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PROOF OF THE GGS CONJECTURE

TRAVIS SCHEDLER

ABSTRACT. We prove the GGS conjecture [GGS] (1993), which gives a particu-
larly simple explicit quantization of classical r-matrices for Lie algebras gi(n), in
terms of a matrix R € Mat,(C) ® Maty,(C) which satisfies the quantum Yang-
Baxter equation (QYBE) and the Hecke condition, whose quasiclassical limit is .
The r-matrices were classified by Belavin and Drinfeld in the 1980’s in terms of
combinatorial objects known as Belavin-Drinfeld triples. We prove this conjecture
by showing that the GGS matrix coincides with another quantization from [ESS],
which is a more general construction. We do this by explicitly expanding the prod-
uct from [ESS] using detailed combinatorial analysis in terms of Belavin-Drinfeld
triples.

1. Introduction

In the 1980’s, Belavin and Drinfeld classified solutions r of the classical Yang-
Baxter equation (CYBE) for simple Lie algebras g satisfying 0 # r+r2! € (S2g)9
[BD]. They proved that all such solutions fall into finitely many continuous
families and introduced combinatorial objects to label these families, Belavin-
Drinfeld triples (see Section 1.1). In 1993, Gerstenhaber, Giaquinto, and Schack
attempted to quantize such solutions for Lie algebras sl(n). As a result, they
formulated a conjecture stating that certain explicitly given elements Rggs €
Mat, (C) ® Mat,(C) satisfy the quantum Yang-Baxter equation (QYBE) and
the Hecke relation [GGS]. Specifically, the conjecture assigns a family of such
elements to any Belavin-Drinfeld triple of type A, _1. This conjecture is stated
in Section 1.2.

Recently, Etingof, Schiffmann, and the author found an explicit quantization
of all r-matrices from the Belavin-Drinfeld list. They did so by twisting the
coproduct in the Drinfeld-Jimbo quantum group U,(g). For g = gl(n), one can
evaluate the universal R-matrix of the twisted U,(g) in the vector representation
of Uy(g). This gives an element R; of Mat, (C) ® Mat,(C) which satisfies the
QYBE and the Hecke relation. This element is presented in Section 1.3.

In this paper I show that the elements R; and Rggs from [ESS] and [GGS]
coincide. This proves the GGS conjecture. This is done by explicitly expanding
the formula for Rj; using combinatorial techniques involving Belavin-Drinfeld
triples. The proof occupies all of Section 2.
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Remark 1.1. Note that the GGS conjecture was proved in some special cases
(the Cremmer-Gervais and orthogonal disjoint cases) by Hodges in [H2] and [H].
The GGS conjecture was proved in some additional cases (orthogonal generalized
disjoint) by the author in [S2]. Also, the disjoint case was completed in [S2] by
Pavel Etingof and the author.

Remark 1.2. The author actually found the matrix R; with the help of a
computer before the general twist given in [ESS] was found. The matrix was
constructed to coincide with the GGS matrix in many cases, and motivated in
part the general construction given in [ESS]. See [S] for details. Also, many
steps of this proof were motivated by and checked with computer programs.

1.1. Belavin-Drinfeld triples. Let (e;),1 < i < n, be the standard basis for
C™. LetI' ={e; —e;y1: 1 <i<n—1} be the set of simple roots of sl(n). We
will use the notation «; = e; — e;41. Let (,) denote the inner product on C"
having (e;) as an orthonormal basis.

Definition 1.1. [BD] A Belavin-Drinfeld triple of type A,_; is a triple
(T,T1,T3) where I'1,I'y C " and T : 'y — TI'y is a bijection, satisfying two
relations:

(a) T preserves the inner product: Vo, 5 € 'y, (T, TB) = (v, §).

(b) T is nilpotent: Vo € T'y, 3k € N such that TFa ¢ T.

Let g = gl(n) be the Lie algebra of complex n x n matrices. Let h C g be
the subspace of diagonal matrices. Elements of C™ define linear functions on b
by (ZZ )\iei) (ZZ a; e“) =Y ,Nia;. Let P = 21<i7j<n eij ® ej; be the Casimir
element inverse to the standard form on g. It is easy to see that P (wRV) = vRwW,
for any v, w € C". Let PY = >, €ii @ e5; be the projection of P to h® b.

For any Belavin-Drinfeld triple, consider the following equations for s € h Ab:

(1.1) Va €Ty, [(a —Ta)®1]s = %[(a+Ta)®1}P0.

Belavin and Drinfeld showed that solutions r € g ® g of the CYBE satisfying
r +r? = P, up to isomorphism, are given by a discrete datum (the Belavin-
Drinfeld triple) and a continuous datum (a solution s € h A h of (1.1)). We now
describe this classification.

For o = e; —e;, set eq = €;;. Define |a| = |j —i|. For any Y C T, set
Y = {a € Span(Y) | @ = e; —¢j,i < j} (the set of positive roots of the
subalgebra of sl(n) having Y as the set of simple roots). In particular we will
often use the notation f,fl,fg. We extend T additively to a map fl — f‘z,
ie. T(a+ B) = Ta+ TB. Whenever TFa = 3 for k > 1, we say a < 3.
Clearly < is a partial ordering on I'. We will also use a</3 to denote a < 3 or
a = (3. Suppose TFa = 3 for a = e; — ej and 3 = e; — e,,. Then there are two
possibilities on how T* sends « to 3, since T is an automorphism of the Dynkin
diagram. Namely, either T%(c;) = oy and T%(aj—1) = 1, or T¥(0;) = Qm—1
and T*(aj_1) = oy. In the former case, call T* orientation-preserving on o, and
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in the latter, orientation-reversing on «. Let

1, if T* reverses orientation on «
(1.2) Cop = { ’ '

0, if T* preserves orientation on a.

Now we define

(13) 0= S (1)l D e @ ep—epDey),
a<p
(1.4) Tt Zem®e”+26a®ea, r=s+a-+rs,
ael

(rst € g® g is the standard solution of the CYBE satisfying 4 + 72} = P.) The
element r is the solution of the CYBE corresponding to the data ((I'1,I',T), ).
It follows from [BD] that any solution 7 € g, 7 + 72! = P is equivalent to such a
solution r under an automorphism of g.

1.2. The GGS conjecture. The GGS conjecture suggests a quantization of
the matrix r given in (1.4), given by a matrix R € Mat,(C) ® Mat,(C) con-
jectured to satisfy the quantum Yang-Baxter equation (QYBE), R12R'3R?3 =
R®BR13R'?, and the Hecke relation, (PR — q)(PR+ ¢~*) = 0. This may be for-
mulated and justified as follows (which is more or less the original motivation).

If we write R = 1+ 2hr +4h%*t (mod A®), where ¢ = €’ then we can consider
the constraints imposed by the QYBE and the Hecke relation modulo h3. One
may easily check that the QYBE becomes the CYBE for r, while the Hecke

relation becomes the condition ¢+ t2! = 2. Since it is not difﬁcult to see that r2
is symmetric, the unique symmetric choice for ¢ is t = % 2 = (s + (a+7rs)s+
s(a+rs) +€) where

(1.5) £ = arg + rga+ a®.

Proposition 1.1. There ewist unique polynomials P; j 1. of the form
2q¥(q —q "), x,y € C,z € {0,1} such that 3, . Pijricij @ exg = 14 2hr +
2h%r? (mod h3).

Proof. The proof is easy. O

Definition 1.2. Define Rggs = ), ik Pigkeij@er, with the P; ; 1 ; uniquely
determined by Proposition 1.1. The matrix Rgas is called the GGS R-matrix.

We will use the notation z =), ik ﬂsf,ieij ® ey, for elements z € Mat,(C)®
Mat,,(C). Define the following matrices:

(1.6) i= Y alq “wheei; @ en,  Roas = Ro + (40— ¢ )i,

i,7,k,l
where Ryt =q ), 6n‘®6n‘+zi¢j ei®eji+(q—q™ 1) ZDJ- ei; ®ej; is the standard
Drinfeld-Jimbo solution to the QYBE, which is a quantization of rg;.
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Proposition 1.2. The matriz Roas equals ¢*Raas ¢°.

Proof. This is a straightforward computation. O

Remark 1.3. We see that Rggs = ¢*" (mod A?), although Rggs # ¢*" in
general.

Conjecture 1.1. “the GGS conjecture” [GGS] The matriz Rgas satisfies
the QYBE and the Hecke relation.

Remark 1.4. It is sufficient to check the QYBE for one value of s since the
space of solutions to the homogeneous equation corresponding to (1.1) is exactly
the space A%l where [ C b is the space of all z such that (z,a) = (z,T'a) for any
a € T'y. Indeed, it is easy to see that = € [ implies [1®@x+z® 1, Rggs] = 0, and
it follows that ¢¥ Rggsq? satisfies the QYBE iff Rqgs does, for any y € A2L.

Remark 1.5. Our formulation is from [GH], correcting misprints. The original
formulation in [GGS] is somewhat different. We will write z,-1 to denote the
matrix z with ¢~! substituted for ¢. Define (z @ y)T = 27 @ y* where 27 is
the transpose of z, for x,y € Mat,,(C). Then, the original form of Rggs can be
written as follows:

(1.7) R=q*(Ra+ (¢ —qal1)g.

We have Rags — RqT,1 =q¢*(q—q 1) Pq® = (¢—q1)P. Thus, Rggs satisfies the
Hecke relation iff R satisfies the Hecke relation. In this case, we have PRZ_1 =

(PRgas) ™, so Rg_l = (R&és)m, and thus R satisfies the QYBE iff Rgas does.
Thus, the two formulations are equivalent.

1.3. Passed T-pairs and a combinatorial formula for ¢. In this section
we give a combinatorial formula for €. First let us introduce some definitions,
which will be used in this formula as well as in the proof of the main theorem.

Definition 1.3. A positive T-pair is a pair (T*a, —a) for k > 0. We define the
order to be Ord(T*a, —a) = k. The set of positive T-pairs is denoted TP, .

In Section 2, we will also define negative T-pairs, but so far we don’t need
them.

Definition 1.4. If a =¢; —¢; € fl satisfies the property that T*a = € —€2j—i
for some k > 0, we say its right-passing order is k, and denote it by PO"(a) = k.
If there is no such k, say PO"(a) = oo. Similarly define left-passing order PO'.

Definition 1.5. A positive =~ T-pair  (8,—«) is  right-passed  if
Ord(8, —a) > PO"(a) and Cyp = C4 por(a). We say that (8, —«a) is half
right-passed if Ord(8, —«) = PO"(«). Similarly define the left versions, and
we denote the sets of all such T-pairs by PT P}, HPTPY, PTPi, and H PTPfr
(right-passed, half right-passed, left-passed, half left-passed, respectively). The
+ subscripts indicate positive T-pairs.
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Definition 1.6. For a positive T-pair (3, —«), we define P"(83, —«) to be 1 if
(3,—a) € PTP}, 5 if (8,—a) € HPTPY, and otherwise 0. Similarly define

PY(3,—a). It will be useful to define symmetric and anti-symmetric versions:
pPs=pPr+ P p=pr— P

This allows us to state a simple combinatorial formula for e:

Proposition 1.3. We may rewrite € as follows:

(1.8) e=
= > (1)U P (8, —a) + Capllal = D] (e ® e + -0 @ €p).

a=p

Proof. This is proved in Section 2.1 and also follows from the proof of the main
theorem, Theorem 1.2 (see Remark 2.1 for details). O

Corollary 1.1. Rggs is given as follows:

(19) RGGS = Z(q — qil)(_l)cayﬁ(lalfl) qus(ﬁvfa)fca,ﬁ(‘alfl)(e_a ® 6,8)
a<p

_ qPS(ﬁﬁaHCa,ﬁ(la\*l)(eﬁ ®e_qo)| + Ra
Proof. Clear. O

Example 1.1. For a given n, there are exactly ¢(n) triples (¢ is the Euler
¢-function) in which |I';|4+1 = |T'| [GG]. These are called generalized Cremmer-
Gervais triples. These are indexed by m € ZT, where ged(n,m) = 1, and given
by I't = I'\{an—m}, 2 = '\ {am}, and T(a;) = QRres(i+m), Where Res gives the
residue modulo n in {1,... ,n}. For these triples, there is a unique s with first
component having trace 0, which is given by s¥ = 0,Vi, and sg =1 1Res(?)
for i # j (this is easy to verify directly and is also given in [GG]). With this s,
Raas has a very nice combinatorial formula, which was conjectured by Giaquinto
and checked in some cases. We now state and prove this formula.

Proposition 1.4. Rggs is given as follows for generalized Cremmer-Gervais
triples:

(1.10) Rgas =

s R _ —20rd(B,—a) 20rd(B,—a)
q¢°Rstq® + Z(q_q 1)[(] " (6,01 ®ef3) —4q " (65 ®€fo¢)]'
a<f3

Proof. See Appendix A. O
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1.4. The ESS twist and the main theorem. In [ESS], an explicit quanti-
zation is given for any classical r-matrix described in Section 1.1. This is given
by a twist of the standard coproduct on the quantum universal enveloping al-
gebra U,(g). In particular, in the n-dimensional representation, this gives an
element J € Mat,(C) ® Mat,(C) so that Ry = ¢°J 'R J?'q® satisfies the
QYBE and the Hecke relation. In fact, J is triangular, i.e. J =1+ N and
N =3, ser Na,pep @ ea-

Suppose we are given T' so that max,crp, Ord(z) = m. Define the following
matrices:

(1.11) Jp =1+ Z (_q)*CG,B(|0‘|*1)an(B’*O‘)(q — qil)eg X e_q,
B=Tka
(1.12) J=][7 Rs=J"'R4J*, R;=d¢Rsq.
=1

Theorem 1.1. [ESS] The element R satisfies the QYBE and the Hecke rela-
tion.

Now, we state the main theorem of this paper:
Theorem 1.2. For any giwven T and s, Ry = Rgags-

This theorem clearly implies the GGS conjecture.

2. Proof of the main theorem
2.1. T-quadruples.

Overview 2.1. In this section we will introduce combinatorial objects and ar-
guments which are sufficient to prove the combinatorial formula for ¢ (1.8). To
do this, we wish to directly expand (1.5). This involves expanding a quadratic
expression in terms of the form eg ® e_, and e_, ® eg for a<3. Most of the
monomials in the expansion are zero. Thus, the first step is to restrict our at-
tention to those that are not. In this vein, we define compatible T-quadruples
(Definition 2.9). To further simplify the formula for ¢, we will have to show that
most of these monomials cancel pairwise. This is accomplished with bijections
¢,,1', and 9" (Definitions 2.13-2.15) between the corresponding T-quadruples.

Notation 2.1. For all of section 2 we will not need to refer to the dimension of
the representation (formerly n), so we will reuse n for other purposes.

Definition 2.1. For any subset Y C T, define ¥ = (Y U —Y).

Definition 2.2. Let TP. = {(—a,8) € —I x ' | a<3}. These will be
called negative T-pairs. We define Ord(—a,T*a) = k, and P*(—a,T*a) =
P*(T*a, —a) for * € {l,r,a, s}.

Note 2.1. For negative T-pairs, we allow the order to be zero, but not for
positive ones!
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Definition 2.3. Forx € TP, define S, = 1lifxr € TP, and S, = —1ifx € TP_.

Definition 2.4. We define PTP* and HPTP* just as in the positive case,
but with components in T-pairs permuted. Let PTP* = PTP* U PT P} and
HPTP*=HPTP*UHPTP;.

Note 2.2. Note that all passed elements must have positive order, so there is
nothing new in the case of negative passed T-pairs.

Definition 2.5. For z = (8, —«) € TPy, set z; = « and xj, = [ (lower, higher,
respectively.) For z = (—a, ) € TP_, similarly set z; = o and zj, = 3.

Lemma 2.1. An element x € TP is uniquely given by x;, x;, and the sign of x.

Proof. This is obvious. O

For convenience, we will often give elements x € TP in terms of x;, z, and
the sign of x.

Definition 2.6. For convenience, we will say that PO'(z) = PO!(x;) and
PO"(x) = PO"(z;) for T-pairs x.

Definition 2.7. For any pair x = (a, 3) € I' x I, define E, to be E, = e, ® eg.
We will, however, only consider cases where = (e; —e;, e —e;) and i+k = j+1.

Lemma 2.2. Suppose z1,... ,x, € TP. Then, if Ey, --- E;, # 0, then there
is a unique z € I' x I" such that E, = E,, --- E,, . Namely, this is given by
componentwise addition of all ;.

Proof. This follows from nilpotency. It is easy to see that we need only show
that B, --- E,, # e;; ®ej; for any i and j. Equivalently, we have to show that
the componentwise addition of all z; is not (0,0).

First, we generalize Ord and <. Clearly, every a € I can be written as o =
S oy, for some k;. We say that a=3 for a,3 €T if a = 31" oy, and § =
S Thiay, for nonnegative integers ;. In this case, we define (/)rvd(—a,ﬁ) =
(/)Fi(ﬂ, —a) =) . l;. Note that, when z € TP, (/)\r(/i(:z:) = |z|Ord(x).

Now, we set TP, = {(3,—a) € Ix—T' | a=8,a # 8} and TP_ = {(—a, 3) €
—TI'xT |a=p8}. Let TP =TP_ Uﬁ.}r U{(0,0)} and let (?r?i((), 0) = 0. We see
that componentwise addition of two elements of TP, if in T' x ['U {(0,0)}, yields
another element of T\I;, where the orders are summed. In particular, this means
that, when = 4+ y = (0,0), for x,y € 1’?]3, then z = y = (0,0). Since TP C ﬁ,
it follows that any componentwise sum of elements of TP, if in I' x I, yields a
nonzero element of TP. This is all we need. O

Definition 2.8. Define Q : TP" — TP U {0} as follows. When E,, --- E,, =

E.,zeT xT, forx; € TP, Q(x1,... ,x,) = z. Otherwise, Q(x1,... ,z,) = 0.

We now apply these general definitions to the task of setting aside the impor-
tant subsets of TP x T'P. These subsets parameterize nonzero terms that arise
upon expansion of €.
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Definition 2.9. Define CTQ,CTQs, and CTQ, (compatible T-quadruples of
same/opposite sign) by

(2.1) CTQ ={(z,y) e TP xTP | E,E, # 0},
(2.2) CTQ, = CTQN (TP, x TP, UTP- x TP_),
(2.3) CTQ, = CTQN (TP, x TP_ UTP_ x TP,).

Definition 2.10. Define CTQ.,CTQ¢,CTQ? (increasing, constant, and de-
creasing in order) by

(2.4) CTQ; = {(z,y) € CTQ; | Ord(z) < Ord(y)},

(2.5) CTQ: ={(x,y) € CTQs | Ord(z) = Ord(y)},

(2.6) OTQ? = {(2.) € CTQ. | Ord(z) > Ord(y)}.

Lemma 2.3. For any (z,y) € CTQ,, |x| # |y|.

Proof. If |x| = |y|, then it is clear from (x,y) € CTQ, that z = —y, negating in

each component. But then Ord(z) = —Ord(y), which is impossible. O
Definition 2.11. Define CTQ! and CTQ? (increasing and decreasing in size)
by

(2.7) CTQ;, = {(z,y) € CTQ, | || < |y},

(2.8) CTQy = {(z,y) € CTQ, | 2] > Iyl}.

Note 2.3. CTQ, and CT(Q, are partitioned into increasing and decreasing
quadruples by different criteria (size and order, respectively)! It turns out that
these criteria are the useful ones.

Now we define good and bad subsets of the sets we have defined.

Definition 2.12.
(2.9) GCTQs = {(z,y) € CTQs | Ord(z) — Ord(y) does not divide Ord(z)},
(2.10) GCTQ, ={(x,y) € CTQ, | |x| — |y| does not divide |z|},

and BCTQ, = CTQ. \ GCTQ.. Moreover, set GCTQ? = GCTQ., N CTQ?
and similarly for BCTQ.

Note 2.4. The definitions above are symmetric in the two components of T-
quadruples because (a — b) divides a iff (a — b) divides b iff (b — a) divides a iff
(b — a) divides b.

Note 2.5. In the following definitions, particularly in the orientation-reversing

cases, it may not be completely obvious that the maps have the images indicated
(i.e. are well-defined). See Proposition 2.1 for well-definition.

Definition 2.13. We define ¢ : CTQ, — CTQ, U PTP U HPTP_. We first
consider the increasing case. Take (z,y) € CTQ? and suppose z; = e; — €jt|z|>
Th = €k = Chyla|, Y = Chilz|—|y| — Ch+|z|> a0d Y = €j — €;4|y. Suppose that
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lz| = p(ly[ = |z]) + g for 0 < ¢ < |y| — [z|. If ¢ # 0 (i.e. (z,y) is good), then
set ¢(z,y) = (u,v) where u and v have the same sign as y and are given by
UL = Chp|z|—|y|+q — Cks Uh = €jt|a| = €jtly|—g> VI = Cht|z|—|y| — Cht|a|—|y|+q> AN
Uh = €j4|y|—q — €j+|y|- I other words, u and v are the unique same-sign T-pairs
such that |v| = ¢ and Q(u,v) = Q(z,y). In the case that (z,y) is bad, we simply
set ¢(z,y) = Q(z,y).

In the good decreasing case, we take (y,x) € GCTQY, set q and p as above,
and again let ¢(y, ) = (v,u) where v, u are the unique 7T-pairs with the same
sign as y such that |v| = ¢ and Q(v,u) = Q(y,z). In the bad decreasing case,

we again set ¢(y,z) = Q(y, ).

Definition 2.14. We define ¢ : CTQ, \ CTQS — CTQ, as follows. Take
(u,v) € CTQL. If (u,v) is good, i.e. Ord(v) — Ord(u) does not divide Ord(u),
then write Ord(u) = p[Ord(v) — Ord(u)] +¢ for 0 < ¢ < Ord(v) — Ord(u). In the
case (u,v) is bad, i.e. Ord(v)— Ord(u) divides Ord(u), we again write Ord(u) =
p[Ord(v) — Ord(u)] + ¢, this time choosing ¢ = 0 when (u,v) € TP_ x TP_ and
g = Ord(v) —Ord(u) when (u,v) € TPy xTPy. Then, we define ¥(u,v) = (z,y)
where y has the same sign as v and v, while = has the opposite sign, and
x = (Tq+Tq+Ord(v)—Ord(u) 4. .+Tq+(p—1)(0rd(v)—0rd(u)))(ul_|_,Ul)_|_TOrd(u)vl’
xp = (TOrd(v)ford(u) + T2[Ord(v)70rd(u)] 4+ Tp(Ord(v)fOrd(u)))(ul + 'Ul) +
T(p—l—l)(Ord(v)—Ord(u)),Ul’ Y = (1 4 TOrd(v)—Ord(u) 4L+ Tp(Ord(v)—Ord(u)))(ul 4
,Ul) + T(erl)(Ord(v)fOrd(u)),Ul’ and yp = (Tq + Tqu(Ord(v)fOrd(u)) 4+ TOrd(u))
(u; +vy) + Tord(v)vl.

In the case of decreasing quadruples, we begin with (v,u) € CTQ? and set
Y(v,u) = (y,x), with y, z, p, and ¢ all defined as above.

Definition 2.15. We similarly define " : PTP" U HPTP" — CTQ! and
Yt PTPLUHPTP! — CTQ?. Suppose v € PTP"UHPTP". If v is good, i.e.
PO"(v) does not divide Ord(v), we write Ord(v) = p PO"(v) + q for 0 < q <
PO"(v). If v is bad, i.e. PO"(v) divides Ord(v), we set ¢ = 0 when v € T P_
and ¢ = PO"(v) when v € TPy, and again write Ord(v) = p PO"(v) + q. Now,
we define ¢"(v) = (z,y) where y has the same sign as v, z has the opposite
sign, and x; = (T9 + T9+PO" (V) 4 7ate=DPO"(W))y ) = (TPO" ) 4
T2PO"(v) ¢ 4 TpPOT(”))vl,yl =(1+ TPO () 4 4 TpPOT(”))vl, and y;, =
(T9 + TatPO" W) 4 TatpPO )y, For v € PTP' U HPTP', we define
Y (v) = (y,x), with y,z,p, and ¢ all defined as above.

Note 2.6. We had to define two separate maps 9" and 1! because sometimes
HPTP" UPTP" and HPTP' U PTP! intersect, and 9! and 9" do not agree.

Definition 2.16. We say that a pair z = (8, —«) € TPy reverses orientation
it Co,3 = 1, and in this case, we set C, = 1. Otherwise x preserves orientation
and C, = 0. For negative pairs z = (—a,3) € TP_, we say x preserves ori-
entation and C, = 1 if a = 3; otherwise, we set C, = C(3,_,) and say that x
preserves/reverses orientation iff (3, —«) does.
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Definition 2.17. Define s,,s : TP" — Z[q,q" '] as follows: s,(z1,...,2,) =
(—q)~Cer (211D ==Cap (l2al=1) and s = s,

Lemma 2.4. If (u,v) € CTQ% then u preserves orientation. In the event v
reverses orientation, then Ord(u) < %(U). If (z,y) € CTQ?, then y preserves

orientation. In the event x reverses orientation, \ac| < % The same results
hold considering (v,u) € CTQ? and (y,r) € CTQZ, respectively.

Proof. In the first case, if u reversed orientation, then 70 (y;) = vy, thus
Ord(u) = Ord(v) by nilpotency—this is a contradiction. On the other hand,
when v reverses orientation, 70rd(¥)=Ord(u) mygt reverse orientation, and thus
by nilpotency cannot be defined on all of u;+v;. Thus Ord(v)—Ord(u) < Ord(u),
hence the desired result. The second case follows easily from nilpotency. O

Proposition 2.1. The maps qﬁ‘GCTQO: GCTQ, — CTQs \ CTQS and ¢ :
CTQ, \ CTQS — GCTQ, are inverse to each other. The maps ¢‘BCTQ2:
BCTQ! — PTP" U HPTP" and ¢" : PTP" U HPTP" — BCTQ! are in-
verse to each other. Finally, the maps ng}BCTQg: BCTQY — PTP'UHPTP"
and ¢! : PTP' U HPTP. — BCTQ? are inverse to each other. All maps
&, 1, ", and V' preserve Q and Sq-

Proof. The fact that the maps are well-defined, inverse to each other, and pre-
serve () is easy to see from construction when orientations are preserved (it
helps to draw a picture). Also, when orientations are preserved, s, is trivially
preserved.

So it remains to consider orientation-reversing cases. Given (z,y) € CTQ?,
if orientation is reversed in x or y, it can only be reversed in z, and |z| < %l

by Lemma 2.4. In the case |z| # 1wl it follows that d(z,y) = (u,v) € CTQ,

2
where u preserves orientation, v reverses orientation, |v| = |z|, and Ord(y) =

Ord(u) < Ord(v) — Ord(u) = Ord(z) + Ord(y). So s, and @ are preserved,
and ¥ (u,v) = (x,y). If, instead, |z| = %', then ¢(z,y) = v, where |[v| = |z,
v € PI'P"UHPTPT”, and v reverses orientation. Again, s, and @ are preserved
and 7 () = (z.). |

Now consider an element (u,v) € CTQ:\CT Q¢ in which either u or v reverses
orientation. By Lemma 2.4, only v reverses orientation and Ord(u) < O%(U). So,
we get Y(u,v) = (z,y) € CTQ? where Ord(u) = Ord(y), Ord(v) = 20rd(y) +
Ord(z), |z| = |vl, |y| = 2|v| + |u|. In this case, = reverses orientation and y does
not, so Q and s, are preserved, and clearly ¢(z,y) = (u,v). Finally, suppose
v € PTP"UHPT P’ reverses orientation. By definition, this means that 770" ()
reverses orientation on v. By nilpotency, Ord(v) < 2PO"(v), and it follows that
YT (v) = (z,y) € CTQ'. We then have |z| = |v|,Ord(v) = 20rd(y) + Ord(z),
and PO"(v) = Ord(x) 4+ Ord(y). It follows that x reverses orientation, and so
sq and @ are preserved, and ¢(z,y) = v.
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The decreasing and left cases follow in exactly the same way as the increasing
and right cases. O

Corollary 2.1. Suppose (z,y) € CTQ:. If ¢(x,y) = (u,v) and not all of
xT,y,u,v preserve orientation, then x,v reverse orientation, y,u preserve ori-
entation, and |z| = |v|. If ¢(x,y) = v and not all of v,x,y preserve orientation,
then x,v reverse orientation, y preserves orientation, and |x| = |v|. The same
facts hold under the assumptions (y,z) € CTQ? with ¢(y,x) = (v,u) or v.

Proof. This follows directly from the argument above. O

Lemma 2.5. > . corge S(T,Y)EQu,y) = D perp(l — |2])s(2)Co Ey.

Proof. Fix a choice of sign &+ for this proof. Clearly, whenever E,FE, # 0,
Ord(z) = Ord(y), and z,y € TPy, then C, = Cy, = 1. In this case, s(z)s(y) =
—s(Q(z,v)), as Q(z,y) also has reversed orientation and the same order as z
and y. It remains only to see that, for any z € TPy with C, = 1, there are
|z| — 1 ways of writing E, = E,E, for x,y € TPy, and they all are of this form.
The formula follows immediately. O

Direct proof of Proposition 1.3. Set b = Zz eii ® e;; and
P_ = Ziq €j; @ e;j, so that rg = b+ P_. Then, using ¢ and 1),

1
(2.11) a* +arg +rga=a®>+aP_+ P_a+ §(ab—|— ba)

1
= Z 5(2, ) EQ(z,y) — Z 5(2, ) EQ(a,y) — 3 Z Sys(x)Ey

(z,9)€CTQs (x,9)ECTQ, z€eHPTP
1
= Z 3(x>ECB + Z S($7y)EQ(x7y) - 5 Z Sms(l‘)Eav
cceHPTP_UPTP (z,y)eCTQS reHPTP
1
= > (1—|z)s(2)CoaBr — > s(x)Es - 5 > s(2)E,.
zeT P zePTP xeHPTP

Equation (1.8) follows immediately. [

Remark 2.1. The combinatorial formula 1.8 for ¢ also follows from the proof
of Theorem 1.2. Namely, in the proof we actually show that R; has the form
of Rggs but we use the combinatorial formula (1.8) for € instead of the original
one. On the other hand, since the combinatorial formula (1.8) is symmetric, and
because R; satisfies the QYBE and the Hecke relation, Ry must be the unique
element satisfying the hypotheses of Proposition 1.1 by the discussion in Section
1.2. The proof of Proposition 1.3 above is, however, given for pedagogical reasons
and because the results used will be needed later.
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2.2. Passing properties of T-quadruples.

Overview 2.2. By passing properties of a T-pair we mean information about
its left- and right-passing order. In particular, usually we will be concerned with
whether a pair is (half) right- or (half) left-passed.

In this section, we will list all possible passing properties of compatible in-
creasing and decreasing quadruples, in connection with those properties of their
images under ¢ or 1. These results, Lemmas 2.7 and 2.8, are essential in order
to consider quadratic terms which arise in the Hecke condition for Rgags, which
are similar to those in the formula for ¢ but include powers of ¢ which depend
on the passing properties. As a consequence of these results, one can prove the
Hecke condition for Rggs directly (see [S2]).

In order to prove these results, we will first need to develop some more pow-
erful combinatorial tools and notation regarding Belavin-Drinfeld triples. The
combinatorics can best be pictured on the Dynkin diagram for sl(n). We picture
this diagram as the line segment [1, n] with integer vertices. We then picture the
positive root e; —e;, for 1 < i < j < n, as the line segment [, j|. In this context,
I'y and I's can be thought of as subsets of the graph consisting of the union of
all the length-1 segments which make them up, and maps T are nilpotent graph
isomorphisms I'y — I's.

Definition 2.18. Assume ¢ < j and k <. Wesay e; —e; < e, —e ifi <k
(e; —e; is to the left of e, —e;). As subcases of this, we say that e, —e; < e —¢;
for j < k,ei—ej<ep—e if j =k, and e; —e;<ey, — ¢ for 7 > k. Similarly
define > by a > 3 whenever 3 < «, and the same for >, >, and >. If a < 3 or
B < «, then we say that o L [ (meaning there are orthogonal subsets X,Y C T’
so that a € X and B €Y).

Here and in the sequel we will make frequent use of the following key combi-
natorial lemma:

Definition 2.19. Take o € f‘l. Let M, be the smallest positive integer such
that TMe—1q ¢ fg \ f‘l. Let ¢, be the smallest positive integer less than M,
such that T« [ «, if such an integer exists. Otherwise set ¢, = co. If ¢,
is finite and there is a positive integer d < M, which is not a multiple of ¢,
satisfying T% [ «, then let d, be the smallest such d. Otherwise set d, = .

Lemma 2.6. Suppose a € I'1 and co,dy < . (i) For any positive integer
d < M, such that T?a [ «, either d is a multiple of co, or d = do. (ii)
do + o — ged(co,do) > My and T%a 1 T q.

Proof. Take some d such that 7% [ «. We show in the following paragraph
that either ¢, divides d, or ¢, + d — ged(d, co) > M, and T 1 T «. This
proves the lemma—all that remains is to see that, in the latter case, d = d. If,
instead, d # d,, then applying the above result also to d,, we find that both
T and T« are perpendicular to T°*«. By space concerns on the diagram,
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it follows that T%« Y T% «, but then T9 %« [/ «, which would show that c,
divides d — d,, in contradiction to d, + ¢4 — ged(Ca, do) > M.

So, take any d such that 7% [ «, and assume that d is not a multiple of
Co. Define f:{0,... , M, —1} xT'1 — {—1,1} by f(p, ;) = 1 if TP preserves
orientation on «;, and f(p, a;) = —1 otherwise. Define g : {0,... , M,—1}xT"; —
Z as follows. For any 1 < i < n — 1 (n is the length of the Dynkin diagram),
let ¢ be given by TPa; = «4. Then we define g(p, ;) = ¢ — f(a;)i. Define
F = f x g. Clearly, F is defined so that if Y C I'y is a connected segment
of the diagram, then F is constant on {p} x Y, for each fixed p, 0 < p <
M, — 1. Since T*a [ T@=Deary for ac, < My, it follows that F is c,-
periodic in the first component. For the same reason, F' is d-periodic in the first
component. If d + ¢, — ged(d, o) < My, F must be ged(d, ¢o)-periodic in the
first component. This follows since F(d+1, ;) = F(l,;), 0 <1 < ¢q—ged(d, cq)
implies F'(a, o;) = F(b, ;) whenever a = b (mod ged(d, ¢y)), 0 < a,b < M,. By
minimality, ged(d, c,) = ¢o, which is impossible. Hence, d + ¢, — ged(d, cq) >
M,. Furthermore, T% 1 T° because otherwise 79 “a [ «, which would
imply that d — ged(d, ¢,,) > M, by the above results applied to d — ¢,, which is
clearly contradictory. O

Corollary 2.2. Suppose that T'(o;;) = iy, for a <i < b where r <b—a and
I > 0. Then for any a = e.—ecys, B = €4—€qrs, where s >r anda < c < d < b,
then 8 4 «, and o < [ implies that Ord((3, —«a) = @.

By reversing all directions, given T'(oy) = aj_p, a < i < b, with r < b — a,
then for any a =e._s—e., B=eq_s—eq, where s >r anda < d < c <b, then

B 4 a, and a < (3 implies Ord(B3, —a) = Ue=d)

r

Proof. First, it is clear that r divides ¢ — d iff T*'a = 8 for k > 0 an integer.
In this case, the theorem is satisfied; so suppose not. By applying T+ some
number of times to a or £, it suffices to assume 0 < d — ¢ < r. Now, if T! is
defined on a, then a@ < B < T'a together with the Lemma gives the desired
result. So assume 7" is not defined on «, and hence it is not defined on 3 either.
Suppose T3 = « for some positive integer m. Write 8 = e; — e¢;. Now, by
applying 7™ some number of times to each «,,7 < p < j, we can obtain «, for
some a < ¢ < b, showing that T" is defined on 3, which is a contradiction. But
then T™ is defined The direction-reversed case is the same. O

Definition 2.20. For convenience, let EPTP* = HPTP* U PTP* for any or
no superscript .

Definition 2.21. When T* acts on some segment of the Dynkin diagram (i.e.
some subset of I") by sending «; to ayy, we say it acts by shifting to the right
by k when k is positive, and by shifting to the left by k when k is negative. In
particular, on each segment, T acts by shifting iff orientation is preserved.

The next two lemmas summarize all of the possible passing properties of an
opposite-sign quadruple and its image under ¢.
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Lemma 2.7. Take (z,y) € GOTQ! and ¢(x,y) = (u,v). Then exactly one of
the following must hold:
(a) P'(v) = P"(y) + P'(z), P'(y) = 0
(b) P'(v) = P(y), P{a) = P"(y) = 0

Similarly, exactly one of the following must hold:
(¢) PT(v) = P’ (x) + P (u), P(u) = 0
(d) P"(v) = P'(u), P"(u) = P"(z) = 0.

These results, after interchanging superscripts of | with r, also hold when
one considers (y,x) € GCTQL and ¢(y,r) = (v,u), instead of the original
hypothesis.

Proof. Let Ord(v) = (k + 1)Ord(y) + kOrd(z) and Ord(u) = kOrd(y) +
(k — 1) Ord(z) for some k (which exists by construction).

Suppose that v € EPTP'. We will analyze all possible cases by consid-
ering the value of PO!(v). Write PO'(v) = p[Ord(z) + Ord(y)] + ¢ where
g < Ord(z) + Ord(y). First, I claim that p > k — 1. Suppose instead that
p < k— 1. In this case, £ > 2, which immediately implies from the proof of
Proposition 2.1 that TOrd(x)+0rd(y) preserves orientation on u; + v;. So v pre-
serves orientation, and by definition T'F O'(v) preserves orientation on v. Now, if
we set w = T~ "Wz, we find that T9%w<w because p < k. Now, k > 2 shows
that 70rd®)+0rdW), =y, Finally, 7OMd@)+01d) ;ST because p < k — 1.
These facts, however, contradict Lemma 2.6.

So, it must be that p > k — 1. We divide into the two cases, (1) p =k — 1
and (2) p = k.

First consider the case k = p—1. Set t = k[Ord(z) + Ord(y)] — PO'(v). Then
we have three cases: (i) t < Ord(y), (ii) ¢t = Ord(y), and (iii) ¢ > Ord(y). First
consider (i). Now, T%(y;) > y;, so y € PTP". Conversely, whenever y € PTP",
clearly v € PTP! with PO'(v) = k[Ord(x) + Ord(y)] — PO"(y) (we use that y
always preserves orientation). In this case, t < Ord(y) and p = k— 1, as desired.
This situation, characterized by v € PT P!,y € PTP", falls into (a) and we will
call it (al).

Next, take (ii). In this case, PO'(v) = kOrd(x) + (k — 1)Ord(y), so = €
HPTP'" and y € HPTP". Conversely, it is clear that y € HPTP" iff z €
HPTP! from the construction of ¢, and in this case, v € PT P! with PO!(v) =
kOrd(z) + (k — 1)Ord(y). Thus, t = Ord(y) and p = k — 1, as desired. This is
a different case of (a), so let us call it (a2).

Finally, consider (iii). In this case, 0 < Ord(z) + Ord(y) — ¢t < Ord(zx). Set
t' = Ord(z) + Ord(y) — t = PO'(v) — (k — 1)[Ord(x) + Ord(y)]. Then it follows
that T (x;) < x;, so that © € PTP! with PO'(z) = t'. Conversely, if 2 € PT P!,
then v € PTP' with PO!'(v) = (k — 1)[Ord(z) + Ord(y)] + PO!(x), as desired
(this can be checked separately when x reverses orientation—here & = 1 so there
is no difficulty.) Hence, ¢t > Ord(y) and p = k — 1. This is the final case of (a),
so let us call it (a3).

Next, consider the case k = p. Set t = PO'(v) — k[Ord(z) + Ord(y)]. Because
k = p, it follows that 0 < ¢ < Ord(y), hence y € EPTP' with PO!(y) = t.
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Since PO'(y) = Ord(y) iff PO'(v) = Ord(v) = (k + 1)Ord(y) + k Ord(x), we
have P!(v) = P!(y). Conversely, whenever y € EPTP', then v € EPTP' with
PO'(v) = POY(y) + k[Ord(z) + Ord(y)]. Hence, p = k and P!(v) = P'(y). This
accounts for case (b).

We have proved the first part of the Lemma, because we have considered
all possible nonzero values of P'(v), P'(z), P'(y), and P"(y), and grouped them
into the cases (al), (a2), (a3), and (b). We have shown that each of these
is associated with different values of PO!(v), which justifies the zero values of
P'(v), P(z), P(y), and P"(y) in each case.

Next, we apply the same analysis used in the first part to show that ex-
actly one of (c),(d) holds. Let t = |PO"(v) — Ord(z) — Ord(y)| and w =
v + uy 4 TOrA@)+0rdW)y, - We suppose that v € EPTP" and divide into the
cases PO"(v) > Ord(z) 4+ Ord(y) and PO"(v) < Ord(z) + Ord(y).

First consider PO"(v) > Ord(z) + Ord(y). Then it is clear that ¢ < Ord(u),
with equality iff v € HPTP". Now, T" is defined on w, and T'w } w, so T*
preserves orientation on w. This shows that T%u; < u;, so that v € EPT P! with
PO'(u) = t. That is, P!(u) = P"(v). Conversely, whenever u € EPTP!, we
know from the fact that u preserves orientation that T'F O'(w) preserves orienta-
tion on wu;, and hence that P"(v) = P!(u) with PO"(v) = PO'(u) + Ord(z) +
Ord(y). It is then clear that PO"(v) > Ord(z) + Ord(y). This accounts for case
(d).

Now, suppose that v € EPTP" with PO"(v) < Ord(x) 4+ Ord(y). We divide
into the cases kK > 2 and k = 1.

First suppose k& > 2. In particular, this implies that 779 (") is defined
on w, and by nilpotency, it must preserve orientation. Also, 7°Crd(z)+Ord(y)
must preserve orientation on w. So, we see that T%u; > wu;, thus v, € PTP"
with PO"(w;) = t. Conversely, if & > 2 and u € EPTP", we see from
wITPO" (W), ZOrd(@)+0rd(¥), and Lemma 2.6 that PO (u) < Ord(z)+ Ord(y).
It follows that w,v € PTP" with PO"(v) = t, and PO"(v) < Ord(z) + Ord(y),
as desired. This accounts for one situation of (c¢); call this (c1).

Next, suppose & = 1 and PO"(v) < Ord(z) + Ord(y). We further divide
into the three cases (i) PO"(v) < Ord(z), (ii) PO"(v) = Ord(x), and (iii)
PO"(v) > Ord(z).

In case (i), we use that y preserves orientation to see that 779 (") (z;) »
xy, so that z € PTP" with PO"(x) = PO"(v). Conversely, whenever = €
PTP", it follows that & = 1 using Lemma 2.6: otherwise we would have
T=OrdW) gy ), KTPO" (@) =0rdW) g with T-OrdW)yy < TPO"(@)=O0rdW) g, while
—Ord(y) < PO"(xz) — Ord(y) < Ord(z). Hence, v € PTP" with PO"(v) =
PO™(z) < Ord(z). Call this situation (c3).

In case (ii), we have that x,u € HPTP". Conversely, whenever x € HPTP",
we must have & = 1 by Lemma 2.6, and then u € HPTP" and PO"(v) =
PO"(x), as desired. If w € HPTP", then it also follows from Lemma 2.6 con-
sidering w that k = 1, and then x € HPTP". Call this situation (c2).
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Finally, we consider case (iii). Now, PO"(v) > Ord(z) shows that Ord(x) 4+
Ord(y) — PO"(v) < Ord(y). By nilpotency, T must preserve orientation on y;,
and it follows that u € PTP" with PO"(u) = t. Conversely, if u € PTP" with
k= 1, then it follows that PO"(u) < Ord(u) = Ord(y), so
TOrd(@)+0rd(y)=PO™(W)y, » 4. Hence, v € PTP" with PO"(v) = Ord(z) +
Ord(y) — PO"(u), and Ord(z) < PO"(v) < Ord(z) + Ord(y). This has the
same passing properties as (cl), so call this situation (c1’).

We have finished the second half of the Lemma, since we have accounted for
all possible values of P"(u), P'(u), P"(v), and P"(x) in cases (d), (c1), (cl’),
(c2), and (c3). Each of these are associated with distinct values of P"(v) with
rexspect to the Ord(z), Ord(y), Ord(u), and Ord(v), once k is fixed.

To obtain the result for decreasing quadruples, simply reverse all directions
and permute the components of all T-quadruples (not pairs!) in this proof. [

Lemma 2.8. Take (x,y) € BCTQ! and ¢(z,y) = v. Then v € EPTP",
P"(v) + P"(x) =1, and exactly one of the following hold:
(@) P(v) = P(y) + Pl(x), P'(y) = 0.
(b) P(v) = P(y), PL(x) = P"(y) = 0.

Under the hypotheses (y, ) € BCTQ and ¢(y,z) = v, these results still hold
upon interchanging superscripts of | and r.

Proof. Clearly v € HPTP" iff « € HPTP". Suppose v € PTP". Hence
Ord(z) € {PO"(v),0}. Suppose for a contradiction that x € PTP". Then,
PO’ (z) < PO"(v). However, 2<TF0" (V)27 PO @) g 5 <« TPO"(®) 1 and Lemma
2.6 imply that PO"(z) = W > PO"(v), a contradiction. So, the identity
P"(v) 4+ P"(x) = 1 easily follows (since v € EPTP").

The rest of the proof is almost exactly the same as the proof of the first part of
Lemma 2.7, getting rid of u. Again, the results follow with simple modifications
in the decreasing case. |

2.3. Repeated application of ¢ on larger collections of T-pairs.

Overview 2.3. In this section, we consider the longer monomial terms that
arise in the expansion of the formula for R;. As in the previous cases, most
terms cancel; we therefore explicitly give the groupings which cancel (Corollary
2.4) or almost cancel, and show that what remains is simply Rggs, proving
Theorem 1.2. In order to do this, we need to define the notion of a T-chain, which
generalizes T-quadruples to the objects needed to handle the longer monomials,
and prove some more combinatorial results regarding these.

Definition 2.22. A n,m TP-chain is a chain x = (z1,...,2,) € TP X
TP" ™, sothat E,, --- E,, # 0. Let TPC), ,, denote the set of n, m TP-chains.
Let TPC denote the set of all T'P-chains, i.e. TPC = U;;TPC; ;.

Definition 2.23. A chain (z4,...,2z,) € TPC,,, is said to be outer if
Ord(z1) > ... > Ord(z,,) and Ord(zs41) < ... < Ord(z,). Let TPCy ,,
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denote the set of such n,m-chains, and let T PC° denote the set of all outer
chains for any n,m.

Note 2.7. Lemmas 2.9-2.13 below have obvious analogues obtained by changing
the sign of all T-pairs, reversing the order of T-chains, and replacing T'PC, ,
with TPC), y,—p, in all forms. These results are not stated but will be referred
to in the same manner as the actual results stated.

Lemma 2.9. (i) Suppose (x1,z2,23) € TPCs3. Suppose (x2,x3) = (y2,y3)
and P(x1,y2) = (21,22) where (w2,23), (v1,y2) € CTQY. Then Ord(x,) <
Ord(xz2) iff Ord(z2) < Ord(ys), Ord(x1) = Ord(z2) iff Ord(ze) = Ord(ys), and
Ord(z1) > Ord(z2) iff Ord(z2) > Ord(ys).

(ii) Suppose (x1,72) € TPCayo. Suppose V' (xs) = (y2,ys3) and Y(z1,y2) =
(21,22) where x5 € PTP' and (z1,y2) € CTQY. Then Ord(xy)?O0rd(zs) iff
Ord(z2)?Ord(ys) for ? any order relation =, <, or >.

Proof. The proof is the same for both (i) and (ii), does not mention x3, and is
given in the following paragraphs. First, we note that Ord(z;) = Ord(xs) iff z;
and xo reverse orientation, which is true iff zo and y3 reverse orientation, which
is true iff Ord(z2) = Ord(ys).

Now, we show that Ord(z;) < Ord(zz) implies Ord(z3) < Ord(ys). To reach
a contradiction, suppose that Ord(z1) < Ord(z2) and Ord(z3) > Ord(ys). By
nilpotency, x1 and y3 preserve orientation. Thus zy and x5 also preserve orien-
tation. Write Ord(y2) = pOrd(z1) + (p — 1)Ord(z2).

First suppose p > 2. Then |23| > $|21|, so that TOrd(21)+0rd(22) i defined on
(y3)n and therefore on (ys);. However, this implies that 7O (vs)+0rd(z1)((3,), +
(y3)1)> (22)1+ (y3 )i STOTAEITOTAER) ((29), + (y3)1), while TOTW)+OMAE) (), +
(y3);) > TOrd(21)+0rd(22) ((2,); 4 (y3);). This contradicts Lemma 2.6.

So p = 1. Then Ord(zy) = 20rd(z;) + Ord(z2) and Ord(ys) = Ord(zy).
Since Ord(z;) < Ord(zs2), it must be that Ord(x2) > 20rd(z1) + Ord(ys) =
20rd(y2) + Ord(ys), which implies that |y3| > L[ya|. So TOrdW2)+0rdws)[ (), +
(y3)1]<(22)1+(y3):;. Now, write Ord(z1)+Ord(z2) = ¢[Ord(y2)+Ord(ys)]+m, for
0 < m < Ord(yz) + Ord(ys). Since Ord(yz) + Ord(ys) < Ord(z1) + Ord(z2) <
Ord(zs) — Ord(y2), it follows that T ((ys)i + (22)1) < (y3); + (22)1 (¢ = 1)
or T™((ys)i + (22)1)<(y3)i + (22)1 (¢ > 1). By Lemma 2.6, it follows that
Clys)i+(22), divides both m and Ord(yz) + Ord(ysz). But then c(y,), 4 (z,), divides
Ord(z1)—Ord(z1) and Ord(z2)—Ord(z1), which shows that Ord(z1) > Ord(z2),
contrary to assumption.

Next, suppose Ord(z;) > Ord(z2). We show Ord(zz) > Ord(ys). Find p
and ¢ such that Ord(z2) = (p + 1)Ord(y2) + pOrd(ys) and Ord(z1) = (¢ +
1)Ord(z1) + ¢Ord(z2). In this case, Ord(yz) = ¢Ord(z1) + (¢ — 1)Ord(z2).
Hence, Ord(z2) = (p + 1)¢Ord(z1) + (p + 1)(¢ — 1)Ord(z2) + pOrd(ys). By
assumption, (1—pq)Ord(z1)+ (p—pg+1)Ord(z2) —pOrd(ys) > 0. Since pg > 1,
this in particular implies that Ord(z2) > Ord(ys), as desired. O
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Lemma 2.10. (i) Suppose (z1,x2,x3) € TPCs 1 with |x1| > |x2| + |z3| and
Ord(z2) < Ord(zs). Let ¢(x2,23) = (y2,y3) and suppose Ord(yz) < Ord(z1).
Let ¢(x1,y2) = (21,22). Then Ord(z2) < Ord(ys).

(i) Similarly, suppose (z1,x2) € TPCy1 with |x1| > |x2| and x9 € EPTPT.
Then set Y™ (x2) = (y2,y3) and suppose Ord(y2) < Ord(z1). Setting ¥ (z1,y2) =
(21, 22), it follows that Ord(z2) < Ord(ys).

Proof. Again, parts (i) and (ii) have nearly the same proof, which follows. Sup-
pose, on the contrary, that Ord(ze) > Ord(ys). Clearly Ord(z3) # Ord(ys),
else y3 would have reversed orientation, which is not possible by Lemma 2.4.
So Ord(zy) > Ord(ys). Now, TO"(=1) is defined on (y3); since, in case (i),
TOrd=1) ig defined on (x3), and (x3)p,, which follows from |zy| > |za| + |23,
and in case (i), 7°"*1) is defined on (z3),. In particular, T0*(2) is de-
fined on (y3);. But now, TG ((y3); + (22)) T W) ((y3); + (22);) but
TOG2) ((ys); + (22)1) < TO™Ws) ((y3); + (22)1), contradicting Lemma 2.6. [

Lemma 2.11. Suppose x = (x1,%2,73,74) € TPCY, with |va| < |v3| + |74]

and |z3| < |za| + [x1]. Let (21, 22) = (y1,92) and Y(x3,24) = (ys,ya). Then
|za| > |zs| iff (y1,y2,x3,24) € TPC® and |x3| > |z2| iff (x1,22,ys3,y1) € TPC®.

Proof. First we note that, if |zo| > |x3], then (y1, y2, x3,24) € TPC?, for the fol-
lowing reason. Suppose |za| > |z3| and write ¢(z2,x3) = (22,23) or ¢(x2,x3) =
z3, depending on whether (z2,x3) is bad or good. Then |z3| + |z3] < |z4], so
Lemma 2.10 applies and shows that Ord(ys) < Ord(z3), as desired. By symme-
try, |xs| > |x2| implies that (z1,x2,y3,y4) € TPC®.

So, it suffices to show that |xa| > |x3| if (z1, 22, y3,ys) € TPC? and |z3| > |22
if (y1,y2, 3, 4) € TPC®. By the symmetry of the situation, we need only prove
the first.

Assume, for sake of contradiction, that |zs| > |za| and (x1,%2,ys3,y4) €
TPC°. First suppose that |21| -+ |x2| > 23|+ |z4|. Then we note that 70 d(@2)
is defined on (y4); because it is defined on (x3); and (z4);. Next we note that
T 0rd@2) (4, ), ST=OrdWs) (), because |ys| > |ys| + |22|. Also, T~Or®2)(y), ¥
(ya)n, and T~O"W3) (y,),Z(y4). This contradicts Lemma 2.6.

On the other hand, it is impossible that |x3| + |z4] > |x1| + |z2|. If this were
true, then it would follow that T0rd(z2)+0rd(@s) ghifted T—Ord=2) (1)}, + (z2)1)
to the right by |zs| — |z2| < |z1|, while 23 < T797®2)((2;);). This would
contradict Corollary 2.2. U

Lemma 2.12. Suppose (x1,x2) € TPCy 1 and |x1| > |x2|. Suppose further that
r1 € PTP! and ¥!'(21) = (y1,y2). Then Ord(ys) < Ord(xs).

Proof. Clearly Ord(yz) = Ord(z2) would imply that ys, x2, and z; reverse ori-
entation, which is not possible since |z1| > |z2|. Suppose instead that Ord(y2) >
Ord(z). We have that 7971 and hence T°2) is defined on (z3)p,
and hence (z2);. Since Ord(ys) > Ord(xz), we find that T—OdW)[(zy), +
(y2))] T O =2 [(29); + (y2)i] > TO™W2)[(25); + (y2)1], contradicting Lemma 2.6.
So Ord(yz) < Ord(xz). O
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Lemma 2.13. Suppose x = (1,72, 73) € TPCS 5 with [vo| < |z3] < [21] + |22].
Then xo ¢ PTP' and x3 ¢ EPTP".

Proof. First, note that T-°"4(#2) is defined on (z3); since it is defined on ()}, +
(71)n, and the former is a subset of the latter on the diagram. If 2o € EPTP!,
then set ¢ = POY(z3). If x3 € EPTP" and x3 ¢ EPTP!, set ¢ = Ord(z2) +
Ord(z3) — PO"(x3). In either case, T9 is defined on T~°"4(=2)((23);). Indeed,
TOrd(@2)+0rd(z3) ig defined on T~ °42)((23);), and ¢ < Ord(zy) + Ord(z3).
Note that, by Lemma 2.4, x3 and x5 must preserve orientation. Hence, T4
and TOrd(@2)+0rd(@s) myust preserve orientation on T~ 04(®2)((z3);). Set w =
T-Ord(@2) ((3);). We have wST9w < TOrd(@2)+0rd(@3), — (z3),,, contradicting
Lemma 2.6. O

Now, we are ready to define maps ®, Wy, U U ¥ and ® which param-
eterize terms which cancel in the expansion of J™'RJ?! (given in Corollary
2.4).

Notation 2.2. For any map f taking two arguments, let f%/ be the map f
applied to the ¢ and j-th components of some larger k-tuple. Similarly, for any
map ¢ taking only one argument, define ¢( to be the map ¢ applied to the i-th
component of a larger k-tuple.

Definition 2.24. Define & : TPC’g)m — TPC for 1 < m < n as follows. For
= (21,...,2,) € TPC?,  let ®(z) = ¢ ().

n,m>

Definition 2.25. Define ¥V, : TPC;, ,, — TPCy ;1 for m > 2 by ¥, (z) =

Y=t (x). For m < n — 2, define W_ : TPCY . — TPCppmy1 by V_(z) =
wm+1,m+2($)‘

Note 2.8. Note that, unlike in the case of the map ¢ (i.e. the case of 2,m
chains), we can have chains on which both maps ¥, and ¥_ are defined. We
see, however, that in many cases (namely, the hypotheses of Lemma 2.11), only
one map will yield an outer chain.

Definition 2.26. When z = (21,... ,2,) € TPC, ,, and z,, € PTP!', z is said
to be left-passed and we write x € LPC. If x = (z1,... ,2,) € TPC, ,, and
Tma1 € PTP" or HPTP", then z is said to be right-passed or half-passed, and
x € RPC or HPC, respectively.

Note 2.9. Note that, given z = (z1,... ,z,) € TPC, ,, withn > m+1 > 2,
T, € HPTP'iff 2,,,1 € HPTP", so in these cases the half-passed chains not
only have a half right-passed pair but also a half left-passed pair.

Definition 2.27. Define ¢! : TPCZ, N LPC — TPCpyi, by Ul(z) =
()™ (z) Similarly, define ¥" : TPCS,, N (RPC U HPC) — TPCpi1mi
by W"(x) = (7)) ().

As in the case of ¢, 1, ¥*, we have the following;:
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Lemma 2.14. Let x,y € TPC°. Then x = ®(y) iff y = Y1 (x) for some sign
+ ory = U*(x) for some superscript x € {l,r}.

Proof. This follows easily from Proposition 2.1. O

Definition 2.28. A chain z = (21,... ,2,) € TPC,_,, is said to be negatively
special if n > m+1 > 3 and |zp41| > |Tm| + [€m—1]. The set of such chains is
denoted SPC_. Similarly, x = (z1,... ,%,) is positively special (or in SPC)
ifn>m+2>3and |z, > |[Tmt1| + [Tmt2|- Set SPC = SPCy USPC_; the
general term will be simply special.

Definition 2.29. A chain z = (z1,... ,2,) € TPC, ,, is said to be negatively
reversed if 3 < m+2 < n and x,, and x,,12 both reverse orientation. The set of
such chains is RC_. A chain x = (z1,... ,z,) € TPC,, , is positively reversed
(orin RCy) if 3<m+1<mn and z,,—1 and z,,1 both reverse orientation. As
before, RC' = RCy U RC_ is the set of reversed chains.

Lemma 2.15. If x € TPCy ,, N RC, then (n,m) = (3,1) or (3,2). If x €
TPC° N RC, then ®(x),Vy(z),¥*(x) ¢ TPC® for any +,*. In fact, if © €
TPC°NRCy, then Y_ is not defined on z, and V4 (z) = (y1,y2,y3) € TPC3,
satisfies Ord(yz) = Ord(ys). Additionally, ®(z) = (21,22,23) € TPCs3 or
O(z) = (21, 22) € TPCq 9 where Ord(z1) = Ord(z2).

Similarly, if x € TPC° N RC_, then V. is not defined on z, and V_(x) =
(y1,y2,y3) € TPCso satisfies Ord(y;) = Ord(yz). Additionally, ®(z) =
(21,22,23) € TPC3 or ®(z) = (22,23) € TPCyy where Ord(ze) = Ord(zs3).

Proof. This easily follows from Lemmas 2.4 and 2.1. O
Corollary 2.3. No outer chain is both reversed and special.
Proof. Clear. O

Definition 2.30. We define maps V', ®' : TPC° N RC — TPC? as follows.
If x € RC_NTPC? where ¥_(z) = (y1,¥2,¥3), set ¥'(z) = (Q(y1,y2),y3) €
TPCQJ_. If @(x) = (2’1,22,23), set @’(m) = (Zl,Q(Zg,Zg)) S TPCZ(), and if
O(z) = (22, 23), set ' (x) = (Q(22,23)) € TPCh . Similarly, if v € RCLNTPC®
where Uy (x) = (y1,Y2,93), set V'(x) = (y1,Q(y2,y3)) € TPCy. If ®(x) =
(21, 22, 23), set ®'(z) = (Q(z1, 22), 23) € TPCy 9, and if ®(x) = (21, 22), then set
q)/(.’E) = (Q(Zl,Zg)) € TPCl’l.

Lemma 2.16. (i) Take z = (21,...,z,) € TPC;, ,, N SPCy for some fived
sign £. Then Vi (x) € TPC® or ®(z) € TPC?, but not both. In the former
case, Uy (x) € SPCy as well.

(i0) If & = (@1, ,n) € TPCZ,,\ SPC, for (n,m) & {(1,0), (1,1), 2, 1)},
then either (a) ¥y (x) € TPC?, (b) V_(x) € TPC®, or (c) neither. In case (¢),
x € RC. In case (a), Vi (x) € SPC, and in case (b), V_(x) € SPC.

(iii) If z € TPCy, ,,, N [LPCUHPCURPC], then x € SPC. Additionally,
Ul(x) € TPC° N SPC, if x € SPC, N LPC and V" (x) € TPC° N SPC_ if
z € SPC_N[RPCUHPC|.
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Proof. (i) This follows immediately from Lemma 2.9 in the cases that m > 2,z €
SPCy and m <n — 2,z € SPC_. (Note that it is impossible to have x € RC
by Corollary 2.3.) In the case that m = 1 and € SPC, or in the case that
m=n—1and z € SPC_, it is clear that ®(z) € TPC°.

(ii) It follows that only one of the ¥ (z), ¥_(z) can be in TPC® from Lemma
2.11. If z € RC NTPC®, then no ¥ (z) is outer by Lemma 2.15. By Lemma
2.11, if n > 4, there is nothing to prove. If n = 3 and x ¢ RC, then Lemma 2.10
gives the desired result. For n = 2 the result is easy.

(iii) The two statements follow from Lemmas 2.13, 2.12, respectively. O

Definition 2.31. We define the following subsets of T PC?:
(a) Cq ={z € SPCNTPC’| ®(x) ¢ TPC°}

(a’) Cb = {l‘ S SPCUTPCQJ ‘ x,@(x) € TPCO}

(b) CF ={z € TPC°\ [SPCURC] | Yo (x) € TPC°}

Furthermore, let C¥ = C, N SPC, Cgc =C,NSPCy,and C. =CHUC;.

Lemma 2.17. The subsets C,,Cy,C., RC N TPC?, TPCy 1, and TPC, o are
disjoint and their union is all of TPC°.

Proof. That C,,Cyp, and C, are disjoint from RC follows from Corollary 2.3,
Lemma 2.15, and the definition, respectively. The other facts regarding disjoint-
edness are obvious. To check that the union is all of TPC°, we apply Lemma
21611, Wthh ShOWS that Cc = TPCO \ [SPCURCUTPCLl UTPCL()UTPCQJ].
It is clear, though, that T"PCs; C Cjy. This proves the desired result. O

Limma 2.18. (i) For each choice of sign, Yy maps C¥ U CE injectively to
Cy.

(#) Y™ maps [Cy UC, |N[RPC U HPC] injectively to C,” \ [RPC' U HPC] and
U maps [CF UGN LPC injectively to Cf \ LPC.

(ii) C.N[LPC URPCUHPC|=0.

(iv) OT[(CFUCH)N(RPCUHPC)] and $'[(C,; UC, )N LPC) are both disjoint
from Cy.

(v) Ui (Cy) is disjoint from TPC® for each choice of sign.

Proof. (i) This follows immediately from Lemmas 2.16.i and 2.14.
(ii) This follows immediately from Lemmas 2.16.ii, 2.14, and 2.8.
(iii) This follows immediately from Lemma 2.13.
(iv) This follows immediately from the definition of SPC.
(v) This follows from Lemma 2.16.1, since we know C} is disjoint from RC. [

Corollary 2.4. TPC? is partitioned by all sets of the form:
(a) Forx € CFUCH,

(2.12) A, =
{2, 0 (@)} U{y |y =9'(2) ory =V oW, (2)} U {z, € RCy | ¥'(zp) = 2},
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a’) Those of the form (2.12), replacing + with — and [ with r. (Call these also
A, distinguished from the above by the “sign” of x.)

(b) For a fixred x € TPC 1,

(

2.13) A, =
{2} U{y |y =¥ (x) ory = W' o W (z)} U{z, € RC, | ¥'(z,) = x}

(b7) Those of form (2.13), replacing + with —, | with v, and TPCy;1 with
TPC,. Call these Ay as well.
Here it is meant that, if ¥* is not defined on x, then y # V*(x) for any y.

Proof. For every z € C;f UC, we see from the Lemma, part (i), that U, (z) €
C, C TPC®. Furthermore, ¥!(z) € C, and ¥! o ¥, (x) € C, where these
are defined (Lemma, part ii). Now take any y € C;f. First note that either
U, (®(y)) = y or VY(®(y)) = y because y € SPC,. Note that ®(y) ¢ RC
because ¥ (RC,) and U!'(RC, N LPC) are disjoint from TPC° (Lemma 2.15).
Now, if ®(y) ¢ Cs, then using Lemma 2.17, y € Ag,) (of type a or b, depending
on whether W, (®(y)) = y or ¥ (®(y)) = y, respectively). If ®(y) € Cp, then
clearly y € C;". In this case, ®?(y) ¢ Cj, by the Lemma, parts (i), (iv), and (v),
using Lemma 2.14. Furthermore, in this case U!(®2(y)) = ®(y), again from the
Lemma, parts (iv) and (v). Then, y € Ag2(,). Thus, we see that all elements
y € G, fit into at least one of the sets (a) or (b). To see that all elements
in C; fit into at most one, note that the way in which y appears is uniquely
determined by which of the following holds: (A) ®(y) ¢ Cy, y = VU4 o O(y);
(B) ®(y) ¢ Ch, y = ¥ o d(y); (C) ®(y) € Cp, B(y) = ¥' 0 ®*(y). Now, it
remains to consider those elements of RC. For any z € RC, we know that
'(2) € TPCS, UTPCS , UTPCY  UTPCY 3 by Lemma 2.15. The former two
are subsets of C, so we know that z € Ag/(;) for any z € RC, and clearly ®'(z)
is unique. The negative case is almost identical to this one. O

Definition 2.32. For z € TPCy, ,,, set E(z) = 1 if ,, € HPTP, or &y,41 €

HPTP, and 0 otherwise. Now, given z = (1,... ,z,) € TPCy, ,,, set P(x) =
(=1)"(q =g~ )"q" D [y (—g) % Cslln g ),

Lemma 2.19. J 'R, J?! = erTPCO P(.T)EQ(:C)—FZ@@- eii®ejj+zi qe;iQe;;.

Proof. The terms in the expansion of J 'R J?! are

(2.14) ¢" ] EriSui(g— g 1) (—g) S Crillzal =P (),

i=1
for each z = (z1,... ,2,) € TPC?, as well as the terms e;; ® e;; for i # j and
gei; Q ey; for each 1. O

Lemma 2.20. (i) Ifz € C,UC,, then ZyeAm P(y)Eqgy) = 0. (i) If x = (x1)
G TPCLl U TPCl,O} then ZyEAm P(y)EQ(y) — — ajlqsarl[PS(‘TI)‘FCzl(‘xll*l)Ezl'
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Proof. (i) Let x € C;} U CF. The negative case is similar (see comments at the
end of the proof of this part). Let x = (21,... ,2,) € TPC, ,, and let

(2.15) F =
m—2 n
(_1)Cwm_1(|rm—1|—1) H _(_q)Cwi(\wil—l)qP“(wi) H (_q)czj(1—|xj\)qpa($j)
=1 j=m+1
be the part of the formula for P(x) which will not change upon applying ¥,
!, and ¥’ (where applicable).
Let B = P(¥!(x)) if z € LPC and B = 0 otherwise. Set (Ym_1,Ym) =
V(Tm—1,Zm). First we show that

(2.16) P(x) + B = ¢Com-1(m—t|=DFP" @m—1)=P'(ym)
First, by Lemma 2.7,

(2.17) P'(2m-1) = P (zn) + P (2m) + P (ym).
Hence,

(2.18) P (2y_1) + PY(xm) = P (xp_1) — P (ym) — 2P (2).

If ¢ LPC, then B = 0 and P'(,,) € {0,5}. In this case, (2.16) follows
from the definition of E(t). If x+ € LPC, then P!(z,,) = 1, and (2.17) implies
P"(z;,) = 0. Then Lemma 2.8 shows that B = (¢ — 1)P(z) so that the left-
hand side of (2.16) is ¢2+F" @m-D)+P @)+ 0y (lTm—al=1) p By (2.18), this is
the same as the right-hand side.

Next, we show that

(2.19) Z P(y) = ¢& @n-0=F m) [qCopr O=lzmil) _ (Copy (l2m—stl=1
&' (y)=x

Naturally, we may assume that z,,_; reverses orientation. Since, in this case,
Ym also reverses orientation, it must be that m = n = 2. Suppose now that
1 = (e; —ej,e; — €ipi—j;) and xo = (e; — ek, € 41— — €iri—k). Now, for every
psuch that 1 < p < j—i—1, set up, = (& — €irp, €1 — €1—p), Vp = (€itp —
€lktj—i—ps El—p — €2itp+i—j—k), ANd Wp = (€ktj—i—p — €k, €2itpti—j—k — Eiti—k)-
Then t, = (up, vy, w,) are exactly those reversed chains such that ®'(t,) = «.
Now, we consider the possible passing properties of the T-pairs involved. Note
first that, since Ord(u,) = Ord(z;), P"(x1) = P"(u,) for all p. For the same
reason, Pl(w,) = P'(y2) for all p. Next, note that P'(u,) = 0 for all p—
otherwise, applying 77 O'(wp) to x1 would contradict nilpotency. For the same
reason, P"(w,) = 0 for all p. Next, note that P!(v,) = P"(v,) = 0 for all p.
This follows from the fact that P!(u,) = 0 for all p, making use of Lemma 2.7.
Now, (2.19) follows readily.

Let D = P(V! o ¥, (z)) when ¥, (z) € LPC and D = 0 otherwise. Finally,
we show that

(220)  P(Uy(2) + D = —Crm1 - lom D P o) =P o)
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The proof is similar to the proof two paragraphs back. If VU, (x) ¢ LPC,
then D = 0. By Lemma 2.7, P"(2;n_1) = P"(Ym) + P"(Ym—1) + P (ym_1).
Thus P*(ym-1) + P*(Ym) + 2P (ym—-1) = P"(xm—1) — P'(ym), proving (2.20)
in this case (note that P'(y,,—1) € {0,1} and recall the definition of E(t).) If
VU, (x) € LPC, then P!(y,,_1) = 1 and by Lemma 2.7 (or the equation above),
P"(Ym—1) = 0 and P*(Ym_1) + P*(ym) + 2 = P" (1) — P (ym). If we set
V' (Ym—-1) = (Zm—1,%m), then it follows from Lemma 2.8 that neither z,,_; nor
Zm is passed, so P%(z,,_1) = P%(zy,) = 0. Hence, D = (¢* —1)P(¥, (x)), so the
left-hand side of (2.20) is ¢?P(¥, (x)) = —¢7" Wm-1)FP"(Um)+2+Cyp, (1=lym|)
which is equal to the right-hand side by Corollary 2.1 and the above analysis.
Now, putting (2.16), (2.19), and (2.20) together, we get

(2.21) P(z)+ P(¥y(x))+B+D+ >  P(y)=0,
@' (y)=x

as desired.

The negative case is almost the same as the above, except that the “error
term” E(t) over-corrects, but this is counteracted by the fact that now ¥ is
defined on HPC' as well as RPC. (The details are omitted.)

(ii) This is almost the same as the proof above. First we note that the
result is clear when © ¢ LPC U RPC U HPC, as A, = {z} and P(z) gives
the desired formula (bearing in mind the definition of E). Suppose x = (x1) €
TPCy1 NLPC. Let B = P(¥!(z)) and let D = P(V! o U!(z)) if z € LPC
and ¥! € LPC, and D = 0 otherwise. Let F = —(—1)C=(1=l21D) (g — ¢=1). Set
(y1,y2) = ' (x1). First we show that

(2.22) B+ D= [qcm1(1*|$l|)+P7‘($l)+1 _ qu1(17|x1|)+Pr(m1)—1]F.

Lemma 2.8 shows that P!(y2) = 0 and
(2.23) P"(21) = P"(y2) + P*(y1) + 2P (31).

First suppose D = 0. In this case, (2.23) implies (2.22) easily. If D # 0,
then P"(x1) = PY(z1) = P'(y1) = 1, and P"(y1) = P"(y2) = 0. Then, D =
(¢ — ¢ 1)2qC= O=l=1D P Furthermore, B = (1 — ¢=2)¢%=1 (*=I#1D P, From this
(2.22) follows.

Next, we claim that

224) Y P(y)=(g— g )" @ P ) [gCnlaal=D) O (-laD

&' (y)=x
This follows by exactly the same arguments as used in the second paragraph of
the proof of part (i). But, P'(y2) = 0, so, putting (2.22) and (2.24) together,
the result easily follows. The negative/T PC' o case is almost the same as this,
bearing in mind the final comments in the proof of the previous part. O

Proof of the main theorem, 1.2. This follows immediately from Lemmas 2.19
and 2.20 and Corollary 2.4, using (1.9) for Rgas.- O
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Appendix A. Proof of Proposition 1.4

In this section we explicitly compute Raagg for generalized Cremmer-Gervais
triples, the only triples satisfying |I'1|+1 = |I'| (omitting only one root), thereby
proving Giaquinto’s formula, (1.10), and thus Proposition 1.4. Recall from Ex-
ample 1.1 the results given in [GG]: these triples are indexed by (n,m) where

n = |I'| + 1 is the dimension, m is relatively prime to n, I'y = I' \ {ap—m},
Iy = I'\ {anm}, and T'a; = QRres(i+m), Where Res give the residue mod n in
{1,...,n}. Moreover when s is taken to have trace zero in the first component,

A 2 n m
only difficulty is in computing ¢*agq®, so here we use (1.9) to prove (1.10).
Clearly we have

it is uniquely given by s% = 0 and sg =1 lRes(ﬂ) where ¢ # j. Then, the

(Al) q°aq’® = Z q—P (w)-l-?"(z)Eil _ qP (r)—r(z)Em
x€T Py
where r(ex — €iyr—j € — €;) = 5;212:? + Szz, for j < i, since C;, = 0 for

all . It suffices, then, to show P*®(x) — r(x) = 20er(1:) for all x. Take x =
(e — €itk—j,€i —e;). Below we use the notation [statement] = 1 if “statement”
is true and 0 if it is false.

One sees that

25 = i+ K] — ~[i= K] —

(A2) sl psii=1- 5

Jyitk—j

N —

1 itk—2j 1. k—i
ERGS(T) — ERes( - )
I I 2 k—j
:1_5[2‘7:Z+k]_§[lzk]_ﬁReS( ) + Mk,
where
k_ . . ki_2.
(A3) M, r=1[2]j #i+ K] [Res( ‘7) > Res(u)]
m m
i # KRes(" ) < Res( 1))

Thus, since Res(%) = Ord(z), it suffices to show $[2j = i+ k] + 3[i =
k]+P"(z)+P'(z) = 1+ M; . Note that i = k iff v € HPTP" and 2j = i+k iff
x € HPTP', and in these cases M; ;1 =0, so it suffices to consider z ¢ HPTP.
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In this case we need to show 1+ M, ;. = P"(z) + P!(x). Now,
(Ad) 1+ M, ;=

k— i+ k-2
[Res( - )>ReS(T

)] + [Res(kn_lj) > Res(%)],

and it is not difficult to see that [Res(-Z) > Res(“*:=2)] = Pl(z) while

m

[Res(%) > Res(%21)] = P"(z). This finishes the proof. O
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