuss to what extent this might be
true for a general AH FEinstein metric on M. First, recall that n is a global
conformal invariant of [7], i.e. it is not computable from the local geometry of
[v]. However, the variation of 1 in the space of metrics is a local quantity; thus,
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if h(gy is an infinitesimal variation of v on M, then

1
(0-8) dﬁ(h(o)) = T o4n2

c.f. [4, Thm. 6.9] and [1, Prop. 4.19]. Here Ric is the Ricci curvature of +,
viewed as a 1-form with values in the tangent bundle, d is the exterior derivative
on A! induced by the metric, and * is the Hodge star operator * : A2 — Al
Recall that d Ric is the well-known Cotton-York tensor of conformal geometry,
whose vanishing characterizes conformal flatness.

Now let g be an AH Einstein metric on M and h an infinitesimal AHE vari-
ation of g, with h() the induced variation of the boundary metric . We then
have the following expression for the variation or differential dV of V.

/ < xdRic, h(o) > dvol,,
oM

Theorem 0.2. Let g be an AH FEinstein metric, and h an infinitesimal AHE
deformation. Then the differential of the renormalized volume V' in the direction
h is given by

1
(0.9) dV(h) = ——/ < g(3); h(o) > dVO]v,

4 Jom
where g(3) 1s the 374 order term in the Taylor expansion of the metric § at OM,
w.r.t. the special defining function determined by v, c.f. §1.

A formula similar to (0.9) holds in all dimensions > 4. Thus the variation of
V at g is determined solely by the behavior of § at the boundary dM. Formally
speaking, we may consider g3y as the gradient of the volume function V', modulo
the factor —i. The term g(3) is formally undetermined, in the sense that the
Einstein equations do not determine any local expression for g3y at dM, c.f.
[6], [7]. This is in contrast to the situation for the terms g;),j < 2, which are
determined locally by the geometry of v = g(q).

In Proposition 2.6, we relate the formulas (0.8) and (0.9). Namely, let g be
an AH Einstein metric on M with boundary metric . If v is not conformally

flat and dV' # 0, then
(0.10) dV(h) =

1 N 1 .
- — L, +— 1
12/, <>|<dR1c,h(0)>dv0ﬁ, 5 /6M<>delc,h(0)>dvoy,

where h?B) = ﬂi(h(o)) and m* are linear projection operators on the space of

symmetric bilinear forms S?(OM). As in (0.9), the projections 7% depend,
apriori, on the term gs).

It is a rather delicate open question whether the dependence of dV in (0.9)
or (0.10) on g(3y can be reduced to a dependence only on the boundary metric
(OM, ), as is the case for dn. We point out at the end of §2 that at a minimum,
this depends on the global topology of the bulk or filling manifold M, (again
in contrast to dn, which is independent of M). This is illustrated by observing
that the hyperbolic metric on H*(—1)/Z ~ R3 x S* and the Schwarzschild AdS
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metric on R? x S? have M = S? x S!, and with suitable normalization, have
the same conformally flat boundary metric v on S? x S!. However, both V and
dV are different for these metrics.

On the positive side, we will show elsewhere that an AH Einstein metric on
a given manifold M is uniquely determined, up to diffeomorphism, by dV and
the boundary metric 7, at least when the induced map 7 (OM) — m (M) is
surjective. In addition, the results of this paper will be applied elsewhere to
study the Dirichlet problem for AHE metrics with prescribed conformal infinity,
c.f. [6], [8].

I would like to thank Jack Lee and Claude LeBrun for interesting conversa-
tions on these topics and the referee for comments on the manuscript.

1. Chern-Gauss-Bonnet and V

This section is concerned with the proof of Theorem 0.1. Before starting
the proof, we discuss some further background material on conformally compact
metrics, c.f. also [7], [8].

If g is a complete conformally compact metric on M, with defining function
p, let

1.1 r=logp t,p=e".
( gp . p

A simple computation shows that

(1.2) Vrls = [Vol2 = Vol

and that this quantity is independent of the choice of defining function p at OM.
Hence when the compactification g is C?, |Vp|? on OM is an invariant of the
conformal structure (OM, [7]).

Now a computation for the change of curvature under conformal change in
the metric shows

(1.3) Kij = p~2(Kij + [Vpl*) — p~H{D?p(ei, &) + D?p(ej, ¢;)},

and, if (M, g) is Einstein with Ric = —3g, then

(1.4) Ric = —2p7"D?p + {3p7%(|Vp|* = 1) — p~' Ap}g.

Here K;;, (resp. K;;), denotes the sectional curvature of (M, g), (resp. (M, g)),

in the (é;,€;) direction, where {€;} form an orthonormal basis w.r.t. (M,g).
Hence if g is C? smooth up to M, then

(1.5) Kij = —|Vp> + 0(p?).

Thus, the complete metric g is asymptotically of variable strictly negative
curvature; the curvature varies between two negative constants. The metric g is
called asymptotically hyperbolic (AH) if the invariant |Vp|? satisfies

(1.6) IVp|> =1 on OM.

Note that if (M, g) is Einstein, then (1.4) implies that (1.6) must hold, so that
any conformally compact Einstein metric is automatically AH.
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It is also elementary to see, (c.f. [8]) that if (M,g) is AH, then there is a
defining function p such that in a collar neighborhood U of OM,

(1.7) [Vr|=|Vp| =1,

in U. The metrics g and g thus split in U as

(1.8) g=dr’+g, and g = dp* + g,,,

where g, = p~2- g, is a curve of metrics on the 3-manifold M. Thus, w.r.t. the

metric g or g, the flow lines of Vr or Vp are geodesics. The function p gives the
distance to M w.r.t. g, while the function r = log p~! is a distance function
w.r.t. g from the boundary of some compact set in M.

Defining functions satisfying (1.7) are called special, or alternately geodesic,
defining functions. Special defining functions are still not unique; as an example,
r may be the distance function from the boundary of any compact convex subset
of (M, g) = H*(-1).

If (M, g) has a special C* conformal compactification (M, g), then one may
expand g, i.e. g, in (1.8), in a Taylor series in powers of p, as

(1.9) Gp = 9(0) + P91y + P°9(2) + P°93) + -+ P gy + 0(p"),

where the terms g(;) are bilinear forms on T'(0M), i.e. are annihilated when
evaluated on Vp. The term g(oy is just the boundary metric v, while g¢;) =
1
ﬁﬁ(ﬁjlgp‘/ﬁov where £ is the Lie derivative.

Now if g is Einstein, then results of Fefferman-Graham [6], c.f. also [7], imply
that

(1.10) 91) =0,
so that OM is totally geodesic in M w.r.t. g and further that
(1.11) trgm) =0, dg@) =0,

where the trace and divergence are w.r.t. . The term g9 is intrinsically and

locally determined by v = g(), c.f. [7] or (2.18) below, but the Einstein equations

do not imply any local intrinsic determination of g(;, for j > 3, beyond (1.11).
The expansion (1.9) gives the following expansion for vol S(p) :

(1.12) vol S(p) = vol S(0) + p*v(z) + O(p).
There is no p? term, by (1.11). Hence, vol S(r) has the expansion
(1.13) vol S(r) = U(O)egT + U(Q)GT +0(e™"),

and so, as in (0.3), vol B(r) has the expansion

1
(1.14) vol B(r) = gv(o)e?’r +oege” +V+0(e™").
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We now begin with the proof of Theorem 0.1 itself. We assume that g is an
AHE metric on the 4-manifold M, and let p be a special defining function for
(M, g). Since g is Einstein, the curvature tensor R is pure Weyl and scalar, i.e.

1

R=W-35g9AMg,
where A denotes the Kulkarni—Nomizu product, c.f. [2, Ch.1G]. When W =
0, the curvature tensor R = —z g A g gives the curvature of hyperbolic space

H*(—1), with sectional curvature —1. Thus
(1.15) / (IR| = 6)dvol,
M

1 _
/M IR+ 39 g*dvol, = /M |W|?dvol, = /M [W|?d voly,

where the second equality uses the conformal invariance of the L? norm of W on
4-manifolds. Since, by assumption, g has a C? conformal compactification, this
integral is finite. The norm here is the usual L? norm of R or W, as a symmetric
map A*(TM) — A*(TM), so that |R|? = 6 on H*(—1); this is 1|R|?, when R is
viewed as a (4,0) tensor.

Let D be a compact domain in M, with smooth boundary 0D C M. Since g
is Einstein, the Chern-Gauss-Bonnet formula for manifolds with boundary states

3
1 1 1
1.16 — R]? = (D) — — ||)\i—— E Ko 0,045
(1.16) 8772/1)’ " =x(D) 272 /az) ; 872 /(91) e

o€S3

cf. [3]. Here \; are the eigenvalues of the 2"¢ fundamental form A and the
indices o; run over an orthonormal basis of the tangent spaces to dD. The sign
on A is chosen so that \; > 0 for convex domains; K denotes sectional curvature.

Let 0D = S(r) be the r-level set of the function r in (1.1) and let D = B(r)
be the corresponding sublevel set. The 2°¢ fundamental form of S(r) is then
given by A = D?(r) = —D?logp. For r sufficiently large, i.e. p sufficiently
small, D is diffeomorphic to M. Hence (1.16) may be rewritten as

1 2

(1.17) —— |W|* =

87T2 B(r)

3
x(M) — P VOIB /s H/\ + = /S( ) Z Kglgz)\g3).

(T) 1 o€S3

All three terms in the parenthesis diverge to +oo as r — oo, and so we
need to understand their cancellation properties. From the expansion (1.9) and
(1.14), using (1.3) and (1.18) below, one may prove purely formally that these
terms must converge to V as r — oo. However, it is worthwhile to calculate
this explicitly to see just how the Einstein condition is being used. We begin by
analysing the boundary integrals over S(r). Following this, we analyse the bulk
integral over B(r).



178 MICHAEL T. ANDERSON

The eigenvalues \; of D?r are related to the eigenvalues \; of D?p by
(1.18) N =1—p\;,

cf. [2, Ch. 1J] for instance for formulas on conformal changes of the metric.
Hence

[[)=1-Hp+50 7"
where H = tr D?p is the mean curvature of S(r) = S(p),o = [T, AiA; and
7 = Aid2)3. Here and in the following, the indices 1,2,3 refer to directions
tangent to S(r), while the index 4 refers to the normal direction.

Next, for the boundary curvature term in (1.17), using (1.3) and (1.18) we
have
> Koio5he, = =6+ 6Hp +27p% + O(X*)p* + O(KN)p?,
o€S3

where 7 = K13 + K13 4 Kas, and O(A?) and O(K)) denote terms quadratic in
A or products of K and A. For the last two terms in (1.17), we thus have

2 2 _ 1 _ L
(1.19) . ){(§ —1)+ (—g +1)Hp + §%p2 + O(M\)p? + O(7, K\)p®}.

Now vol, S(r) = p~3 vol; S(p) ~ p~3. On the other hand, by (1.10), we have
_ 1 B
(1.20) D?*p = A= 5Lg,5=0(p),

where A is the 2°¢ fundamental form of S(p) in (M, g). Hence, the last two terms
in (1.19) are O(p*). This shows that (1.19) may be rewritten in the form

1 1 _
——VO]S(T’)+—/ (Hp+7p%) + O(p).
3 3 /s

We rewrite the second term as follows. From (1.4), one computes

_ 1 Ap
1.21 Ric(4,4) = =5 = ——,
(1.21) (4, 4) = 55 = —=
where Ric denotes Ricci curvature w.r.t. g. The first equality gives

5Ric(4,4) = 3, 4 Ric(i,i) = Ric(4,4) + 27, and so 2Ric(4,4) = 7 = 21
Hence

1 _ 1 _
= / (Hp+7p*) = —= Hp.
3 Js(r) 3 Js(r)
Finally, the integral curves of Vp are geodesics, and so the Ricatti equation

dH 19 5. e <
d—p + |A|2 + RiC(V,O, V,O) =0,

holds. Since |A|? = O(p?) by (1.20), and H/p = — Ric(Vp, Vp), we obtain

Hp = / H'p* +0(p),
S(r) S(r)
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where H' = dH /dp. In summary, we thus have the last two terms in (1.17) equal
to

(1.22) —lvolS(r) - 1p2 H' + O(p).
3 37 Jsm

Now we claim that the two terms in (1.22) are exactly the first two terms in
the p-expansion of vol B(r).

Lemma 1.1. Asr — oo, we have the expansion

1 1 _
(1.23) vol B(r) = 3 vol S(r) + §p2 H +V +o(1).
S(r)

Proof. Let S(p) be the p-level set of p in (M, g). Then for p small,
vol S(p) =
_ 1 L 1 _ L
vol S(0)+p H+—p2/ (H’+H2)+—p3/ (H"+3HH'+H?)+0(p").
5(0) 2" J500 5(0)

Recall that vol S(r) = p=3 - vol S(p) and H = H” = 0 at S(0) = OM by (1.10)
and (1.11). Thus

(1.24) vol S(r) = p~3vol S(0) + 1p_l H' +0(p).
5(0)

Integrating this from 0 to r gives

T 1
vol B(r) = / vol S(r)dr = / p~tvol S(p)dp =
0 p

1 1
_ 1 _
volS(O)/ p—4dp+(—/ H’)/ p~2dp + O(1),
p 2 Js(0) P
which implies

1 - 1 _
vol B(r) = gp_g vol S(0) + =p~* H +V +o(1).

S5(0)
Substituting in (1.24) shows that
1 1 _
(1.25) vol B(r) = = vol S(r) + =p~ ! H +V +o0(1).
Finally, we have
p™t | H'=pt [ Hp)+p (| H-—[ H(p))
5(0) S(p) 5(0) S(p)

But H'(p) = H'(0) + pH"(0) + 0(p?) = H'(p) + o(p?). Hence

o [ B =t [ () o),

5(0) S(p)
and the result follows. O



180 MICHAEL T. ANDERSON

Combining (1.17), (1.22) and (1.23) and letting » — oo then completes the
proof of Theorem 0.1.

Remark 1.2. The same proof as above evaluates the right side of (1.17) when-
ever (M,g) is any AH metric which is Einstein to 3'¢ order, i.e. for which
the expansion (1.9) agrees with the expansion of an Einstein metric to order 3.
Hence, for such metrics, we obtain

1

82

1 1 3
WP = G124 537 = 6)dV = x(M) — 5V

(1.26) 50 Tz V-

It follows for instance that an Einstein metric minimizes V in its conformal
class, among AH metrics. Note that V itself is, of course, not a conformal
invariant among such AH metrics.

2. Boundary determination of dV

This section is concerned with the question of to what extent the renormalized
volume V, or the L? norm of the Weyl curvature, is determined by the conformal
infinity v of an AHE metric. To do this, we study the variation dV" of V in the
space of AHE metrics on M.

Thus, let ¢ be an AHE metric on M and let h be an infinitesimal variation
of g, so that the curve of metrics g; = g + th is AHE, to first order in ¢. From
Theorem 0.1, we have

dVy 1d 9 1
2.1 dV(h) = —l|i=0 = —=— Wl|*dvoly)i—g = —=dW(h).
@1 av) = Gl = —g 5[ WPEdvol) = —gawin)
To analyse dV recall that, by definition, Einstein metrics are critical points of
the scale-invariant Einstein-Hilbert action

(2.2) S = V01_1/2/8dV01,

in dimension 4. Hence the variation dS of S is determined by the behavior of
the variation of the metric at the boundary. We first make this precise in the
Lemma below, and then relate it to the variation of V. The following result has
recently also been proved in [15]; the proof below however is simpler and more
transparent.

Lemma 2.1. Let g be an FEinstein metric on a smooth compact domain D in
M*, with scalar curvature s, and let h be an infinitesimal deformation of g, so
that g; = g + th is Einstein, with scalar curvature s, to first order in t. Then

d 2
(2.3) (vol D) = —voly, D|j—g = ——/ (2H'+ < A h >),
dt S JoeD

where A is the 2™ fundamental form of 0D, H = trA, and H' = %h:o,
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Proof. Take the derivative of (2.2) w.r.t. ¢t and use the fact that s is constant.
A brief computation shows that at t = 0,

s (vol'/? D) = Vol_l/Q/ (L(h) + Z < g,h >)dvol,
D
where L(h) = s'(h) is the linearization of the scalar curvature, given by
L(h) = —Atrh + d6h — < Ric, h >,
c.f. [2, 1.174]. Since z = 0, this gives

1
is(volD)' = / (—Atrh + d6h)dvol,
D
and hence by the divergence theorem

(2.4) L (vol DY = — / <dtrh,N>— | Sh(N),
2 oD oD
where NN is the unit outward normal.

Now choose local normal exponential (Fermi) coordinates for a neighborhood
of dD. Thus, N is the field tangent to geodesics, and normal to equidistant
hypersurfaces S(r), with S(0) = dD. Let {e;} be a local orthonormal basis for
T(S(r)), so that {e;, N} are a local orthonormal basis for T'(D) near dD. We
then have

(2.5) 6h(N) = —Nh(N,N) — < V¢, h(e;), N >,
and
(2.6) < dtrh,N > = Nh(N,N)+ N(< g7, hT >).

where T' denotes tangential part. When combined, the first terms in (2.5)
and (2.6) cancel. For the second term in (2.5), we have < V. h(e;), N >=
divg(h(N))— < h,A >, where divg is the divergence on the hypersurfaces S.
This integrates to 0 on S(0) = 0D. Hence, (2.4) becomes

1
(2.7) —s(vol D) = — N <g' nt > —/ <Ah>.
2 oD oD

To evaluate the first term, for each metric g; we have the hypersurfaces Si(r)
constructed above, with the induced metric g;;(t,r). In a fixed local coordinate
system, the volume form dVs(t,r) of Si(r) is given by

dVs(t,r) = (det gi;(t, 7)Y 2dxy A day A das.
Then % < gt KT > dVg = %[det gij(t,r)l/Q]dxl A dxo N drs, and

IN <g" h" > dVs = gﬁ[det i (t,)Y?]dxy A dy A da.

Or ot
The coefficients g;; are smooth functions of the parameters r and ¢, and so
0,0 a, 0 dH
— (= (det(g:i;)?)) = = (=(det(g;;)*/?)) = H = —.
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It follows that (2.7) becomes
1
L vol DY = — / (2H'+ < A, b >)dvol,
2 oD

which gives (2.3). O
This result, with the same proof, holds in all dimensions, with the coefficient
% replaced by 2/n,n = dim M.
We now apply Lemma 2.1 to the domains B(r) in an AH Einstein manifold

(M, g), and let » — oo. This leads to the proof of Theorem 0.2, which we restate
as:

Theorem 2.2. Let h = dg;/dt be an infinitesimal AHE deformation of an AHE
metric g on M and let hyy = dry;/dt be the induced variation of v on OM, where
g 1is determined by a special defining function p, as in (1.7). Then

1
(2.8 W)= [ <t >
oM

for g(sy as in (1.9). The inner product and volume form in (2.8) are w.r.t. 7.

Proof. By Lemma 2.1, we have with r = logp~! >> 1,

(2.9)
1 1

(vol B(r)) = —/ (2H'+ < A, h >)dvol = —p_g/ (2H'+ < A, h >)dvol.
6 Jse) 5(p)

As in the proof of Theorem 0.1, we analyse the terms on the right from the
expansion of g, given by

(2.10) Gt = dpy @ dpe + (g0), + Pr92)t + PLIG).L)-
Taking the derivative of (2.10) w.r.t. ¢ gives
(2.11) h = 2dp" @ dp + (hoy + p*hz) + 200'9(2) + O(p%)).

Here p' = dp;/dt, and we have used the fact that p’ = O(p), since p/'(0M) = 0.
In fact, since p; are special defining functions w.r.t. ¢:, a simple computation
gives

(2.12) p' = oy + d)p® + o(p®),

c.f. also [7, Lemma 2.2]. Note also that h has no tangential terms of order p.
Next, from (1.18), we have H = 3— Hp, and, by (1.10)-(1.11), H = hyp+hsp?,
so that

(2.13) H =3 — h1p? — hyp™.
Similarly, A = g7 — pA, and A = A1p + Asp?, so that
(2.14) A=g" — Ap? — Ap® + O(ph).

Further, by (2.13), H' = b p? + 2pp’h1 + O(p*) which with (2.12) gives
(2.15) H' = ¢&1p" +0(p").
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Now we substitute these computations in (2.9). The estimate (2.15) shows
that the first term in (2.9) contains only an O(p~!) term, and hence gives no
contribution to V', where V is the renormalized volume. Hence we may ignore
this term. For the next term, we have

(2.16) <Ah>=<hg" > <A,h>p*— <Ay h > p® +0(p?).

Now for any (1,1) tensors A, B, < A,B >, = < A, B >;, and so the g-inner
products in (2.16) may be replaced by g-inner products. We have % < h,g" >5
dvolg(,) = 4 (dvolg, (S¢(p))), which vanishes at order O(p?) by (1.11). Similarly,
< Ai,h >5 p? has no terms of order O(p?®) by (2.11). Hence the only term in
(2.16) of order O(p?) is

- < Ag,h > p3 =—-—< AQ,h >g p3 =—< Ag,h(o) >g p3 +O(,03)
Taking the limit p — 0 then implies that

V/:——/ <A2,h(0)>.
oM

To complete the proof, we have Lg,9 = 24, while Ay = 122 A = E%pg =

W=

1,2
27Vp

O

%g(g), which then gives (2.8).

The formula (2.8) shows that although apriori the renormalized volume V
depends on the global geometry of the bulk manifold (M, g), its variation dV/
depends only on the (3" order) behavior of the compactification g at OM. We
note that one may prove, via Lemma 2.1 again, that there is a similar formula
in higher dimensions.

Remark 2.3. Using the fact that go) = L'@pf_l together with (1.4), a brief
computation shows that

1 -, s
(2.17) 92) = —5(Ric —¢9(0)),

where the curvatures are w.r.t. the metric g on M. In fact one may compute
that

— 5 (Ric —Sg)) = ~(Ric, — ),

at OM, where the curvatures on the right of (2.18) are intrinsic w.r.t. the
boundary metric gy =, c.f. also [7, (2.10)] for example. We note that (1.21)
and (1.11) imply that Vp(5) = 0 at OM and further computation shows that
(Vx Ric)(Vp) = 0 at OM, for X tangent to M. Hence, (2.17) and the relation

93) = 3L£5,9(2) imply

(2.18)

1 _ 1. =
(2.19) 93) = EVN Ric = ngiC(N),
where N = —Vp and d = dV is the exterior derivative w.r.t. the ambient metric

g, c.f. [2, 4.69).
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Remark 2.4. We verify briefly that (2.8) also gives, up to a constant, the vari-
ation dW, where W = [ |W?; of course, this must be the case by (2.1).

The gradient VW, i.e the Euler-Lagrange operator for W, is given by the
Bach tensor VW? = 2(66W + W o Ric), c.f. [2, 4.77); (the factor of § comes
from the definition of |IW|? as in §1). Einstein metrics are also critical points of
W, so that VW? = 0. Hence, as in the proof of Lemma 2.1, on any compact
domain D C M and at t = 0, we have

d d
d_/ |W|2dvolt:/ — (|[W|*dvoly) :/ <VW2,h>+/ < Bw,h >,
tJp p dt D oD

i.e.
(2.20) dW(h) :/ < Bw.h >,
aD
where By is a boundary term. To determine By, integrate by parts as follows:
/ < OOW, h >= / < SW(N),h > +/ < OW,Dh >,
D aD D

and

/ <6W,Dh>:—/ <W(N),Dh>+/ < W,DDh >,
D aD D
where N is the unit outward normal. Hence

1 1
(2.21) / <BW,h>:——/ <6W(N),h>——/ < Dh,W(N) > .
oD 2 Jap 2 Jap
Since W is conformally invariant, we may compute (2.21) w.r.t. the compactifi-

cation g and let D = M. A computation as in that giving (2.19) shows that the
second integral in (2.21) vanishes, and so

(2.22) / < Bw, h(o) >=
oM

1 1 _ S
— —/ <5W(N),h(0) >= —/ <d(RiC—§§)(N),h(g) >,
2 Jom 4 Jom 6

where the second equality uses the Bianchi identity, c.f. [2, 16.3]. Via (2.8) and
(2.19), this confirms (2.1).

Combining (2.8) and (2.19), we have

1 _
(2.23) dV(h) = —— < dRic(N), hy > .
24 Jour
This formula resembles, at least formally, the formula for the variation of n in
(0.8), i.e.

1 .
(2.24) dn(h) = ~ a3 /E)M < *dRic, hg) > .

Of course by (0.7) these formulas must agree if (M, g) is self-dual Einstein,
and h is an infinitesimal variation of such metrics. However, in (2.24), the Ricci



L2 CURVATURE AND VOLUME RENORMALIZATION OF AHE METRICS 185

curvature Ric and exterior derivative d are intrinsic, i.e. computed on the 3-
manifold M w.r.t. the boundary metric v. On the other hand, in (2.23), the
Ricci curvature Ric and d are extrinsic, computed w.r.t the ambient metric g at
oM.

As in (2.18), the term g(2) in the expansion (1.9) of g at M is local and
intrinsic; recall that gy = 0. However, as pointed out in [6], the Einstein
equations only imply the relations (1.11) on the third term g(s) in the expansion;
the remaining parts of g(3) are formally undetermined. The term g(3) hence
(may) depend on the bulk metric g at M, and not only on 7.

In general, this issue is related to the unique solvability of the Dirichlet prob-
lem for AH Einstein metrics with prescribed conformal infinity. Namely, if, given
a boundary metric v, there is a unique AHE metric g with conformal infinity ~,
then the expansion terms g() are all necessarily determined, in some manner,
by the intrinsic geometry of v = g(p). On the other hand, if this is not the case,
then some g(;) may not be determined from .

Before proceeding further, we make several remarks.

Remark 2.5. (i). We observe that
(2.25) dV #c-dn

for any constant ¢, in general. This essentially follows from Theorem 0.1 and a
remark of Hitchin in [11]. Thus let v, be the canonical round metric on S? and
let v be any metric sufficiently close to v, which is invariant under an orientation
reversing reflection of S3. Since 1 changes sign under orientation reversal, n(vy) =
0. The Graham-Lee theorem [8] shows that any such v may be filled in with
an AH Einstein metric g, with v as conformal infinity. If we now take a curve

of such metrics g¢ with boundary values v, then dn(v;)/dt = dn(h) = 0, for all
t. However, such curves g; will satisfy, for t > 0, V(g:) # V(go) = % unless
the curve is a constant curve, c.f. Theorem 0.1. Hence, for some ¢ # 0 small,
dV (h) # 0, which gives (2.25).

We recall that dRic is the only local conformal invariant constructed from
the metric in dimension 3 and hence dV cannot be a locally defined intrinsic
invariant of v in general.

(ii). In [6], Fefferman and Graham consider formally the class of AH Einstein
metrics for which g has an even expansion (1.9), i.e. g(oaqy = 0. Of course, for

such metrics Theorem 2.2 gives
1
av = —gdW =0.

Thus, such points are critical points of V' or W and so one would expect that
there are very few such metrics, in the space of all AHE metrics.

Any hyperbolic metric is even in this sense, since the metrics g, in (1.8) are
given by g, = (1 — p?)? * g(0)- But Theorem 0.1 implies that any hyperbolic
metric gives the maximal value for V on M and so of course this metric must
be a critical point of V.
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Next we derive the formula (0.10). For a given AH Einstein metric (M, g), let
W+ and W~ be the self-dual and anti-self-dual parts of the Weyl curvature, so
that W = W+ 4+ W™ (recall that M is an oriented 4-manifold). As in Remark
2.4, we have VW = £(66W + W o Ric) = 0, and hence

1 1
VWt = 5(55W+ + Wt oRic) =0, and VW™ = 5(55W‘ + W™ oRic) =0,
where W* are the functionals [ [W*]2.
The same reasoning as in (2.20) then shows that, for an infinitesimal AHE
deformation h,

d
(2.26) dW=(h) = %(/M W=P%),_, = /W < B*, b >,

where B* are boundary terms. These terms may be computed in the same way
as By in (2.22). Thus, informally, we may think of VW* = B*.

Now consider the moduli space M of AHE metrics on M which admit a
C? conformal compactification g. The boundary values « of such metrics give a
space B of metrics on M. The structure of M and B is not of concern here.
Instead, we consider only the (formal) tangent spaces T, M, i.e. the vector
space of solutions to the linearized AHE equations at a given v € M, c.f. [2,
Ch. 12] for background on linearized Einstein equations. Any infinitesimal AHE
deformation h € Ty M induces an infinitesimal deformation kg € T, B.

Let T* be the subspace of tangent vectors which leave WT unchanged, to
first order; thus

(2.27) Tt =ker dV~, and T~ = ker dW™.

Via (2.26), T* may also be viewed as subspaces of T’ B orthogonal to BT. They
are codimension 1 hyperplanes of T, B, except when dW* =0 or AW~ = 0. Of
course TT NT~ consists of the variations which change neither W+ or W~ to
first order. Observe that if dWWT = AdW~ for some A # 0, then since a change
in the orientation interchanges d/W* and dW~, we must have A\? = 1, and so
either AW = 0, (when A\ = 1), or dn = 0, (when A\ = 1, by (0.6) and (0.8)).

Now suppose that dW™ and dW™ are linearly independent. Then any tangent
vector h(gy € T, B may be decomposed uniquely as

(2.28) hi) = gy + hioy + hig):

where h(io) € T* and h((]o) eTTNT . IfdWV™ =0, weset h~ =0 in (2.28) and
similarly h™ = 0 if W' = 0. The decomposition (2.28) defines the projection
operators 7= in (0.10). A similar decomposition holds for h € T, M.

The following result relates dVV and dn, and gives (0.10) via (2.1).

Proposition 2.6. Let g be an AH Finstein metric on M, with boundary metric
~v. Suppose dW # 0 and dn # 0, i.e. g is not a critical point of W or n. Then,



L2 CURVATURE AND VOLUME RENORMALIZATION OF AHE METRICS 187

in the notation above, we have

1 . 1 -
(2.29) dW(h) = 3 /aM < xd Ric, th) >3 /BM < xdRic, hiy) >,

where xd Ric s intrinsically defined w.r.t. ~.

Proof. Since W = W™ + W~ we have
dW(h) = dWT(h) +dW~(h).
By the construction in (2.27)-(2.28), this gives
dW(h) = dWT(hT) +dW~ (h7),
where
dW=(h*) = / < BF,hig, >
oM

However since h™ leaves W~ unchanged to first order, it follows from (0.6) and
(0.8) that

1
(2.30)  dWH(RY) = AW (BT) — W (b)) = 5/ < dRic, by > .
oM
Thus, when viewed as a linear functional restricted to T C T,B, BT = xd Ric
is intrinsically and locally determined by . For the same reasons, we also obtain

1
(2.31) dW=(h™) = ——/ < xdRic, hgy > .
2 Jom (0)
Combining (2.30) and (2.31) gives the result. O

While xd Ric is intrinsically determined by the boundary metric ~, it is not
clear to what extent the subspaces TF are determined by 5. In this regard,
we discuss the following examples, which show that dWW or dV cannot be solely
determined by the boundary metric in general; these examples are also discussed
in [9] and [16]. Thus, consider first hyperbolic 4-space H*(—1). For any geodesic
o C H*(—1), translation by a fixed length L along o extends to an isometry of
H*(—1). Let H*(—1)/Z ~ R3 x S! be the quotient, with Z the group generated
by the translation. The metric g_; on H*(—1)/Z may be written as

g_1 = dr? + sinh? rgsz(1) + cosh? d6?,

where # parametrizes a circle of length L. We have M = S? x S! and the
conformal infinity [7] is the conformal class of the product metric S?(1) x S*(L).
For instance by (0.4) and Remark 2.5(ii), we have V' = 0 and dV = g(3) = 0 for
g_1, and of course n = dn = 0.

On the other hand, the AdS Schwarzschild metric, c.f. [9], [16, §3.2], or
[2,9.118(d)] is an AH Einstein metric on R? x S? given by

gas = (L +7r%— 2Tm)_ldTQ + r2g52(1) + (1472 — QTm)dHQ.

Here m > 0 is the mass parameter, » > r,, where r is the largest root of the
equation 1 + 72 — 2 = (0, and @ parametrizes a circle of length L = L(m) =
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dmry . . : : 2 1
1132 This metric has the same conformal infinity S%(1) x S*(L) as before
r
+

and so n = dn = 0. However, by [9, (2.9)],

w3 (1= 12)

I

and a straightforward computation using (0.9) gives

(10]
(1]
(12]
(13]
[14]
(15]

[16]

m

dVy,s = 5d92.
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