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MOD 2 SEIBERG-WITTEN INVARIANTS OF HOMOLOGY
TORI

DANIEL RUBERMAN AND SASO STRLE

1. Introduction

While the Seiberg-Witten equations are defined for any Spin® structure on a
smooth 4-manifold, there is particular interest in the Seiberg-Witten equations
associated to a spin structure. One reason for this is that the 4-dimensional spin
representation has a quaternionic structure, which gives rise to a large symmetry
group of the ‘trivial’ reducible solution to the Seiberg-Witten equations. This
group, denoted J, is generated by U(1) and the quaternion j. The interplay of
this symmetry group and the deformation theory of the trivial solution is central
to Furuta’s proof of the ‘10/8 inequality, which constrains the homotopy type
of smooth spin manifolds. A closely related argument (known to Kronheimer
and Furuta as well) was used by Morgan-Szabé [12] to determine the mod 2
Seiberg-Witten invariant of homotopy K3 surfaces and other simply-connected
spin manifolds.

In this paper we show that the mod 2 Seiberg-Witten invariant can be deter-
mined for a spin manifold X which has the same homology groups as the 4-torus
T*. The value depends on the structure of the cohomology ring of X, and in
particular on the 4-fold cup product A*H*(X) — H*(X). For the rest of the
paper, X will denote a (spin) homology torus, by which we mean an oriented
spin 4-manifold with H;(X;Z) = Z* and Hy(X;Z) = Z°. The cup product
on H%(X) is readily seen to be hyperbolic, but the cup product on H(X) is
not determined by the dimensions of these groups. Let us define det(X), the
determinant of X, to be the absolute value of

< o UO(QUO&gUCM,{X] >,
where {a;} is a basis for H'(X;Z).
Theorem A. The value of the Seiberg- Witten invariant for the Spin® structure

on X with trivial determinant line is congruent (mod 2) to the determinant of
X.
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Let X be a homology torus, and let W — X be a Spin® bundle with trivial
determinant line L — X. We fix a square root L'/? of the determinant bun-
dle, or equivalently a spin structure on X. A trivialization of L'/? provides
us with a preferred origin in the space A of U(1)-connections on L'/2, namely
the (smooth) product connection Ay. Note that although there are many spin
structures on X, they are all isomorphic as Spin® structures; the choice of spin
structure is reflected only in the (gauge equivalence class of the) above mentioned
trivialization and hence in the choice of Ay, but does not affect the argument.

Recall that the configuration space for the Seiberg-Witten equations is C =
A @ T(WT); however, we restrict the equations to the slice ¢’ = K @ T'(WT)
where K = {A € A|d*(A — Ap) = 0}. With this restriction, the moduli space
M of solutions to the Seiberg-Witten equations is the quotient of the space of
solutions by the action of the group of harmonic gauge transformations; denote
by Go the based gauge group of harmonic gauge transformations. The formal
dimension of the moduli space M for the trivial Spin® structure on X is zero (as
is the index of Dirac operator Dy: I'(W™*) — I'(W ™) for any Spin® connection
V4 on W). In the absence of any perturbation terms, however, the moduli space
is not cut out transversally because it contains the ‘dual’ 4-torus T* = H!(X; S!)
of reducible solutions [A, 0] with A harmonic. This dual torus is covered (under
the action of Go) by the space of harmonic connections T* = Ag + iH' (X) C K.
In the case X = T* the dual torus coincides with the moduli space; moreover,
the only point along 7 where the Dirac operator has nontrivial kernel is [Ag, 0].
From this, and the structure of the quadratic term of the equations, one can
show that the Seiberg-Witten invariant (for the trivial Spin® structure) of T* is
+1; this of course implies Theorem A for X = T*. To prove it in the general
case, we perturb the equations along T* so that they become as nondegenerate
as possible; this is done in two stages - we deal with the linear perturbations in
section 2, and with nonlinear ones in section 3. The invariant is then determined
by the count of solutions which lie near T*; as in [12], we use the involution j
on the moduli space of solutions, induced by taking the dual Spin® structure, to
pair off the solutions away from 7.

The spaces of sections are L3 unless stated otherwise; in particular, this holds
for the configuration space C’. The gauge transformations are in the space L3.

2. Dirac operators along T

Recall that the Seiberg-Witten equations are given by a map SW: K &
T(W+) — iQ2(X) @ D(W™), (A,%) — (Fi — q(¥), Dath), where F is the
self-dual part of the curvature and ¢ is a quadratic map. Thus for any A € f*,
the linearization of the equations at (4,0) is (d*,Dy4). Since d* does not de-
pend on A, the behavior of the linearizations of the Seiberg-Witten equations
along T* is described by the family of Dirac operators {Da, A€ T*} We think
of this family as a morphism of trivial bundles T* X rw+) — T* x T(W™).
Note that the gauge group Gy acts freely on the base space T* of these bundles,
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so dividing out by the action of Gy produces bundles T'(W®*) — T* with fibres
I'(W*). Each of these bundles supports a free J-action which is compatible with
the J-action on the base T™; we call any such bundle a J-bundle. The family
of Dirac operators defines a family of Fredholm operators parametrized by 7%;
we denote the resulting morphism by D: T'(W*) — I'(W~). From above we
know that the pointwise index of D is 0, but the index bundle Ind(D) of D
may be nontrivial. We will see that the latter is determined by the cup product
on HY(X). Tt is, therefore, the index computation that links the cup product
structure to the behavior of the linear part of the Seiberg-Witten equations along
T*.

The calculation of the family index of D is similar to the one arising in the
proof [8, 13] of the wall-crossing formula for 4-manifolds with b* > 0. The
Chern character of the index bundle is given by ch(Ind(D)) = ch(L)/[X], since
the A—genus of X is 1. Here L — X x T™ is the universal line bundle equipped
with a connection A as follows. Let ai,...,as € H*(X;Z) be a basis and let
ty — 2mitgay be coordinates on T* = HY(X;iR)/H'(X;2miZ). The connection
1-form of A is given by

211 Z tra k-
k

By Chern-Weil theory, the first Chern class of L is then represented by the
2-form
Q= Z ap A dty ,
k

and therefore
1 1 1
h(L)=14+Q+ =02+ -0+ —Q*.
¢ ( ) + 2+ 5 + 6 + 21

It is at this point that the cup product structure of X shows up; the formula for
the Chern character of the index bundle gives

ch(Ind(D)) = £r[volp«],

where r denotes the determinant of X. Consequently, co(Ind(D)) = £r and
c1(Ind(D)) = 0; this suggests that there is a simple model for the index bundle
and the construction of this model occupies the rest of the section.

In the proposition below we construct a generic model for the index bundle,
realized by stabilizing the domain and the range of the operators. This cor-
responds to a stabilization of the Seiberg-Witten equations; we will define the
stabilized equations via a map

SW:KelI(WhHeH" — i (X)eT(W™)eH".

Proposition 2.1. Suppose that det(X) = r. Then there is a J X Gy—equivariant
stabilization of the Seiberg- Witten equations, with reducible solutions along T*,
such that the corresponding family of Dirac operators has nontrivial kernel at
exactly r points on T™.



792 DANIEL RUBERMAN AND SASO STRLE

Proof. As an element of the ordinary K-theory of T, the index bundle may
be represented as a difference of complex vector bundles. We need to represent
Ind(D) as the difference of two genuine J-bundles over T, and so adapt the
standard argument to the context of J-equivariant K-theory (compare [1, 5])
as follows. By standard arguments there exists a C-linear morphism Gg: T* x
C" — TI'(W™) which is onto the cokernel of D. This morphism extends to
a J-equivariant morphism G: 7% x H" — I'(W ™), where the product bundle
T* x H™ has the product action of j; the j-action on the space of quaternions
H = C @ jC is via right quaternionic multiplication. Given any [A,0] € T* and
w € C" set
G([4,0], jw) :=j - Go([j(A), 0], w),

and extend by linearity. Perturbing the family of Dirac operators D by the
morphism G produces a J-equivariant epimorphism

D: TWHaeT xH" - T(W")
([A70]7¢7w) = D[A,O]w + G([A7O]7w)'

Through this we have represented Ind(D) in J-equivariant K-theory as the
difference of the kernel bundle of D and the product J-bundle T* x H".

Considered as a complex bundle, the kernel bundle K := ker D splits as a sum
K = K' ® K", for dimensional reasons, where K’ is a trivial complex bundle,
and K" is a C?-bundle with cp(K"”) = 47 and ¢;(K”) = 0. In fact, K splits
in the category of J-bundles over T, in such a way that K’ is a trivial H"~!-
bundle. To construct this splitting note that any vector bundle over T with
fibre dimension greater than 4 (over R) admits a nowhere vanishing section s.
On any J-bundle M — T such a section s gives rise to a trivial J-invariant sub-
bundle N — T of complex rank 2, spanned by s and 5([4,0]) = j - s([j(A4),0]).
Moreover, N has a J-invariant complement in M; the latter can be taken to be
perpendicular to N with respect to some (compatible) hermitian inner product
on M. For the case at hand we choose the standard hermitian structure on
T* x H" and the L2-inner product on the fibres of I'(W*). Denote the resulting
J-equivariant isomorphism by F’: K/ — T* x H" 1.

The bundle K" admits a structure of a quaternionic line bundle; we use this
to construct a J-equivariant morphism F”: K" — T* x H, injective everywhere
except at 7 chosen points on T*. Let R C T™ be a j-invariant subset with r
elements; such exists for any r since the j-action on 7™ has fixed points (for
example [Ap,0]). We choose a section sy of the bundle K which vanishes
only at the points of R and intersects the zero section transversely. Then the
sections sg and Sy (defined from sy as above) endow K” with a structure of a
quaternionic line bundle over the complement of R. Dividing so by the square
of its (quaternionic) norm produces a nowhere vanishing section s of K’ over
the complement of R and this section s induces the required bundle morphism
F”.

Note that close to any [Ag,0] € R, the norms of linear maps F/[;LO} are
bounded below by some positive constant times the distance from [A, 0] to [Ag, 0].
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The morphisms F/ and F” together define a J-equivariant morphism F: K —
T* x H™ which is injective on all the fibres except over the points of R where the
kernels can be identified with a copy of H. We think of the pair (D, F) as the
family of Dirac operators associated to the stabilized Seiberg-Witten equations
(which are defined below). Note that by construction of D and F, the associated
family of Dirac operators has nontrivial kernels only at the points of R, thus
proving the last statement of the proposition.

To finish the construction of the stabilized equations, we need to globalize the
perturbation terms G and F. Let P: K — T* be the L?-orthogonal projection
(where we treat Ag as the origin of the above affine spaces), Q: K — (T*)* the
orthogonal projection to the complement, and IT: T(W™) @ T* x H* — K the
orthogonal projection to the kernel of D. The morphism F defines a map

F:KeT(WH) eH" — H",
given by F(A, ¢, w) = pro o F(II([P(A),,w])). Similarly, G gives rise to
G:KeT(WHeH" -T(W),

which is well defined up to gauge change by [P(A), G(4, ¥, w)] = G([P(A),0], w);
it is completely determined by the appropriate choice of G 4,.
We define the stabilized Seiberg-Witten equations via a map

SW:KeI(WHeH" — i (X)aT(W™)aH",

which is the sum of the original Seiberg-Witten map and the stabilization term
given by

(Aﬂ/}’w) = /B(Q(A)v"vbvw) : (07G(A’waw)7F(Av¢7w)) =+
(1 - ﬂ(Q(A),’QZ),lU)) ’ (0? 0, ’LU),

where 3 depends smoothly on the L2-norms of A and v and on the norm of w in
such a way that it is equal to 1 in a small neighborhood of (0,0,0) and equal to
0 in a slightly bigger neighborhood; notice that 3(Q(—), —, —) is invariant under
the action of the gauge group Gp as well as under the action of J. It is clear from
the nature of the perturbation terms that the moduli space of solutions to the
stabilized Seiberg-Witten equation SW = 0 still contains the torus of reducibles
T*. This proves the proposition. O

Remark. The proof of the proposition implies not only that 7™ is contained in
the moduli space of solutions to SW = 0, but also that it is isolated, at least
away from the points of R. More precisely, for any neighborhood U of R, the
complement 7 \ U is isolated in the moduli space. This follows from the fact
that F is injective on the kernels of the perturbed family of Dirac operators D
(along T*) away from R.
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3. Kuranishi maps at the points of R

In this section we will construct a further perturbation of the stabilized
Seiberg-Witten map SW whose solution space has a particularly simple form
in a neighborhood of T*, as described in the proposition below. The perturba-
tion is supported in a neighborhood of the set R C T* and is constructed by
modifying the Kuranishi maps at the points of R; these are the only points on
T* at which the stabilized Dirac operators have nontrivial kernels.

Proposition 3.1. There exists a J X Gg-equivariant perturbation of the stabilized
Seiberg- Witten equations, such that the perturbed map SW satisfies the following:
1. The torus of reducibles T* is contained and isolated in the moduli space of

solutions to the perturbed equations SW = 0.
2. Given a small generic w € Q3 (X) there exists an invariant neighborhood

U of f*, such that all the solutions to SW = (w,0,0) that lie in U are
smooth and irreducible. More precisely, every point in R gives rise to a

smooth circle of solutions to SW = (w,0,0) in U, contributing £1 to the
mwvariant, and there are no other solutions in U.

Proof. Points of R fall into two categories depending on whether they are j-fixed
or not. We consider the former case first, making use of the j-equivariance of
the Kuranishi map. Then we modify the argument to deal with the rest of the
points in R.

Suppose [Ak,0] € R is j-fixed. The Kuranishi model for the solutions to
SW = 0 around (A4, 0,0) is given by a J-equivariant map Q: R*@H — R3®H,
where R* corresponds to the harmonic 1-forms, R? to the self-dual harmonic 2-
forms, and the quaternions represent the kernel and the cokernel of the perturbed
Dirac operator at Ag. Note that the leading term of () is a quadratic polynomial
map which we will make non-degenerate by a perturbation. Denote by @, Qs
the quadratic parts of the components of Q. In principle these maps from R*®H
can contain three sorts of terms: quadratic in the first or the second variable, or
bilinear. Which terms really appear is determined by the J-equivariance. Recall
that j acts on H by right quaternionic multiplication and on the spaces of forms
by multiplication by —1, whereas U(1) acts by complex multiplication on H and
trivially on the spaces of forms. This forces @, to be quadratic in the second
(quaternionic) variable and @, to be bilinear. Note that j-equivariance imposes
extra restrictions on these terms; clearly @1 0j = —@1. The second component
satisfies Q4 0 j = —j o @, if we think of @, as a linear map R* — Endc(H).

We choose a non-degenerate J-invariant quadratic map Ry: H — R3? (with
the associated linear map an isomorphism, cf. [12]) to perturb Q,. For all but
finitely many 7, the map @Q, + 7Ry is non-degenerate in the above sense. Ad-
missible perturbations of @, are of the form (a,w) +— L(a)w, where L(a) is a
C-linear map which anti-commutes with the j-action. The space Z of such maps
is 4-dimensional over R and its non-zero elements are isomorphisms. We choose
the map Li: R* — Z, a — Ly(a) to be an isomorphism. Then for almost all 7
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the map @, + 7Ly, where we interpret @, as a linear map R* — Z, is an iso-
morphism. Notice that Q,(a,—) is itself an isomorphism for a # 0; this follows
from the construction of the linear perturbation F. Moreover, the norms of these
linear maps are bounded from below by C||a|| for some positive C'. This means
that we can choose 7 small enough so that for a # 0 the perturbation term is
dominated by the original (quadratic) map. The benefits of this perturbation are
twofold; firstly, the only solutions to the perturbed equations close to (A, 0,0)
are the reducible ones. Secondly, for a generic h € R3, the preimage of (h,0,0)
under the perturbed Kuranishi map consists of exactly one circle of solutions,
hence the point (Ag,0,0) contributes £1 to the Seiberg-Witten invariant.

Consider now a point (Ag, 0,0) with [Ax,0] € R not j-fixed. Such a point has
its j-image in R; to make the perturbation term j-equivariant in this case, we
construct a U(1)-equivariant perturbation at (A, 0,0) and use the j-action to
define the perturbation at its j-image. Given only U(1)-equivariance for @}, and
Q, in this case, the structure of these quadratic maps is not so restricted. Using
additional properties of the Kuranishi map, we still conclude that Q, is quadratic
in the second variable and @, is bilinear. However, the space of U(1)-invariant
quadratic polynomials H — R is four dimensional and Q,(a,—) can be any C-
linear map, so there is no canonical choice of a good perturbation. To gain the
same control over the solution space as for j-fixed points, we endow the kernel
and the cokernel with a quaternionic structure. The perturbation terms can then
be constructed as above, using right multiplication by the quaternion j in place of
the j-action. For the perturbation term Rj,: H — R3, the associated linear map
is surjective and for all but finitely many 7, the map @Q, +7 R}, is an epimorphism
in the above sense. The perturbation of the second component gives rise to an
injective map a +— Lg(a); again, for all but finitely many 7 the map a +—
Q5(a,—) + 7Lg(a) is a monomorphism. The remark about domination of the
pertubation term 7Ly (a) by Qy(a,—) holds as above, and so do the conclusions
about the solution space.

We fix a small, generic 7 and define the perturbation term as a sum of terms
localized near the points of R. For a point [A,0] € R define the perturbing
map by

(A, 9, w) = 70 (A, 0, w) - (Ry (W (¢, w)), L (P(A)) Lk (4, w), 0),

where II: T(WT) & H* — 4, = H is the L?-orthogonal projection and 3
is a [0, 1]-valued function depending smoothly on the norms of the arguments
(using A = 0), that has support inside a small neighborhood of (Ag,0,0) (the
projection of which by (P, II) is contained in the domain of the Kuranishi map)
and is equal to 1 on a smaller neighborhood. The moduli space of solutions to
the perturbed equations SW = 0 still contains the torus of reducibles 7% and it
is clear from above that this torus is isolated. O
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4. Completion of the argument

First we observe, following the line of argument in [12], that the moduli space

of solutions to the perturbed equations SW = 0 is compact. Moreover, because
the perturbed equations we use can be connected to the unperturbed equations
by a l-parameter family, the count of solutions we obtain coincides with the
Seiberg-Witten invariant. In the complement of f*, the action of J is free, and
so we can choose a small J-equivariant perturbation with support away from T*
such that the corresponding moduli space is smooth away from T*. (This fits
into the general scheme laid down in §4.3.6 of [2] because the perturbation is
simply a small Fredholm section of a bundle over (¢’ —T*)/.J, pulled back to C’.)
Because j acts freely, the solutions in the complement of T* are paired up, and
this part of the moduli space contributes an even number to the Seiberg-Witten
invariant.

Along the space of reducible solutions we proceed by choosing a small generic
self-dual 2-form w which has a nonzero harmonic projection. If w is small enough,
the solutions to SW = (w,0,0) in an invariant neighborhood U of T* are de-
scribed as follows. For every point in R, there is a circle of solutions correspond-
ing to the U(1) orbit. There are r such circles, each of which contributes £1 to
the invariant. All the rest of the solutions are paired by the j action, hence the
statement of the theorem follows.

5. Some homology tori

There are a number of examples of homology tori whose Seiberg-Witten in-
variants one can compute directly; it is interesting to see how these are consistent
with our theorem. The simplest are the torus 7%, whose Seiberg-Witten invari-
ant is £1, and the connected sum

#4S1 X S3HH#35% x S,

whose Seiberg-Witten invariant vanishes. These manifolds have determinant 1
and 0, respectively.

A more interesting class of examples is the set of manifolds of the form X =
St x M3, where M is an orientable 3-manifold with the homology of a torus.
Work of Meng and Taubes shows how to compute the invariant of X, in terms
of the Alexander polynomial of M. There are two parts to the computation.
First, there is an identification of the Seiberg-Witten invariant of X with the
3-dimensional Seiberg-Witten invariant of M?3. This is proved by a variant of the
argument proving proposition 5.1 of [11]. In particular, the Spin® structures on
X with non-vanishing Seiberg-Witten invariant all pull back from M. The main
theorem of [10] shows that the Seiberg-Witten invariant of M (and therefore of
X) has for generating function the multivariable Alexander polynomial of M.
In light of Theorem A, we explain how the determinant of X is related to the
Alexander polynomial of M.
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We define the determinant det(M) analogously to that of X, using the 3-fold
cup product in H*(M). Note that the determinant of S x M coincides with
that of M. The Alexander polynomial of M, A, is a Laurent polynomial in
variables tfl, técl, tgfl which is defined up to multiplication by +t;. The relation
we need is the following:

Lemma 5.1. If M is a homology torus, then
An(1,1,1) = & det(M)?.

The Lemma may be deduced from work of L. Traldi [14] and J. Levine [6].
Those authors treat the Alexander polynomial Ay, of an n-component link L in
a homology sphere; in our situation the homology sphere is obtained by doing
surgery on a set of circles representing a basis of Hy(M) and L consists of the
meridians of those circles. If the linking numbers between the components are
all 0, as is the case for us, they show that

Ar

e B

= dgy + higher order terms in ¢; — 1,

where dp may be evaluated as a determinant involving the f-invariants of L.
(Compare [6, Corollary 1.6] and the proof of [14, Theorem 5.3].) When there
are only 3 components, the determinant works out to be fi;53(L)%. Now the
quotient on the left-hand side of equation (1) is the Alexander polynomial of M,
and it has been known for a long time [9] that the invariant fi;45(L) coincides
with the 3-fold Massey product.

In terms of Seiberg-Witten theory, the evaluation Ajs(1,1,1) is the sum of
the Seiberg-Witten invariants of all of the Spin® structures on M. Recall that
there is an involution on the set of Spin® structures, whose only fixed point is the
Spin® structure Sy with trivial determinant, i.e. the one we have been studying.
Hence we have the chain of equalities and congruences

SWx (Sg) = SWis(So) = An(1,1,1) = det(M)? = det(M) (mod 2),

which is consistent with our main theorem since det(M) = det(X).

It is not hard to find 3-manifolds with arbitrary determinant det(M); a sim-
ple construction is to take O-framed surgery on the n-fold band sum of the
Borromean rings. The case n = 2 is illustrated below in Figure 1. If each copy
of the Borromean rings is oriented so that the triple Massey product is +1, then
det(M) =n.
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Figure 1

Remark. The calculations assembled above give rise to a curious criterion for a
homology torus X* to be diffeomorphic to the product of S! and a 3-manifold.
Namely, the sum of its Seiberg-Witten invariants should be a square (up to sign).
It would be of interest to find an example where this criterion does not hold,
but where X is homeomorphic (or perhaps homotopy equivalent) to a product.

One last class of examples is obtained via the ‘knot-surgery’ construction of
Fintushel and Stern. Following [3], let K be a knot in S3, with exterior E.
Remove a copy of T2 x D? from T?, and glue in S x E, resulting in a new
manifold X with the same cohomology as T%. It is not hard to see that X is
in fact S' x M, where M is gotten by replacing a copy of S x D? C T3 with
Ek. From this, or from gluing theorems (cf. [3, Theorem 1.5]), it follows that the
Seiberg-Witten invariant of Xy is Ax(7?). To make a manifold which is not a
product, perform this construction on three disjoint tori 77, 7%, T3 (using knots
K1, K», K3) in different (non-zero) homology classes, as in [4], to get a manifold
XK, K, K- Suppose that the knot-surgery is performed so that the circle factor
in each S! x Ff, is glued to the same circle factor in 7. The result is a product
of S! with the manifold obtained by 0-surgery on the Borromean rings with the
knots K; tied in the three rings. If the circle factors in each S* x E. are glued
to different circles in 7% (and the knots are non-trivial) then X, k, x, cannot
be written as S times any 3-manifold. This is verified by a fundamental group
calculation; on the other hand the Seiberg-Witten invariants are independent of
the gluing and are given by

AKI (le) AKz (T22) AK?, (T32)
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