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RESONANCE EXPANSIONS AND RAYLEIGH WAVES

PLAMEN STEFANOV

1. Introduction

In this paper we study expansions of solutions of the wave equation in a com-
pact set with initial data supported in the same set. We consider the general
framework of the “black box scattering” introduced by Sjostrand and Zworski
[SjZ] (see sec. 2). In particular, this includes the classical case of scattering by ob-
stacle with Dirichlet or Neumann boundary conditions and metric perturbations
of the Laplacian with a metric equal to the Euclidean one outside a large ball.
Denote by U(t) the solution group corresponding to the wave equation in the en-
ergy space and let x be the multiplication with a compactly supported function
Xx(x) equal to 1 on some compact set containing the “black box” (the scatterer).
Then we are interested in asymptotic expansions of xU(t)x, as t — oo.

If we study the wave equation in a bounded domain, then one can use the
Fourier method to get expansion of U(t) in terms of the eigenvalues and eigen-
functions of the corresponding Laplacian (with self-adjoint boundary conditions).
In the case under consideration, one gets expansions in terms of the resonances
and resonance states. This has been confirmed in the non-trapping case by Lax-
Phillips [LP] and Vainberg [Val] in odd dimensions (see also [Va2]) and in the
black box setting by Tang and Zworski [TZ2]. In this case,

1) xUtxg= > Y et w;n() +0(e A9, geD, e>0.
Im A, <Am=1

Here u(t,z) = U(t)g is the solution to the wave equation with initial data u|;—g =
0, u¢|t—0 = g (see also sec. 2), D is the domain of the corresponding Hamiltonian
and m; is the order of singularity of the Laurent expansion of the resolvent at
the resonance A = X;. The functions w,,,(x) are resonance states (see also
section 3). In this paper we accept the convention that resonances lie in the
upper half-plane Im A > 0. Note that the sum above is finite.

Much less is known in case of trapping scatterers. We will study here systems
with a sequence of resonances \; converging rapidly to the real axis, i.e., Im \; =
O(|Aj]7°°). Such “almost real” resonances exist for example in the classical
obstacle scattering assuming the existence of non-degenerate elliptic periodic ray
[SV2] (see also [TZ1], [S]); for the system of linear elasticity in exterior domain
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with Neumann boundary conditions [SV1], [SV2], [Vo|, [S2]; for transparent
obstacles [PV]. Recently, Tang and Zworski [TZ2] obtained for the first time an
expansion of the type (1) for trapping systems (having “almost real” resonances)
in the black box setting. They showed that

2 xUltxg= > > et (2) + Ex(t)g, g€ DY,

Im A\; <(A)~K-1m=1

where K > 1, M > 1. For the error term we have ||Eg|pv_5 < Cnt™V, if
the space dimension n is odd, ||Eg|pm_y < t7"F! for n even and N can be
chosen arbitrary large by choosing M large enough. This expansion is proved
under the following separation condition: for K > 1, 3k > 0, such that |A—u| >
C max{|\|, ||} ~F for any two distinct resonances A and p in Im A < (\)~¥ and
the algebraic multiplicities of those resonances are uniformly bounded. The sum
above is infinite and the outer sum is absolutely convergent, while the absolute
convergence of the double sum is unclear. The main argument in proving (2) is
showing that the cut-off resolvent is polynomially bounded on a contour around
each resonance near the real axis. This estimate relies on a priori exponential
estimate of the resolvent first observed by Zworski [Z] and on the “semi-classical
maximum principle” [TZ1, Lemma 2] (see also Lemma 1 below), which in turn is
a significant improvement over [SV2, Lemma 1]. The approach in [TZ2] is used in
[CZ] to obtain resonance expansions in two hyperbolic cases where the separation
condition holds. In a recent paper, Burq and Zworski [BZ] showed that one can
sum up in (2) over resonances \; with |\;| < t* with ¢ = (M, K) > 0 and
this gives an error term of the same type with larger K and M but without any
assumptions on the resonances.

In this paper we present a generalization of the result in [TZ2]. We study
a case, where the resonances near the real axis are separated from the other
resonances by a polynomial region of the type (A\)~% < Im\ < <)\>_K+2"#+5,
€ > 0, K > 1 and our main result is formulated in Theorem 1. We do not assume
however that the resonances below that region are separated from each other.
Our assumption is satisfied for example for the system of linear elasticity with
Neumann boundary conditions and we discuss this in section 4. The general case
remains open. It should be noted also that our results can be also formulated
in the semiclassical setting.

Below we will denote by C' different positive constants that may change from
line to line.

2. Assumptions and main result

We will recall briefly the black box scattering formalism as introduced in [SjZ]
(see also [TZ2]). Let H be a complex Hilbert space with orthogonal decomposi-
tion

H="Hg, ® L2(Rn \ BRO)?
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where Br, := {x € R"; |z|] < Ro} and Ry is fixed. Let P be a self-adjoint
operator in H with domain D C ‘H such that 1gm\p, D = H?(R™ \ Bg,),
1rm\By, P = —A\Rn\BRO, (P +i)~! is compact and P > 0. For simplicity,
we will assume that P has no eigenvalues. Those conditions guarantee that
R()\) := (P — X\?)7! : H — D admits a meromorphic extension as an operator
from Heomp t0 Dioe from the lower half-plane to the whole complex plane when n
is odd, and to the logarithmic plane if n is even. The poles of this extension that
we will still denote by R(\) are called resonances and we will denote the set of
resonances by R(P). Each resonance has finite multiplicity defined as the rank of
the residue and the Laurant expansion at the pole has finite order of singularity
not exceeding the multiplicity. We will always include resonances according
to their multiplicities. We also assume that for the “reference operator” P#,
constructed from P, on Hp, ® L?>(M \ Bg,), M := (R\ RZ)" for some R > Ry,

we have

N(P#,r) = #{\? € spec P*; 0 < X <7)=0("")
with some n# > n. Then (see [Sj] and the references herein), for some 6 > 0 for
the number of resonances Ny(r) in {|A\| <, arg A < 0} we have

(3) No(r) < Cor™™, v > 1.

#

The solution to the wave equation (97 + P)u = 0 with initial conditions u|i—¢ =
f1, Owult=0 = f2 can be expressed in the corresponding energy space by the
unitary group

0 I oU(t) Ut
U(t)—exp< _P 0 >t— ( ath((t)) 815((])(15) )7
where U(t) : D* — D*! and u = U(t) f solves the wave equation (97 + P)u = 0
with initial data (u,u)|t=0 = (0, f). In particular, this shows that in order to
study the local behavior of U(t), it is enough to study U(t). We will also use
the notation D* := (P 4 1) *H.
We are ready now to formulate our main result.

Theorem 1. Assume that for some K > Tn* /2 there are no resonances of P
in (AE <Im\ < (\)K+20%+4e 250, for |A| > 1. Then

(4) xU@t)xg =

= > XRes{e"*R(\), \;}xg + Ex(t)g, g€ D",

I=1 X;ER(P); Re A€}
Im X ;<(x)—K

M > (K +1)/2, where Res{f(2),z0} stands for the residue of f at the pole
z0. Here I} = [a;,by], ap < by < aj41 is any sequence of intervals such that
dist{I;, [ 11} = biy1 —a; > a; %, k > n#, and Re (R(P) N {Im\ < (\)"5})
ULy The outer sum is absolutely convergent. The error term Ek(t) satisfies
|Ex(t)||lpr—yy < Cnt™, N = 2M — K)/(K —n# + 1 +¢), n odd, and
|Ex (t)||prr—py < Ct~™0M=LN) "y een,
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Remark 1. Even though the outer sum is absolutely convergent, we cannot
guarantee that the double sum is absolutely convergent or even convergent (see
also [TZ2]).

Remark 2. For any resonance \;, we have

mj;—1

YRes{e RO, A bxg = 3 eNtemu; (2)

m=0
(compare with (1)). Since Im A; > 0, each term above decreases exponentially
fast, while the error term E}(t) tends to zero only at a polynomial rate! The
exponential rate of decay however depends on A and becomes small for large
A’s. We do not have effective lower bounds on w; ,’s, but based on the upper
bounds (see (20)), we expect that the terms in (4) corresponding to resonances
close to the upper boundary Im A = (\)~% would be comparable to the error
term Ek (t), while if \; is close to the real axis, for example exponentially close,
then the corresponding terms will dominate over Ex (t). Also, we may have the
accumulative effect of infinite many w; 4.

Remark 3. The assumption of a resonance free zone (A\)™% < Im\ <

<)\>*K+2"#+E, [A| > 1 can be relaxed. It is enough to assume that in this
zone we have the following property: There exist kg > 0 and ng > 0 such
that for any a > 0 large enough the number of resonances in this zone with
a < Re) < a+ aF does not exceed ng. Then Theorem 1 still holds with dif-
ferent M and N depending on kg, ng. Also, we may have to deform the contour
Im A = (A\)~X in order to include in (4) a possible sequence of resonances above
it that may converge to this curve faster than any polynomial of 1/|)A| as in
[BZ]. Notice that the so relaxed assumption is satisfied if the resonances there
are “separated” as in [TZ2].

3. Proof of Theorem 1

Technically, it is convenient to work in the semiclassical setting. Set P(h) :=
h?P, where 0 < h < 1. The poles of the analytic continuation of the resolvent
R(z,h) := (P(h) — 2)™' : Heomp — Hioe from QN {Imz < 0} to Q, where Q
is a neighborhood of some energy level E > 0 are resonances of P(h) and with
some abuse of notation we will denote them by R(P(h)). Thus the relation-
ship between the resonances A € R(P) of P and the resonances z € R(P(h))
is given by A = h=12!/2. Here and below we denote by y the multiplication by
a compactly supported function x(z) equal 1 on Br, R > Ry. More precisely,
X = 13, © X, where Y is the multiplication by the restriction Y(x) of x(z) on
R"™ \ Bg,. It is convenient to assume that 0 < xy < 1. We will use the nota-
tion Ry (z,h) := xR(z,h)x and R, (\) := xR(\)x. Sometimes we will denote
R, (z,h) simply by R, (2).

First we formulate an a priori exponential estimate on the resolvent. As
mentioned in the Introduction, this estimate was first observed by M. Zworski
[Z]. In this generality it was proved in [TZ1], [TZ2].
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Proposition 1. Under the conditions above, let ) be a simply connected com-
pact neighborhood of 2 > 0 in Rez > 0. Then for 0 < h < hg with some hg > 0
we have
a#
Ry (2, h)|[pmpg < 92" /) - for 2 € Q,
2=zl 2 g(h), Ve € R(P(A), g(h) < 1.
The following “semi-classical maximum principle” is a modification of [TZ2,

Lemma 4.1] (see also [TZ1, Lemma 2] and [SV2, Lemma 1]). We formulate here
a more general version of this lemma suitable for our purposes.

Lemma 1. Fiz k > 0, n* > 0. Let 0 < h < 1 and a(h) < b(h). Suppose that
F(z,h) is a holomorphic function of z defined in a neighborhood of

Q(h) = [a(h) — 5w(h), b(h) + 5w (h)] +i[~S_(h), Sy (R)h~"" %],
where 0 < S_(h) < S4(h) < w(h)h3"#/2+25, e>0 and w(h) — 0, as h — 0. If
F(z,h) satisfies
(5)  [F(sh)| < AeMmOm - on oy,
(6) |F(z,h)| M(h) on [a(h) — 5w(h),b(h) + bw(h)] —iS_(h)

with M(h) — 00, as h — 0, then there exists hy = h1(S—,S;, A, k,e) > 0 such
that

<
<

|F(z,h)| < 2e3M(h),
Vz € Q= [a(h) — w(h),b(h) + w(h)] +i[-S_(h), Sy (h)], for h < hy.

Sketch of the Proof. The proof follows those of [TZ2, Lemma 4.1] and [TZ1,
Lemma 2] with some modifications. Set

b(h)+3w(h) 2
f(z,h) = (77042)_1/2/ exp ( - %)daz, = S+(h)h_”#_6.

a(h)—3w(h)
Then f(z, h) is holomorphic in Q(h) and for h < 1 satisfies:
(7) [f(zh)] <e inQ(h),

1 . -
(8) ‘f(za h)| > 5 mn Q(h)v

()< Ce 77 in Qh) N {Rez < a(h) — 4w(h)
or Rez > b(h) +4w(h)}.

Next, we apply the maximum principle to the function

G(z,h) := e*/ 5+ f(z, h)F(z, h)

in Q(h). On the upper part of 9Q(h), the exponential function above com-
pensates for the exponential growth (5) of F, so |G| = o(1), as h — 0, there.
On the sides, the exponential function is bounded by exp(S_(h)/Sy(h)) < e
and the exponential growth of F' is controlled by f in view of (9) so we have

9)
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again |G| = o(1l). On the lower part Imz = —S_(h) of 9Q(h), we have
|G| < e|fF| < e2M(h) by (7) and (6). Thus |G| < e2M(h) on 9Q(h) for
h < 1. By the maximum principle, this is true in Q(h) as well. Using the fact
that |e?*/5+()| > 1/e on 0Q(h) and (8), we get

1 .
S IF| < [e/5+0||F|| f] < M (R),
which proves the lemma. O

Typically, Lemma 1 is applied to R, (z) (or to some multiple of it) and then
one can use the classical estimate |R,(z)|| < 1/|Imz| in the lower half-plane
Imz < 0, so in this case M(h) = 1/S_(h).

Let Q(h) be as above with

w(h) == hE, Sy (h) = RFT3T/242 kS0 2> 0.

Let z1(h), z2(h) ... z,(h) be all resonances in Q(h) and denote by mq,...,m,
the corresponding multiplicities. Set m := mj + --- + m,. Assume also that
all resonances in Q(h) actually lie in [a(h),b(h)] + [0, S_(h)] with S_(h) :=
BT /242 | ot

Zj(h) = Zj(h)—Q’LS_(h), j: 1...p,

where the bar denotes complex conjugate (see Figure 1). Note that z; and Z;
are symmetric about the line Im z = —S_(h) (the lower part of 9Q(h)). Set

(z—2z1)™ .. (2= 2p)™

G(z,h) := — ~ .
(2, h) (z—Z1)m ... (2 —Zp)™
#
k+n/2+e
h a(h)
+H
~ hk+3n/2+28”
* # Q(h)
_ k#bn/2+2¢] SO
0 K K 2 : 3 ° K K
a-5h ah | i b+h b+5h
-S (h) | |
8sth)y: e

Figure 1: Resonances z; are denoted by e; Z; are denoted by o
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It is easy to see that
(10) |G(z,h)| <1 forImz>—S_(h).

The function F' := GR, is holomorphic in (h) and satisfies the assumptions
of Lemma 1 if we assume that dist(0Q(h), R(P)) > Ch¥ with some K > 0.
Indeed, by Proposition 1, the exponential estimate is satisfied in the complement
(in Q(h)) of disks centered at the resonances with radii h?¥ with fixed N > 1 (see
[TZ2]). Those disks may intersect but can form connected unions of size not more
than O(hY _”#) that will stay away from 0€(h). Since F' is holomorphic in those
disks, applying the maximum principle, we get the exponential estimate in the
whole Q(h) (see also the proof of Theorem 1 in [S]). Note that this condition and
therefore the exponential estimate are automatically satisfied if we increase ¢ and
k. On the lower part of 0$2(h) we have the resolvent estimate || R, (2)| < 1/|Im z|
for Imz < 0 and (10), thus [|[GR,| < 1/S_(h) on 0Q(h) N {Imz = —S_(h)}.
By Lemma 1, |GR,|| < 2¢*/S_(h) in Q(h) for h small enough.
We now claim that

(11) 1/C < |G(z,h)| on Q(h).
with some C' > 0 depeI}ding only on the constant in (3). It is enough to estimate
(z—Zj)/(z — zj) on 0Q(h). We have
45_(h)
— hk+3n#/2+26/2
Vz € dQ(h) \ {Imz = —S_(h)},
for 0 < h < 1/2 because |z — z;| > pr+sn® /242e _ phtsn®/2+2e hk+3"#/2+25/2

forh<1/2ifImz = hkf?’”#/“% and we have greater lower bound for z on the
right and left sides of 92(h). Therefore,

my

< (148", Wz e d0(h)\ {Imz = —S_(h)}

(12) Z—gj Zj—,gj :8hn#

_1':

Z—Zj Z—Zj

Z—Zj

Z— Zj
On the other hand, (12) is trivially true on the lower side Imz = —S_(h) of
OQ(h) because |(z — Z;)/(z — z;)| = 1 there. Since (1 + 2)Y/* < e, 0 < x < o0,
we get
_n#
IG(z,h)| < (1 + 8" ymttme — (1 4 8p"" )™ < (14 8R™7 )R < 8C

This proves our claim.
The estimate we got on GR and (11) together imply ||R,|| = O(1/S_(h)) =

O(h_k_5"#/2_25) on Q(h). We have therefore proved the following.
Lemma 2. Assume that all resonances in

[a(h) — 6h*, b(h) + 6hF] + i[0, BF+7" /2]
lie in [a(h), b(h)] + [0, KETnT/2+€] 2 > 0. Then

|Ryll = O(=+2""/27) o 99)(n).
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where Q(R) := [a(h) — B¥, b(R) + h¥] 4 i[—hk+5n" /24 phtdn®/24e]

We note that we increased €2(h) in order to make sure that all resonances
outside the original Q(h) are at distance at least h® with some K > 0 and we
also replaced 2¢ by «.

The rest of the proof follows closely that of [TZ2]. We have

1 co—1iQx

=5 R (N)gd\, g€D,a>0.
T

(13) xU(t)xg

In what follows we will assume that g is compactly supported (we can always
assume that). Assume first that n is odd. Then we are going to lift the contour
of integration to the pole-free zone such that R, is polynomially bounded on
the new contour as well. Using (3) one can show (see [S], [SjV]) that for any
k> n# +1 all resonances in A := {Im A < (\)~%} can be grouped into clusters
U; with Re (U;) C I;, where the intervals I; := (a;, b;) are as in Theorem 1 with
the properties: |I;| = O()F’”H”#) and dist([;, [;11) > 4 FH1 1 < XN € .
Set h = h; := a; ' and P(h) := h?P, h € {h;}{2,. Then under the scaling
A — h%X\? =: 2z the interval I; transforms into (1,b7/a?) =: (a(h),b(h)) and
we get that there are no resonances z of P(h) (such that A\(z) € A) with real
parts in [a(h) — Th*,b(h) + Th*] \ [a(h),b(R)]. Simple calculations show that
the condition ImA = (A\)~% implies Imz = (2 + o(1))h5 1. Therefore the

assumption that there are no resonances of P in (\)™* <Im\ < <)\>_K+2"#+5,

A > 1, guarantees that all resonances of P(h) in [a(h) — Th¥ b(h) + Th¥] +
i[0, hE =207 +1=¢] actually lie in [a(h), b(R)] 4 [0, 3h5+1] for h small enough. So
in particular they lie in [a(h), b(h)] + [0, 5+175/2] for h small enough. Set

(14) k:=K-5m"/2+1—c.

Then k > n* + 1 for ¢ < 1 and we are in position to apply Lemma 2 with ¢

replaced by £/2 to get |[Ry(2)|| = O(h~5=1%%/2) on 9Q(h). We also used the

classical estimate ||R,(2)| <1/[Imz| for Imz <0, so M (h) =1/S_(h) in (6).
Applying the transform z — h=1/z =: A\, X\ € [a;, b)), h = 1/a;, we get that

(15) IR (NIl = O(AI*™) on Ty,

where I'; is asymptotically close to the boundary of the rectangle

1 1
a; — §al_k+1 <ReA < b + §al_k+1,
(16)

1 _psn#/0_ 1 _p_s5n#/0_
_§al k—5n% /2—¢/241 <ImA < §al k—5n% /2 e/2+1'

Since we have the freedom to perturb a; by cal_k'H, c < 1, we can actually
assume that I'; exactly coincides with the boundary of the rectangle above.

It remains to estimate the resolvent in the gaps between the intervals I;.
We know that there are no resonances A; in A with real parts in (b, a;41),
I =1,2,... and moreover a;+1 — b; > 4bfk+1. We can replace the constant

4 there by any other by increasing k (this is not necessary in fact, since the
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terms £5h* in Lemma 1 can be replaced by £(1 + €)h*, Ve > 0). So, we have
ajr1 — by > 20bl_k. Assume first that ;41 — b < bl_l. Set h = bl_l, apply
Lemma 1 and then go back to the A variables. We get that

(17) IR (N = O(AE="/2=1%)in 10,
where II; is given by

_ P
(18)  TII; = [b + 5b; %, a1 — 5b; k]+§[_al boon®/2-2 | —k=3n* [2-2e]

Clearly the curve v := Im\ = %(A)‘KJF”#_I_E (see (14)) lies below the upper
boundary of II;, so we have in particular that (17) is satisfied on yNII;. Note that
I1; and the rectangle (16) enclosed by I'; overlap for [ large enough. Similarly, II;
and I';; 1 intersect for the same reason. If the assumption a;41 — b; < bl_1 is not
satisfied, we can cover (b;, a;4+1) by a sequence of overlapping intervals of length
O(JA|71) and apply similar arguments to get that the polynomial estimate (17)
holds on v N {b; + 5bl_k <ReA<apy — 6al_+k1}.

We are ready to construct the contour I'. For b, —i—Sbl_k <ReA<apy1— 7al_+k1,
we choose I' to coincide with . For a; < A < b, we set I' to be that part of I
that lies above v (see Figure 2). We define ' in Re A < 0 as a symmetric image
of I'in Re X > 0.

%
& bI ! A1 b|+l

Figure 2: The contour I

To finish the proof of Theorem 1, we will lift the contour of integration in
(13). To this end, let us choose the following closed (positively oriented) curve
C;: the upper part is I' N {|Re A| < %(bl + aj41)}, the lower part is {Im A =
—a, |[ReA| < %(bl + a;41)}, and the sides are {Re X = :t%(bl + a1), —a <
Im\ < %()\>*K+"#*1*5}. By (15) and (17), |[R, (V)| = O(]A[¥~1) on C, V.
We can improve this estimate by letting R, (\) act on smoother functions in
view of the inequality (see e.g. [TZ2])

(19) IR Mlpa—3¢ < Car[ AT R (N, M >0,
where x' € C§° is such that x’ =1 on supp x. This yields
(20) IRy (Nl pm—2 = O(JA|™?) on Cy, VI, with M > (K +1)/2.

As mentioned above, without loss of generality we can assume that ¢ is of com-
pact support and x = 1 on suppg. Integrating over C; and taking into account
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that integrals over the vertical sides tend to zero, as [ — oo in view of (20), we
see that (13) transforms into

XU(t)xg = wi(t,z) + E(t)g, geD"
=1

where

wi(t,z) : = Z —ixRes{e™ R(\), \;}xg

A;ER(P); Re A€}
ImAj<(x)— K

(21) m;—1
= E et g t"wy ()
)\jE’R',(P); Re)\jEIL m=0
Im X <(n) K

and
1

E(t)g = %/Feit)‘Rx()\)gd)\.

Using (19) and the fact that on I' we have Im A > %()\>_K+”#_1_8, we get (see
[TZ2] for more details)

IE@gll = | / ¢R (N)gdA|

o0 —K4n#_1_¢
< c< [T /%-W%-ldx+o<e—ct>)||guw
1

_ O(t_(2M_K)/(K_n#+1+5))||g||DM-

To finish the proof for n odd, we notice that the intervals I; with the required
properties exist because of the polynomial estimate (3) of the number of res-
onances. In (4) one can sum over a different family of intervals as long as
dist{I;, I} .1} > a; %, k > n#. If |I}| # O(q, ktn® ), then one can split I; into
several subintervals with gaps between them of required minimal length and then
we apply what we already proved.

In the even dimensional case we have to deform the contour in a different way
near A = 0 (see [TZ2]) and the contribution of A\ = 0 is O(t~"*!) (as in the
unperturbed case).

The statement about the absolute convergence of the outer sum in (4) follows
from the bound (15) on I';. For w; (see (21)) we have

T IRl

< Ce“X I gllpw < O A2l gl

(22)  [Jwi(t,

where A € I; and ¢; = O(a l_K +1) This estimate easily implies the convergence
of the outer sum in (4) for any fixed t.

The estimate above grows exponentially as t — oo, which is unnatural. Below
we will show that the left hand side of (22) admits a similar estimate with exp(t¢;)
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replaced by a decaying term. Next proposition is an analogue of the classical
estimate || (P —A2)~Y|| < 1/dist{\?,spec (P)} for a self-adjoint P. It holds under
the a priori exponential estimate (23). An estimate of this type with ¢ = 1 has
been proved by Burq [B1], [B2] for a large class of elliptic operators in the
exterior of an obstacle.

Notice that below we do not assume the resonance free zone condition of
Theorem 1.

Proposition 2. Assume that dg > 0, such that
(23) Im\; > Cre~ %l for all resonances \;.

Let d(\) := min{dist(\, R(P)), [\*7%}, 6 > 0 fived, and set N* = n* + q.
Then for any € > 0 we have

d(Re )

C‘)\‘@—H—e
21|25+

oy

for 0 <Im\ < , A > 1

Proof. Let A\g > 1 and set h := 1/\g. Assume that
1 1 . —N#/2—¢
A€W (o) = o = 5d(N), do + 5d(No)] [0, d0)Ag ™.

Then there are no resonances in W(\g) for Ao > 1. Apply the transform z =
h2X2. The image of W ()\o) under that transform contains the domain

Qo(h) :==[1 - Zhd(h_l), 1+ zhd(h_l)] + [0, gd(h—l)hN#/“Hﬂ

and there are no resonances z of P(h) in this domain. By Proposition 1, R, (z)
satisfies the exponential estimate (5) with n* replaced by N# in the smaller
domain

Q(h) =1 - %hd(hfl), 1+ %hd(h*l)] + [0, d(h~ 1Y RNT /2],

because the distance between Q(h) and the closest resonance is at least g(h) =

%d(h*l)hN#/H”f and In(1/g(h)) = In2+In(1/d(h="))+(N#/24+1+¢) In(1/h)

< Ch™1. Set 5w(h) := 1hd(h™'). Then we can apply Lemma 1 to get

ChsN#/2+1+25
R
HRX(Z)” — d(h_l) )

for z € [1 — &hd(h™1),1 + Lhd(h™1)] + [0, & d(h~1)h3NT/2H+142¢]

for h < 1. Applying the inverse transform A\ = h~121/2 = X\2!/2, we get the
~ 1
required estimate for A € Q(h) and in particular for A = Ag(1 + 3(—al()\o)

2°10
)\a?m#/2—1—25(1 +0(\;1)))). Replacing 2¢ by &, we complete the proof of the

proposition. UJ
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Next proposition shows that although the resolvent may not be polynomially
bounded near the real axis, integral of it over bounded intervals is.

Proposition 3. Assume (23). Then for u > 0 large enough

ptl 5N#
[ IR+ i) e < 02
o

min{d(A); p <A< p+1}

3N#+€

220 2

Proof. Let pu be as above. We can assume that dist(A\, R(P)) < 1 for A > 1,
otherwise the estimate follows easily from Lemma 1. So, d(u) = dist(u, R(P))
for p > 1. By Proposition 2 and (19), for a as above,

for 0<a<

INH#

C)\SN —1+e—2M # 1
IR 3+ i)l e < =2 S ONTE ey
J

d(}) - A=Al

where the summation is taken over all resonances satisfying A; € [u—1, n+2] +
i[0,2], if p < A < p+ 1. According to (3), there are O(,u”#) such resonances.
We therefore get

1
/ IRy (A + i) s
o

3N# e pt1 d\
ouE -1+ 2MZ/ o
j J

sN# ptl A
C 8N —1+e—2M§ :/
, VA —=ReA;)2 + (Im )2
PR J J

sN# . # 1 sN# #
S C/.L 5 14¢€ 2M'un maxln < C/,L 5 1+e+n"+q 2M.
J

IN

m
J
This proves the proposition. O
We are ready now to prove an improved version of estimate (22) by lifting

the lower part of I'; above the real axis. More precisely, we replace the contour
I'; there by the boundary I'; of the rectangle (compare with (16))

1 1
a; — §al_k+1 < Red< b+ §al_k+1,

1 —3N#/2—¢ 1 ksn#/2-c/241
ﬁdlal <ImX< §al ,
where d; = min;(Im \;), with the minimum taken over all resonances \; with
real parts in I; = [a;, b;]. Arguing as in (22) and using Proposition 3, we get for

2M >5N#/24+1+¢
(25) lwi(t, )| < Ce A2 [Tull|gllpn < Ce™ AL ||gllpa

_aN# /o
where o := 2—13dlal SNT/2=¢ and A € 1.
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This estimate implies the following.

Theorem 2. Under the assumptions of Theorem 1, assume also that ImA\; >
S(Re A;) with a decreasing positive function S, such that —S’(X)/S(\) < CAI~1
for X\ > 0 large enough. Assume also that K > Tn*# /2 + q— 1. Then Ve > 0,
de > 0 such that we have the following estimate for 1 < A < B

26) > | D xRes{e™ RO A b

LLC[A,B] Xj€R(P)iReX;€l
ImA;<(A)— K

B €_t§(z) P —SN#/Z—
<c [ o dulallow, S@) = cla “5(x)

for any g € DM with 2M > max{K + 1,5N# /2 + 1+ ¢}, N# = n¥ +q.

Proof. The theorem follows directly from (25). Under the assumptions of the
theorem, (23) is satisfied. Thus d; = Im A, > S(Re )\, ), where ), is a resonance
with real part in [a, b;]. Our assumption on S implies that S(\) < CS(A + h)
for h = O(A'7%), A > 1. Tracing back the construction of I;, we see that |I;| =
O(A'79) for K as in the theorem. This implies d; > ¢S(\) for any A € I; with
¢ > 0 independent of [ and A. Therefore, in (25) we have a; > ¢S(A)A 3N /2=¢,
VA € I;. This implies (26) easily. O

4. Rayleigh resonances

Let © C R™ be the complement of a strictly convex obstacle and consider the
elasticity system with Neumann boundary conditions. The elasticity operator
A., acting on vector valued functions, has the form

Acv = poAv + (Ao + 10)V(V - v),

where )y and pg are the Lamé constants satisfying g > 0, nAg + 29 > 0. We
denote by P the self-adjoint realization of P with Neumann boundary conditions
on the boundary I' = 052

(Bv); := Zaij(v)l/jh“ =0, ¢=1,...n,
i=1

where 0;;(v) 1= AoV - vdi; + po(9z,;vi + Oz,v;5) is the stress tensor and v is the
outer normal to I'.

It is known [SV1] that in this case there exist a sequence of resonances A; with
0 < ReA; = O(|A\;|~°°) and a symmetric sequence —\;. This result is proven
in [SV1] for n = 3 but it also holds in any space dimension (see also [SjV]). If
the boundary is analytic, the convergence is at an exponential rate [Vo]. There
is also a logarithmic resonance free zone, i.e., there are no other resonances in
A :={Im\ < CyInRe X — Cs} with some C; > 0, Cy > 0. Moreover, there is an
asymptotic formula for the counting function N(r) = {A-resonance, A € A, |A| <
r} of the form N(r) = Cr™ + O(r"1), as r — oo (see [SjV]). Resonances with
this density exist for arbitrary boundary as well [SV2], [S2] but then we may
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not have a resonance free zone. Existence of those resonances can be explained
by the existence of Rayleigh surface waves propagating on the boundary with
speed Cp slower than the two sound speeds of the elasticity system. Those
surface waves trap the energy near the boundary and in particular, there are
singularities propagating on the boundary [T].

An application of Theorem 1 immediately yields a resonance expansion of the
solution operator U (t) for this system. This result also holds under the weaker
assumptions on the geometry of the boundary considered in [SjV] that require a
polynomial resonance free region for the Dirichlet problem (there are no surface
waves for the Dirichlet problem) and an additional assumption on the Neumann
operator. In the case of a strictly convex obstacle one can actually improve the
estimate on the remainder. Denote by A(\) the Neumann operator related to
this system defined as follows

N\ : H¥T) > f — Bv e HHT),

where v is the A-outgoing solution of the equation (A, +A?)v = 0 in Q satisfying
v=fonT (see also [SV1]). In [SV1] it is shown that

C
(27) INTE)| < Y for ImA = aln |[Re A|, [Re \| > 2,

n
with any fixed @ > 0 and | - || can be any H® norm, s > 0. Let Rp(\) be the
outgoing Dirichlet resolvent and let Kp()) : f — w be the outgoing solution
operator of the homogeneous problem with Dirichlet data f on I'. Then

(28) R(A) = Rp(A) — Kp(AN"Y(A)BRp(N),

where R()\) is the Neumann outgoing resolvent related to P (see e.g. [SjV]).
Now we can use the fact that Rp(\) and Kp(A) are polynomially bounded in
a logarithmic neighborhood of the real axis because the Dirichlet problem is
non-trapping. This, together with (27), allows us to conclude that R, ()) is
polynomially bounded on Im A = aln |[Re A|. Let I" be as above. Then the region
above I and below the curve Im A = aln |Re A|, |Re A\| > 1 is free of resonances
[SV1]. By the Phragmén-Lindelsf principle, [N ~1()\)|| is polynomially bounded
there. This allows us to lift the contour of integration from I" to a line Im A\ =
const. > 0 to obtain an exponential bound for the error term. As a result we get
the following.

Theorem 3. Let U(t) be associated with the Neumann problem in linear elas-
ticity, assume that the obstacle O s strictly convex and let s > (Tn/2+1). Then
for any A >0,

(29) xU(t)xg

=—i> Y xRes{e"™R(\),\}xg + Ex(t)g, g€ H",

I=1 X;ER(P); ReX;€I;
Im )\j<A
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where the error term Ex (t) satisfies | Ex (t)||gs—p2 < Ce= (A=)t >0, n odd,
and |Ex(t)||ge—r2 < Ct=%L n even. Here I; are as in Theorem 1 such that
all resonances in Im A < A have real parts in UI;.

Theorem 3 admits the following interpretation: near the boundary, each
smooth enough solution of the elastic wave equation with Neumann boundary
conditions is a superposition of Rayleigh waves plus an exponentially decaying
term.

4.1. The 3D case. In what follows we will restrict next ourselves to the 3D case
where it is known [S2] that the resonances near the real axis are O(|A\|~°°) per-
turbations of the eigenvalues of a self-adjoint classical ¥DO P on the boundary
with principal symbol cg|¢|. They are also the poles of the Neumann operator
N(N). Our main result here is (39) which gives a formula for the w;’s modulo
an error term. We assume below that A € A.

As shown in [SV1], one can construct a parametrix for the Neumann operator
N (X). Here we are using pseudodifferential operators with large parameter A € A
and we will denote the corresponding class by L™* (see e.g. [SV1], [SjV]). We
have five microlocal regions related to P because the elasticity operator has two
wave speeds — a hyperbolic one, an elliptic one, two glancing ones and a mixed
one which is hyperbolic with respect to one of the wave speeds and elliptic
withe respect to the other one. The parametrix has a characteristic variety
Y :={crl&|, = 1} in the elliptic region and is elliptic or hypoelliptic in the other
regions (see [SV1]) for more details). Moreover, near ¥ we have the following:
if WF\(X) is near 3, then for the parametrix N, in the elliptic region we have
in block form (see [S2])

A—A 0

0 QM
Here V() is a classical ¥DO and V(\) € ¥! uniformly in ), invertible for large
A uniformly in A\, A = cp(—Ar)z mod ¥° is self-adjoint independent of A and
Q()\) € L*! is elliptic and self-adjoint for real A, R(A) = O(|A|~>°) is smoothing.
For NV()\) we have

(31) NQA) =NQ) + R(N),

(30) V)N AV (NX(A) = < > X(A) + R(N).

where R(\) stands for (another) smoothing operator with norm O(|A|7°°) in
each H® space. Here N(\) is the parametrix constructed using the parametrices
in each region via a suitable partition of unity.

Proposition 4. There exists a function 0 < S(A) = O(|\|~°°), such that
I < C
~ dist(A,spec A) — S(\)

Sketch of the Proof. As in [SV1], we estimate N f from below in all microlocal
regions. If X is a A-¥DO with wave front set outside the characteristic variety

IV

for A € A, dist(\,spec A) > S(N).
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¥ :={crl{| = 1}, then we have
(32) IX 71 < CINT2PHE N FI+ OA~ <)l A € A

Outside the glancing regions we have O(JA|7!) in the first term. If WF(X) is
near ¥, then we can use (30) to get as in [SV1, (5.5)—(5.7)]

(33) dist(A, spec P)|| X f| < CIIN £l + O(AI ™)
Therefore,
(34)  [IXf]| < Cdist(A;spec P)~! (INFI[+O(NT)fIl) . A €A

Here X has a symbol supported near ¥ in the elliptic region. Combining (32)
and (34), we get

(35) I£1l < Cdist(A,spec P)~" (INfIl + O(AI=)IIfl) . A€ A.

Here we used the fact that dist(\,spec P) < |A[?/37¢, X € A, |A| > 1, because of
the known asymptotics of spec P. This implies the proposition. O

Relations (30) and (31) imply that

A=) 0
0 QW

with X and R as in (30) and X7 a zero order A-¥DO such that this yields

N7'Xy = XT™' = N7'RT~!, where

i =vo (VT o) ) o,

By Proposition 4, if dist(\, spec A) > S(A\) + S1()), then [N =L\ < C/S1(N).
On the other hand, under the same assumption, |[(A—X)"1|| < 1/(S(A)+S1(N\)).
Thus, for the remainder term above we get |N"'RT!|| < ||R||/S%. Below we
choose S(A) + S1(A) = C|A|7*F1 S(A\) = O(J]A\|=°°), and this guarantees that
|R||/S? = O(J]A|~°°) in this case.

Following similar arguments, we also get

(37) N7'X1 = 0(A™™)

NOYX() = X (V) () ( ) V) £ ROV

(36)

if WF,\(Xl) N Y = ( and X is separated from spec A as above.

Let now );, j = 1,...,00 be the resonances near the positive real axis. Since
Aj are O(|\;|~°°) perturbations of the eigenvalues 11, of A (see [S2]), the estimate
on the remainder term in (36) and estimate (37) are valid if A € A is at a distance
at least C|\|7%, k > 0 from the resonance set. Let I'; be the boundary of the
rectangle (compare with (15))

ap — Qal—kﬂ <ReA < b + §al_k+17 _§az_k+1 <Im\< §al—k+1'
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Here I; = (a;,b;) are intervals as in section 3 and &k — 1 > n* = n = 3. By
Proposition 4,

(38) NN < CIAF! on each T;.

Proposition 4 also implies that (38) is fulfilled in the gap between two consecutive
Ty’s, ie., in [b +a; " /2, a41 —a;k1+1/2] +i[—1,1]. This allows us to construct
a contour I' as in section 3 and N1 will satisfy (38) on I' and also on small
vertical bars between two consecutive I';’s. By the symmetry, we have similar
bounds near the resonances —;\j close to the negative real axis. Let B, be a
ball with radius a > 1 such that the obstacle is included in B, and denote

Qq := QN B,. The following estimates
Rp(\) = O(IA]) : L*(Qa) — H*(Qa),
Kp(\) = O(|A]) : HY2(I) — HY(Q,), for Im | <1
follow easily from the fact that the Dirichlet problem is non-trapping for the

elasticity system and Rp(\) = O(1/|A]) : L?(Q) — L?(Qy). This allows us to
conclude that on I' and on the verticals bars we have

IR (Mllps e = O(IA279), 2M >k +¢, ¢ > 0.

Since k — 1 > n = 3, we get that in the three dimensional case, Proposition 4
holds with s = 5 which is an improvement over the requirement on s.
We will use (36) and (37) to estimate

1 _
wy(t,x) = %f} e Ry (\)g d\
1

(see also (21)). Since A is self-adjoint, the algebraic multiplicity of each eigen-
value of A is 1 (while the geometric multiplicity, i.e., the dimension of the asso-
ciated eigenspace can be greater that 1). Using this, we find that

(39) wg (t, CE)

= > e Kp(1;)V (uy)diag(IL;, 0)V* (11;) BRp ()9 + Ri(t, x)g, V1> 1,
pi€l)

where II; is the projection associated with the eigenvalue p; of A and
(40) IR(t, )l pre g = €9 TONT>), A€ L, VM > 0.

In order to get (40), we used the fact that k& can be chosen to be any (large
enough) number. Although this estimate is not uniform with respect to t, it
shows that the remainder term R;(t, ) is uniformly O(A~°°) for ¢ in an interval
of length larger that Cy AN, VN > 0. If the boundary is analytic, then (40) is
uniform for 0 < ¢t < Ce€? since the resonances in this case converge exponen-
tially fast to the real axis [Vo]. It is unclear whether one can prove an estimate
uniform in ¢ (this would probably require replacing the eigenvalues p; in the
exponential term e’*i above by the resonances \;). Nevertheless, (39) gives the
structure of wy (¢, x) in this case.
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