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HIGHER-DIMENSIONAL PARALLEL TRANSPORTS

Kiyonori Gomi and Yuji Terashima*

1. Introduction

For a smooth path γ in a manifold X, a connection on a line bundle over
X gives an isomorphism between the fibers called the parallel transport along
γ. In this paper, viewing a path as a map from a 1-dimensional manifold with
boundary to X and a line bundle with connection as a 1-dimensional smooth
Deligne cocycle of X ([D], [Ko]), we generalize such a concept to maps from
a higher-dimensional manifold with boundary to X and a higher-dimensional
smooth Deligne cocycle. Firstly we use transgression maps on smooth Deligne
cochains to construct line bundles with connection over the spaces of maps from
closed manifolds of dimension m to X for a smooth Deligne cocycle of degree
m + 1. Secondly for a compact manifold N of dimension m + 1 with boundary
we get a global non-vanishing section of the line bundle over the space of maps
from N to X, which is the pullback by the restriction maps of the line bundles
associated with the closed m-manifolds of the boundary components. Then, for
each map f from N to X the section gives the isomorphism between the fibers,
called the higher-dimensional parallel transport along f . Finally we prove that
for f : N = M × [0, 1] → X, where M is a closed manifold of dimension m,
the higher dimensional parallel transport along f agrees with the usual parallel
transport along f = {ft} for the connection given by the transgression map,
viewing f as a path {ft = f |M×{t}} in the space of maps from M to X.

For 2-dimensional manifolds with boundary, the concept of the higher-
dimensional parallel transport was considered by Gawedzki in his pioneering
paper [Ga] using transgression maps, and was developed by Brylinski in his
fundamental work [B1] using differential geometry of gerbes. This paper owes
much to the ideas in their works, and extends to any dimensional manifolds
with boundary. Since the higher-dimensional parallel transports are given as
special cases of more general formulas for the transgression maps, it seems an
interesting problem to interpret our result in terms of differential geometry of
higher gerbes ([B2], [BM], [CMW]). For the geometry of gerbes see, in addition
to Brylinski [B1], the excellent paper [H] by Hitchin. Carey-Mickelsson-Murray
[CMM] give a geometric interpretation by bundle gerbes of higher holonomies
for closed 2-manifolds, extending their previous impressive work [CM] for simple
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2-manifolds such as spheres or cylinders. In the interesting paper [F] Freed com-
putes the derivative of the exponentiated η-invariant, considered as a section of
the determinant bundle, with respect to the natural connection on the determi-
nant bundle, which is important to this paper. In unpublished work, he has also
developed an integration theory of Deligne cocycles, independently from and
before us. Gajer [G] shows that the isomorphism [E] between smooth Deligne
cohomology group and Cheeger-Simons’ group of differential characters [CS] is
given by ‘holonomies’ in the differential geometry of principal BnC∗-bundles,
geometrically.

2. Transgression maps

In this section, we define the transgression maps on smooth Deligne cohomol-
ogy and state their main properties (see [GT]).

The smooth Deligne cohomology of a smooth manifold X is defined to be the
hypercohomology of the complex of sheaves

C
∗
X

d log→ A1
X

d→ · · · d→ Ap
X ,

where Ak
X denotes the sheaf of smooth complex-valued k-forms on X ([B1]).

The hypercohomology of a complex of sheaves is given with a Čech definition
as follows. For any open covering U of X and any complex of sheaves F• the
cochains C•(U,F•) form a double complex, one differential δ coming from the
covering and another from the complex of sheaves F•. The Čech hypercohomol-
ogy groups is defined by

Hq(X,F•) = lim−→
U

Hq(C•(U,F•)),

where Hq(C•(U,F•)) denotes the cohomology of the single complex with differ-
ential, denoted by D, associated in the usual way to the double complex.

Next, we recall an important operation, called the transgression map on dif-
ferential forms, in differential geometry on the space of smooth maps between
smooth manifolds. Let M be a compact oriented smooth manifold of dimension
m and X be a closed smooth manifold. Let M = C∞(M, X) denote the space
of all smooth maps M → X and ev : M× M → X denote the evaluation map
defined by ev(f, m) = f(m) for f ∈ M and m ∈ M . The following diagram

M× M
ev−−−−→ X�π

M
gives the transgression map on differential forms

ψ̄ : Ap(X) → Ap−m(M)

defined by ψ̄(ω) =
∫

M
ev∗ω for a differential form ω ∈ Ap(X), where

∫
M

is the
fiber integration along the fiber M of the product bundle π : M× M → M.
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Now, as a refinement of this map, we define the transgression map on smooth
Deligne cochains for each open covering of X. Let U = {Uα}α∈I be an open
covering of X. An open covering V of M is associated with U as follows: for
any pair β = (K, φ) of a triangulation K of M and a map φ : K → I, the open
set Vβ of M is defined by

Vβ = {f : M → X| f(σ) ⊂ Uφ(σ), σ ∈ K}.
The set V = {Vβ}β∈J of open sets is an open covering of M, where J =∐

K Map(K, I).
We define the set of flags of simplices FK(i) by

FK(i) = {�σ = (σm−i, . . . , σm)| σp ∈ K, dimσp = p, σm−i ⊂ · · · ⊂ σm}.
and the set of sequences of integers Pq(i) by

Pq(i) = {�n = (n1, . . . , nq)| nj ∈ Z, m ≥ n1 ≥ · · · ≥ nq ≥ m − i}.
It is convenient to put |�n| =

∑q
s=1 ns.

Definition 2.1. The transgression map associated with U

ψU : Ck(U, C∗
X

d log→ A1
X → · · · → Ap

X) → Ck−m(V, C∗
M

d log→ A1
M → · · · → Ap−m

M )

is defined by
ψU(g, ω1, . . . , ωk) = (h, θ1, . . . , θk−m),

where

hβ0···βk−m
=

exp


m−1∑

i=0

∑
�σ∈FK(i)

∑
�n∈Pk−m(i)

(−1)|�n|
∫

σm−i

ev∗ωm−i

φ0
σm ··φ0

σn1 φ1
σn1 ··φ1

σn2 ··φk−m

σ
nk−m

··φk−m

σm−i




×
∏

�σ∈FK(m)

∏
�n∈Pk−m(m)

(∫
σ0

ev∗gφ0
σm ··φ0

σn1 φ1
σn1 ··φ1

σn2 ···φk−m

σ
nk−m

··φk−m

σ0

)(−1)|�n|

,

and
θl

β0···βk−m−l
=

m∑
i=0

∑
�σ∈FK(i)

∑
�n∈Pk−m−l(i)

(−1)|�n|
∫

σm−i

ev∗ωm+l−i

φ0
σm ··φ0

σn1 φ1
σn1 ··φ1

σn2 ···φk−m−l

σ
nk−m−l

··φk−m−l

σm−i

.

Here, for β0 = (K0, φ0), . . . , βr = (Kr, φr) we use a simplex K which is a common
subdivision of K0, . . . , Kr and define the index φi

σj ∈ I to be φi
σj = φi ◦ ιi(σj),

where ιi(σ) for each simplex σ ∈ K is the simplex in Ki of smallest dimension
such that σ ⊂ ιi(σ). It is easy to see that the definition is independent of the
choice of common subdivision.

Remark . We note that an orientation of M induces that of σq for q = m −
i, · · · , m along the flag σm−i ⊂ · · · ⊂ σm. In particular, the induced orientation
of σm−i gives integration

∫
σm−i .
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The following theorem is fundamental in the sequel.

Theorem 2.1. The transgression map ψU satisfies the following:

ψU ◦ D = (−1)mD ◦ ψU + r∗ ◦ (∂ψ)U,

where r : C∞(M, X) → C∞(∂M, X) is the restriction map and (∂ψ)U is the
transgression map associated with U for the boundary ∂M .

Proof 1. The proof is essentially identical to that of Theorem 3.1 in [GT], except
that here we consider all triangulations of M at the same time, and the theorem
follows by Stokes’ theorem for fiber integration on differential forms.

Corollary 2.2. If the manifold M has no boundary, then the map ψU is a chain
map.

Therefore the transgression map ψU gives a map on cohomology

ψU
# : Hk(U, C∗

X
d log→ A1

X →
→ · · · → Ap

X) → Hk−m(V, C∗
M

d log→ A1
M → · · · → Ap−m

M ).

Proposition 2.3. The homomorphisms {ψU
#}U induces the direct limit

ψ# : Hk(X, C∗
X

d log→ A1
X →

→ · · · → Ap
X) → Hk−m(M, C∗

M
d log→ A1

M → · · · → Ap−m
M ).

Proof 2. Let U′ = {Uα′}α′∈I′ be a refinement of a cover U = {Uα}α∈I of X
with a map τ : I ′ → I such that U ′

α′ ⊂ Uτ(α′). Let V and V′ be coverings of M
associated with U and U′ indexed by J =

∐
K Map(K, I) and J ′ =

∐
K Map(K, I′)

respectively. Then V′ is a refinement of V with the map τ̃ : J ′ → J defined by
τ̃(φ′) = τ ◦φ′ for φ′ ∈ Map(K, I′). Proposition 2.3 follows from the commutative
diagram

Hk(U, C∗
X

d log→ A1
X → · · · → Ap

X)
ψ#

U→ Hk−m(V, C∗
M

d log→ A1
M → · · · → Ap−m

M )�τ#

�τ̃#

Hk(U′, C∗
X

d log→ A1
X → · · · → Ap

X)
ψ#

U′→Hk−m(V′, C∗
M

d log→ A1
M → · · · → Ap−m

M ),

where τ# and τ̃# are homomorphisms induced in cohomology from maps τ and
τ̃ as with usual.

3. Line bundles with connection

Let Y be a smooth manifold. The group of isomorphism classes of line bundles
over Y with connection is identified with the smooth Deligne cohomology group
H1(Y, C∗

Y
d log→ A1

Y ) as follows ([D], [K]): let (L,∇) be a pair of a line bundle
L over Y with a connection ∇. Let {(Ui, si)}i∈I be a local system for the line
bundle L, i.e. U = {Ui} is an open covering of Y and si : Ui → L is a nowhere
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vanishing smooth section on Ui, and gij : Ui ∩ Uj → C∗ be the corresponding
transition functions satisfying si = gijsj . With the connection ∇ we get a 1-form

θi = ∇si/si on Ui. Then the cochain (gij , θi) ∈ C1(U, C∗
Y

d log→ A1
Y ) is a cocycle,

and the cohomology class [(gij , θi)] ∈ H1(U, C∗
Y

d log→ A1
Y ) is independent of

the choice of local system. The map [(L,∇)] �→ [(gij , θi)] gives the isomorphism
between the group of isomorphism classes of line bundles over Y with connection
and the smooth Deligne cohomology group H1(Y, C∗

Y
d log→ A1

Y ).
Hence the transgression map for the closed manifold M of dimension m

ψ# : Hm+1(X, C∗
X

d log→ A1
X → · · · → Am+1

X ) → H1(M, C∗
M

d log→ A1
M)

gives an isomorphism class [(L,∇)] of a line bundle with connection over M for

a cohomology class [c] ∈ Hm+1(X, C∗
X

d log→ A1
X → · · · → Am+1

X ). More precisely,
for cohomologous (m + 1)-cocycles c, c′ and an m-cochain b satisfying c − c′ =
Db we have line bundles with connection (L,∇), (L′,∇′) and an isomorphism
µb : (L,∇) → (L′,∇′) between line bundles with connection.

Next we consider (m + 1)-dimensional manifold N with boundary ∂N = M .
Let V = {Vβ}β∈J and V̄ = {V̄β̄}β̄∈J̄ be the open coverings of N = C∞(N, X)
and M = C∞(M, X) associated with an open covering U = {Uα}α∈I of X,

respectively. For an (m + 1)-cocycle c ∈ Cm+1(U, C∗
X

d log→ A1
X → · · · → Am+1

X )
we denote (hβ) = (−1)m+1ψU(c) and (gβ̄0β̄1

, θβ̄) = (∂ψ)U(c). Then the line
bundle L over M associated with c has {gβ̄0β̄1

} as the transition functions. Let
r : N → M be the restriction map f �→ f |M . The pullback r∗L over N is given
by

r∗L =
∐
β∈J

Vβ × C/ ∼,

where the equivalence relation ∼ is given by declaring (f, λ)β0 ∼ (f, λ′)β1 for
(f, λ)β0 ∈ Vβ0 × C and (f, λ′)β1 ∈ Vβ1 × C if λ = gβ̄0β̄1

(f |M )λ′. We define a
section Pc : N → r∗L of the line bundle r∗L by the equivalence class Pc(f) =
[(f, hβ(f))β ] for f ∈ Vβ ⊂ N .

Proposition 3.1. (i) The global section Pc of the line bundle r∗L is well-
defined.

(ii) For cohomologous (m + 1)-cocycles c, c′ and an m-cochain b satisfying c−
c′ = Db, we have Pc = µ∗

b(Pc′).

Proof 3. (i ) It suffices to show for f ∈ Vβ0 ∩ Vβ1

hβ0(f) = gβ̄0β̄1
(f |M )hβ1(f),

which follows from Theorem 2.1 with k = p = m + 1.
(ii ) Let (kβ̄) = (−1)m(∂ψ)U(b). Then, by Theorem 2.1 we have

h′
β(f) = kβ̄(f |M )hβ(f)

which shows (ii ) since the isomorphism µb associated with the cochain b gives
the change of the factor kβ̄ on an open set Uβ locally.
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To state the formula which computes the derivative of the section Pc with the
pullback connection r∗∇ by the restriction map r of the connection ∇, we recall
that the morphism of complexes

C
∗
X

d log−−−−→ A1
X

d−−−−→ · · · d−−−−→ Am+1
X�d

Am+2
X

induces the homomorphism

d : Hm+1(X, C∗
X

d log→ A1
X → · · · → Am+1

X ) → Am+2(X),

where Am+2(X) is the space of complex-valued (m + 2)-forms. Let Ω = d([c]).
The following is an extension of a result for a 2-dimensional manifold by Brylinski
[B1], obtained using differential geometry of gerbes, to any-dimensional manifold
N .

Proposition 3.2. Let γ = {γs} be a path in N . Then, the section Pc satisfies
with the pullback connection r∗∇

r∗∇γ̇sPc =
(∫

N

ιγ̇sΩ
)

Pc,

where ιγ̇s
: Am+2(X) → Am+1(N) is the contraction along γ̇s ∈ Γ(N, γ∗

sTX).

Proof 4. Locally on an open set Vβ , we consider the function hβ corresponding
to the section Pc. Then by the definition of hβ , (hβ) = (−1)m+1ψU(c), we have

h−1
β dhβ

=
m∑

i=0

∑
�σ∈F (i)

(−1)m+1d

∫
σm+1−i

ev∗ωm+1−i
φ

σm+1φ
σm ...φ

σm+1−i

+
∑

�σ∈F (m+1)

(−1)m+1

∫
σ0

ev∗(g−1dg)φ
σm+1φ

σm ...φ
σ0

=
m∑

i=0

∑
�σ∈F (i)

(−1)i

(∫
σm+1−i

d ◦ ev∗ωm+1−i
φ

σm+1φ
σm ...φ

σm+1−i

−
∫

∂σm+1−i

ev∗ωm+1−i
φ

σm+1φ
σm ...φ

σm+1−i

)

+
∑

�σ∈F (m+1)

(−1)m+1

∫
σ0

ev∗(g−1dg)φ
σm+1φ

σm ...φ
σ0

=
∫

N

ev∗Ω −
m+1∑
i=1

∑
�σ∈F (i)∫

σm+1−i

(
ev∗(δωm+2−i)φ

σm+1 ...φ
σm+1−i

− (−1)iev∗ωm+2−i
φ

σm+1 ...φ
σm+2−i

)
.
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Since for each partial flag of simplices σm+1−i ⊂ · · · ⊂ σ̂p ⊂ · · · ⊂ σm+1 ,
p = m+2− i, . . . , m, and σm+1−i ⊂ · · · ⊂ σm ⊂ σ̂m+1 which is not contained in
∂N = M there are exactly two flags which are ‘completions’ of the partial flag
and induce opposite orientations of σm+1−i, we have∑

�σ∈F (i)

∫
σm+1−i

ev∗(δωm+2−i)φ
σm+1 ...φ

σm+1−i
=

∑
�σ∈F (i)

∫
σm+1−i

(−1)iev∗ωm+2−i
φ

σm+1 ...φ
σm+2−i

+
∑

�σ∈∂F (i−1)

∫
σm+1−i

ev∗ωm+2−i
φ

σm ...φ
σm+1−i

,

where

∂F (i) = {�σ = (σm−i, . . . , σm)| σp ∈ K, dimσp = p, σm−i ⊂ · · · ⊂ σm ⊂ ∂N}.
Therefore,

h−1
β dhβ +

m∑
i=0

∑
�σ∈∂F (i)

∫
σm−i

ev∗ωm+1−i
φ

σm ...φ
σm−i

=
∫

N

ev∗Ω.

Setting hs = hβ(γs), by the definition of the 1-form θ1 which corresponds to the
connection r∗∇,

dhs

ds
+ 〈θ1(γs), γ̇s〉hs =

(∫
N

ιγ̇sΩ
)

hs,

which completes the proof.

More generally, let N be a compact manifolds of dimension m+1 with bound-
ary ∂N =

∐
Mi, where M1, . . . , Ms are given the orientations opposite to that

induced from N and Ms+1, . . . , Mt are given the induced orientations. Let
(Li,∇i) be the line bundle with connection over Mi = C∞(Mi, X) associated

with c ∈ Cm+1(U, C∗
X

d log→ A1
X → · · · → Am+1

X ) and ri : N → Mi be the restric-
tion map f �→ f |Mi . Then by Proposition 3.1 we have an isomorphism of line
bundles

Pc : r∗1L1 ⊗ · · · ⊗ r∗sLs → r∗s+1Ls+1 ⊗ · · · ⊗ r∗t Lt.

Therefore, for a map f ∈ N we have an isomorphism between fibers

Pc(f) : L1
f |M1

⊗ · · · ⊗ Ls
f |Ms

→ Ls+1
f |Ms+1

⊗ · · · ⊗ Lt
f |Mt

called the higher-dimensional parallel transport along a generalized path f . From
the definition it is not difficult to see that the higher-dimensional parallel trans-
port is invariant under any reparametrization of generalized paths, i.e. any
diffeomorphism of N which is identity on the boundary, and is compatible with
gluing two (m+1)-manifolds with boundary along a common component of their
boundary, i.e. a gluing of manifolds corresponds to a composition of higher-
dimensional parallel transports associated with these manifolds respectively.
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In particular, for f : N = M × [0, 1] → X we have an isomorphism

Pc(f) : Lf0 → Lf1 ,

where ft = f |M×{t}. On the other hand, considering f as a path {ft} in M,
we have the usual parallel transport along the path f = {ft} for the line bundle
with connection (L,∇) over M

P ′
c(f) : Lf0 → Lf1 .

Theorem 3.3. For N = M × [0, 1] the higher-dimensional parallel transport Pc

agrees with the usual parallel transport P ′
c.

Proof 5. For f : M × [0, 1] → X let γ = {γs} be a path in N given by

γs(m, t) = f(m, st).

Then by Proposition 3.2
∇ḟs

Pc(fs) = r∗∇γ̇s
Pc(γs)

=
(∫

N

ιγ̇s
Ω

)
Pc(γs).

Since ∪sImγs is not (m + 2)-dimensional but (m + 1)-dimensional,∫
N

ιγ̇sΩ = 0,

which completes the proof of Theorem 3.3.

Finally we note that for general manifold with boundary the higher-dimen-
sional parallel transport can not be given by any differential equation since gen-
eral manifolds have no ‘time’ parameter globally.
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