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EISENSTEIN SERIES TWISTED BY MODULAR SYMBOLS
FOR THE GROUP SL,

DoORIAN GOLDFELD AND PAUL E. GUNNELLS

ABSTRACT. We define Eisenstein series twisted by modular symbols for the group
SLy, generalizing a construction of the first author [1, 2]. We show that, in the
case of series attached to the minimal parabolic subgroup, our series converges for
all points in a suitable cone. We conclude with examples for SLa and SLs3.

1. Introduction

1.1. Let I' denote a finitely generated discrete subgroup of SLy(R) that con-
tains translations and acts on the upper halfplane . An automorphic form of
real weight 7 and multiplier ¢: I' — U (here U = {w € C | |w| = 1} is the unit
circle) is a meromorphic function G: h — C that satisfies

G(yz) =¢(7) - j(v,2)" - G(2)
for all v = (‘C‘ g) € I" with j(v, 2) = cz+d. For r > 0, an integer, and F': h — C
any function with sufficiently many derivatives, G. Bol [3] proved the identity
dr+1

(e + 7 F(32)) = (ez+d) 2RO (2),

which holds for all v € SLy(R). It follows that if f(z) is an automorphic form
of weight r 4+ 2 and multiplier ¢, and if F is any (r + 1)-fold indefinite integral
of f, then F satisfies the functional equation

F(yz) = $()(ez +d) " (F(2) + 6(7,2)),

where ¢(7, z) is a polynomial in z of degree < r satisfying the cocycle condition

(72, 2) = P(2) § (2, 2)" 911, 722) + b, 2)-

Such a function F' is called an automorphic (or FEichler) integral, and the corre-
sponding polynomial ¢(v, z) is called a period polynomial.
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1.2. The Eisenstein series E*(z;r, 1, ¢) (twisted by a period polynomial ¢) is
defined by the infinite series

E*(zir,0) = > (1) é(r,2)i(v,2) 7"

'YGFOO\F

The twisted Eisenstein series E*(z;7,1,¢) was first introduced by Eichler [4]
(1965). Automorphic integrals and Eisenstein series twisted by period polyno-
mials were systematically studied by Knopp [5] (1974). More recently [1, 2]
(1995) nonholomorphic Eisenstein series twisted by modular symbols (period
polynomials of degree 0) were introduced (cf. §5.3). O’Sullivan [6] found (us-
ing Selberg’s method) the functional equation of these twisted Eisenstein series;
very recently O’Sullivan and Chinta [7] explicitly computed the scattering matrix
occurring in the functional equation.

In this paper we show how to generalize the construction of Eisenstein series
twisted by modular symbols to the group SL,,. The basic properties and region
of absolute convergence of such series are obtained in the case of the minimal
parabolic subgroup. We conjecture that these series satisfy functional equations.

2. Eisenstein series

2.1. In this section we recall the definition of cuspidal Eisenstein series follow-
ing Langlands [8, Ch. 4]. We begin with some notation.

Let G = SL,(R), let K = SO, (R), and let I' C G(Z) be an arithmetic group.
Let Py C G be the subgroup of upper-triangular matrices, and let A9 C Py be the
subgroup of diagonal matrices with each entry positive. For each decomposition
n=mny + ---+ ng with n; > 0, we have a standard parabolic subgroup

)

We fix a standard Langlands decomposition P = MpApNp as follows: Mp is
the subgroup of block diagonal matrices, with each block an element of SLi, (R);
Ap C P is the subgroup with the ¢th block of the form a;[,,, where a; > 0 and
I,,, is the n; X n; identity; and Np C P is the subgroup with the 7th block equal
to I,,,. We transfer these decompositions to all rational parabolic subgroups by
conjugation.

P; € GLy, (R), [ [ det(P;) = 1}.

2.2. Let ag, ap be the Lie algebras of the groups Ay, Ap. Let ag, ap be
their R-duals, and denote the pairing by ( , ). Let R = RT U R~ C ag be
the roots of G, and let A C R* be the standard set of simple roots. For any
root «, let & be the corresponding coroot. For any parabolic subgroup P, let
pp =1/23 crina, @

We recall the definition of the height function Hp: P — ap. Given p € P,
write p = man, where m € Mp, a € Ap, and n € Np. Then Hp(p) is defined
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via
eOGHPP) — X for all y € ap.

Using an Iwasawa decomposition G = PK, we extend the height function to a
map Hp: G — ap by setting Hp(g) = Hp(p), where g = pk, p € P, k € K.

2.3. Fix a parabolic subgroup P, and let 'p =T'NP. Let f € C*°(ApNp\G)
be a I'p-invariant, K-finite function such that for each g € G, the function
m +— f(mg), m € Mp, is a square-integrable automorphic form on Mp with
respect to I'p N Mp. Let A € (ap) ® C, and let g € G.

Definition 2.4. The FEisenstein series associated to the above data is

Ep(fihg) = Y elrthHrO9) f(yg).
yel'p\T'

It is known [8, Lemma 4.1] that this series converges absolutely and uniformly
on compact subsets of G x C', where

(1) C={X| R\ @) > (pp,d),for all € A};

here R denotes real part.

3. Modular symbols

3.1.  We recall the definition of modular symbols. Our definition is equivalent
to that of Ash [9] and Ash-Borel [10], but we need a slightly different formulation
for our purposes.

Let V = Q" with the canonical G(Q)-action. Let w be a tuple of subspaces
(W1, ..., W), where W; C V. The type of w is the tuple (dim W7, ..., dim Wy).
The tuple w is called full if ) dim W; = n, and is called a splitting if V. = @, W;.
Any splitting determines a rational flag

Fo={{0} SR ¢ - CFRCV}

by F; = @, i Wi, and thus determines a rational parabolic subgroup P, the
stabilizer of Fy,. Welet Py, = My, Ay Ny be a choice of Langlands decomposition
such that My, (Q)Aw(Q) preserves each W;. Note that this is not the same as
the standard Langlands decomposition from §2.1.

3.2. Let X be the symmetric space G/K, and let X be the bordification of X
constructed by Borel-Serre [11]. Then the cohomology H*(I'; C) may be identi-
fied with H*(I'\X;C) and H*(T'\ X;C).

Let Y =T\X,Y =T\X,0Y =Y \Y,and let 7: X — Y be the canonical
projection. Let d = (n? 4+ n)/2 — 1 be the dimension of Y. For all i, Lefschetz
duality gives an isomorphism

Hy ;(Y,0Y;C) — H(T;C).
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3.3. Let w be a splitting, and let K, be K N My Ay . The inclusion My Ay, —
G induces a proper map

t: MwAw /Ky — X.

Let Yy be the closure of (70 t)(MyAw/Kw), and let d(w) be the dimension of
Yw. The submanifold Y, is independent of the choice of decomposition in §3.1.

Definition 3.4. Let w = (W1,..., W) be a full tuple of subspaces. Then the
modular symbol =y, associated to w is defined as follows:

1. If w is a splitting, then =y, € Hd(w)(i_/, 9Y; C) is the fundamental class of
Yw-

2. Otherwise, E,, is defined to be 0 € Hd(w)(Y,ﬁY;(C), where d(w) is the
homological degree determined by any splitting with the same type as w.

3.5. We define a G(Q)-action on tuples as follows. Given a full tuple w =
(W1,...,Wg), let g - w be the tuple (Wi, gWa, ..., gWy). By abuse of notation
we write g - 2w for the modular symbol 2.y, .

Note that this is not a G(Q)-action on modular symbols, since associativity
does not hold. However, the definition g - =, will suffice for our construction.

Note also that g - =, is different from the modular symbol obtained via the
natural G(Q)-action defined by left translation of all subspaces in a tuple. In
particular, let v € T', and let w' = (yW1y,...,7Wg). Then Ey, = Zy, but
Ew # 7V Ew in general.

4. Eisenstein series twisted by modular symbols

4.1. Let w = (Wy,...,Wj) be a full tuple of subspaces, and let P be a ratio-
nal parabolic subgroup. We say that P and w are compatible if the following
conditions hold: there is a splitting w’ = (W/,..., W) such that P = Py, the
types of w and w' are equal, and W; = W7.

Fix a rational parabolic subgroup P and a compatible splitting w. Let f, A
be as in §2.3, and let ¢ be a C-valued linear form on H gy, (Y,0Y;C).

Definition 4.2. The twisted Eisenstein series associated to the above data is

(2)  Epy=FEp (fhgw)= Y ¢y Ew)errthIr0o) f(qg).
"/GFP\F

We refer to §5 for examples of this series, and for a comparison with the
construction in [1, 2].

Proposition 4.3. The series in (2) is well-defined.

Proof. Let w = (Wy,...,W}) and let v € T'. We need to show that the modular
symbol v - 2 depends only on the coset I'p~y.

First we assume v - w is a splitting. By the remarks at the end of §3.5, if
v €T and w' = (4 Wy,...,yW}) is the tuple obtained by left translation, then
Ew = Zw. From this it follows that if vp € I'p, then (yp7y) - Ew = Ew. Indeed,
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vYp + Ew = Zwr, where w” = (7;1W1,W2,...,Wk), and any element of I'p
preserves Wj.

Now assume that + - w isn’t a splitting. There are two possibilities: (1)
YW N yW; # {0} for some 4,5 > 1; (2) yW; N yW; = {0} for all 4,5 > 1 and
Wy NyW; # {0} for some j. In the first case, we have - 2y, = 0 for all v, so
the Eisenstein series is identically 0. In the second case, we have (yp7y) -2, =0
for all vp € I'p, since left translation of the tuple vp~y - w by 7131 preserves the
incidence conditions satisfied by the W;. This completes the proof.

O

4.4. For the rest of this note, we will assume that P is the minimal para-
bolic subgroup Py, and will take f = 1. Although the functions Ep , are not
automorphic, a certain sum of them is.

Proposition 4.5. Let W, ¢ = 0,...,n be l—dz'mepsz'onal subspaces of V', and
let w(i) be the tuple (Wo, ..., W, ..., Wy,), where W; means delete W;. Then

n

@(EW(O))EPOC’ )‘79) = Z(_l)i+1E;,cp(f7 A, g, W(’L))

i=1

Proof. First, the twisted series on the right are well-defined, since if P and w
are compatible then so are P and w(i) for each i > 1. We have the following
basic relation among modular symbols for the minimal parabolic subgroup, from
[12, 13]:
Ew(0) = Z(_l)H—le(i)-
i=1

Note that the relations in [12, 13] imply that this equality holds true in
Hiw)(Yw,0Yw;C) for any collection of 1-dimensional rational subspaces
(Wo, ..., W,), even with the possibility that some w() aren’t splittings. The re-
sult follows immediately from Definition 4.2 and the fact that if
w = (")/Wl, ce ,’}/Wn) with v € ', then = = E’W(O) O

Theorem 4.6. Let P be the minimal parabolic subgroup Py, and let w be a
compatible splitting. Let ¢ be a linear form on H,,_1(Y,0Y;C). Then the series
(4.2) converges uniformly on compact subsets of G x C, where C'is the cone (1).

Proof. We begin by recalling some facts from the theory of modular symbols
associated to the minimal parabolic subgroup. These facts are equivalent to
results in [13], and are just reformulated in terms of tuples and splittings.

Let 'W be the set of all full tuples of 1-dimensional subspaces. We define
a function || ||: W — Z as follows. From each 1-dimensional subspace W, we
choose and fix a primitive vector v(W) € Z". Then we set

[wil = [det(v(W1),...,0(Wn))|.
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Let W, C ‘W be the subset of tuples for which ||w| = 1. The set I'\'W,, is
finite, where I' acts by left translations. One can show that any modular symbol
=w can be written as a sum

(3)

[1]
[1]

w/'

>

w’'esS

where S is a finite subset of W,, (depending on =, ). Moreover, the cardinality
of S is bounded by p(log ||w||), where p is a polynomial depending only on n
[14].

Let v € T" and consider the modular symbol « - 2. Since w is compatible
with P, the space W is the span of the first basis element of V. Let us assume
for the moment that for ¢ > 1, W; is the span of the ith standard basis element
of V. This implies that |7 - w|| is the absolute value of the determinant of a
fixed (n — 1) x (n — 1) minor of 7. Hence

(4) Iy - wi << max{|y;[""" | 1 <i,5 <n},

where the implied constant depends only on n.
Let M () be the right hand side of (4). It follows that there is a polynomial
p1, depending only on n, such that

p(log ||y - w||) < p1(log M(7)).

Now consider the value ¢(7v - Zy). Since I'\'W,, is finite, there is a maximum
value pmax that |¢| attains on this set. Writing I(y, \) = exp({pp+ A, Hp(79))),
we have

(5) > le(r-EWI(n A << > Ipr(log M(7)I(v, M),

vErp\T vElp\T

where the implied constant depends on n and @umax. The right of (5) has the
same convergence properties as the usual Eisenstein series, and so the proof is
complete under our assumption on w.

Now assume W; is a general 1-dimensional subspace of V' for i > 1. Let
v(W;); be the jth coordinate of v(W;), and let

M(w) = max{[o(W;);] | 1 <i,j <n}.
Then
[y - wil << M(v),

where the implied constant depends on n and M(w). The rest of the proof
proceeds as above.
O
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5. Examples

5.1. In this section we continue to assume that P is the minimal parabolic
subgroup Fy. We begin by discussing the connection between the construction
in this note and that of [1, 2].

Let ¢ be a positive integer, let G = SL2(R), and let I' = T'g(¢). The space
X = SLy(R)/SO3(R) is the upper halfplane b, and we let h* = b U PH(Q) be
the usual partial compactification obtained by adjoining cusps. Given a pair of
cusps (q1,¢q2), we can determine a full tuple (W7, W) by setting W; to be the
subspace of Q? corresponding to the point ¢; € P*(Q). Slightly abusing notation,
we denote the corresponding modular symbol by Z(q1, g2).

5.2. We can construct an interesting linear form on the modular symbols as
follows. Let f be a fixed weight two holomorphic cuspform on I'. Then we set

q2
@(E(qb QZ)) = —2mi f(Z) dZ,
q1

where the integration is taken along the ideal geodesic from g; to ¢». Note that
if f is a newform, then ¢(Z(00,0)) is the special value —L(1, f).

To compute the series (2), let I'oo = T'NP, and let §: h — R be the imaginary
part. Let @ € ag be the standard positive root, so that pp = o/2. Write A = ta,
where t € C. It is easy to check that eAtrrHP(9)) = X(2)1+1/2 where 2 €
is the point corresponding to g. Setting (g1,92) = (00,0), we see that the
corresponding tuple w is compatible with P. We obtain

6) Ep,(\gw)=Ep,(t,z,w)= > o(7-Ew)S(y2)/2 teC.
YEL\T

By Theorem 4.6, this converges for &t > 1/2.

5.3. To relate this to [1, 2], we recall the pairing between classical modular
symbols and cuspforms. One fixes a point zg € h*, and defines a map

[ bc: r —C
YZ0
v — —27i f(z)dz.

20
(In [1, 2], this map is written as v +— (v, f).) One can show that this map is
independent of zy, vanishes on I',, and satisfies
s =0ls + 15 forv,7" €T
. Then the series in [1, 2] is defined by
(7) E*(z,5) = Z [V]f%(’)/z)s7 s e€C,
YEL\T

which converges for s > 1.



754 DORIAN GOLDFELD AND PAUL E. GUNNELLS

To compare this with (6), let g1 = oo and g = zp = 0, and put s =t + 1/2.

Since
q2 Yq2 Yq2
[ e =] s
q q2 a1
we find
(P(E((h, q2))E(Z7 S) + E*(Z, 8) = E;;,Lp(s - 1/27 Zs W):
where

B(zs)= 3 902

’YEFOO\F

is the classical nonholomorphic Eisenstein series.
In [1, 2] it is shown that E* is “automorphic up to a shift.” Precisely, if v € T,
then

E*(yz,s) = E*(2,5) = "] E(2, 5)-

This is easily seen to be equivalent to Proposition 4.5 above.

5.4. Now let G = SL3(R), and let I' = T'g(¢). This is the arithmetic group
defined to be the subgroup of G(Z) consisting of matrices with bottom row
congruent to (0,0,%) mod ¢. The symmetric space X = SL3(R)/SO3(R) is a
5-dimensional smooth noncompact manifold, and our modular symbols live in
Hy(Y,0Y;C).

To construct an interesting linear form on these modular symbols, we may
use elements of the cuspidal cohomology Hg’usp(F;(C). These are classes that,
via the de Rham isomorphism, correspond to I''-invariant differential forms w =
>, frdwr, where the coefficients are cusp forms and I C I' is a torsionfree
subgroup of finite index. In this context, H3 . (T'; C) can alternatively be defined
to be the kernel of the restriction map H3(Y;C) — H3(9Y;C). We refer to [15]
for details.

5.5. To explicitly construct classes in H2 . (I'; C) that can be paired with mod-

cusp

ular symbols, we may use techniques of [16]. There it is shown that H3,_ (T'; C) is
isomorphic to a space W (T") of functions f: P?(Z/¢Z) — C satisfying certain re-
lations [16, Summary 3.23]. A modular symbol =y, modulo I' gives rise to a point
pw € P2(Z/(Z) by taking the bottom row of the matrix (v(W7y),v(Ws),v(W3))
[16, Prop. 3.12]. Hence given an element oo € H3 . (T';C) corresponding to a

cusp

function f, € W(I'), we obtain a linear form by setting
P(Ew) = fa(pw)-
This linear form is induced from the intersection pairing
H3(Y) x Hy(8Y) — C;
we refer to [16, Prop. 3.24] for details.
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5.6. For an explicit example, we may take ¢ = 53. This is the first level for
which the cuspidal cohomology is nonzero; one finds that dim H,,,(To(53); C) =
2. A sample element is given as a function in W(I") in Table II of [16].

To compute E}, ,, we may take a € HJ,.,(To(53);C) to be a Hecke ecigen-
class. For a prime p with (p,53) = 1, the local L-factor of the representation
corresponding to « has the form

(1 _ appis + C—lpp172s _p3733)71

bl

where s € C and a,, is the eigenvalue of a certain Hecke operator. If we fix an
algebraic integer p satisfying p? = —11, we find that for our Hecke eigenclass

a2:_2_p7 a3:_1+p7 CL5:]_, a7:_37

If we represent « using a function f € W(I'), and apply the formulee in [17, Ch.
V and VII], we can obtain a very explicit expression for Ep -

In contrast to the SLo case, the twisted Eisenstein series on SL3 isn’t simply
automorphic up to a shift. If we consider the relation in Proposition 4.5, we see
that a certain sum of three twisted Eisenstein series is equal to an automorphic
function.
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