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EXPONENTIAL BOUNDS OF THE RESOLVENT FOR A
CLASS OF NONCOMPACTLY SUPPORTED PERTURBATIONS
OF THE LAPLACIAN

GEORGI VODEV

1. Introduction and statement of results

Let O C R",n > 2, be a bounded domain with ¢ boundary I' and connected
complement 2 = R™ \ O. Consider in 2 the operator

n

= c(x)? Z 0z, (9ij (%), ),

i,j=1

where c¢(z), g;j(x) € C*(Q), c(z) > ¢ > 0 and

A

Q

> gii(@)&g = ClE?, V(@€ €T, C>0.

t,j=1

We suppose that for all multi-indices « such that |a| < 1, we have

(1.1) 02 (c(@) = D)+ D 102 (gi(x) = 8i5) < Cre” =" vz e @,

i,j=1
where (z) = (1 + |z]?)Y/2, C1,Cy > 0 and p > 2. Here §;; denotes Kronecker’s
symbol. We also suppose that for all multi-indices «,

(1.2) 0%c(x)| + D 1059:5(2)| < Ca <00, Vo€,
ij=1
Denote by G the selfadjoint realization of A, in the Hilbert space
H = L*(; ¢(x) %dx)

with a domain of definition D(G) = {u € H?(Q), Bu|r = 0}, where either B =
Id ( Dirichlet boundary conditions) or B = 0, (Neumann boundary conditions).
Consider the resolvent R()\) := (G + A\?)"1 : H — H defined for Im A < 0. It is
well known that for any b > 0 the modified resolvent e R(\)e=b®) . H — H
extends meromorphically to Im A < Cb with poles (which do not depend on b)
called resonances. In what follows || - || will denote the norm in £(H, H). The
purpose of this work is to prove the following
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Theorem 1.1. Under the assumptions (1.1) and (1.2), there exist positive con-
stants C1,Cy and X\g so that

(1.3) le= R\ e @ < Cre®2M for A eR, A\ > X

Note that for compactly supported perturbations, Burq [1] has proved a sim-
ilar result using the Carleman estimates proved by Lebeau-Robbiano [2], [3].
Another proof (much simpler and shorter) of Burq’s result is presented in [5].
In the same way as in the case of compactly supported perturbations one can
derive from (1.3) the following

Corollary 1.2. Under the assumptions (1.1) and (1.2), there exist positive con-
stants C1,Cy and C5 so that there are no resonances of G in the region

{AeC:ImA < Cre PP [Re A > Cs).

To prove (1.3) we follow the approach developed in [5] and based on some
estimates due to Lebeau-Robbiano [2], [3] (see the appendix in the present pa-
per). We first show that (1.3) is equivalent to a similar bound of the resolvent of
another operator, depending on A, which is a compactly supported (in a ball of
radius a = O(A\?) with 0 < ¢ < % < 1) perturbation of the free Laplacian. Then
we paste the estimates of Lebeau-Robbiano [2], [3] mentioned above (applied in
Qo = {2 € Q :|z] < ap}, ap > 1 being independent of A (see (4.1))) with
Carleman estimates in ag < |z| < a. When a does not depend on A these latter
estimates follow from [2]. Here we modify the original proof in order to have es-
timates uniform in both X\ and a. Finally, we combine these estimates with some
properties of the Neumann operator on the sphere S, := {x € R" : |z| = a} (see
Lemma 3.1) to get the desired result.

2. Reduction of the problem

Clearly, it suffices to prove (1.3) for real A > 1. Let xy € C§°(R"), 0 < x < 1,
X =1for |z] <1/3, x =0 for |z| > 1/2. Given any a > 0, set x,(z) = x(x/a).

Lemma 2.1. For any 0 < § < 1, we have

(2.1) Do lleag RN e D < CH+C Y a0 R s
la|<2 la|<2
with a constant C > 0 independent of A.
Proof. Denote by Gy the selfadjoint realization of the Laplacian A in R™ on
the Hilbert space L*(R™), and set Ro(\) = (Go + A?)~1. Denote by || - ||o the

norm in £(L?(R™)). Take a pp > 1, independent of ), so that x,, = 1 in a
neighbourhood of 0. We have

(1= Xpo)R(2) = Ro(2)(1 = Xpo) + Ro(2) ([Xpo: A] + (1 = Xpp)(Ag — A)) R(2)
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for Im z < 0, and hence

e (1 = xx0)0T R(A\)e™ ) = e (1 = x35)0% Ro(M) (1 — xp )™
+ e (1= x30)02 Ro(A) (o Al + (1 = xp0) (g — A)) R(A)e ™).
This implies
le™ (1 = x55)08 R(N)e™ |
< O(A™)|le” =32 Ry(N)e™ ™o
+ O[22 Ry(N)e™ @l Y [lem @ IR(N)e= @

1Bl<2

< O(A™™) (1+ > e<x><9£R()\)e<x>) .

181<2

Clearly, similar estimate holds for ||e=(*?92 R(A\)(1—x s )e™ ||, and (2.1) follows
easily from the above estimates. O

Given a > 1, denote
Z Oa, (Xagij (x Z O, (1 = Xa)6ijOa, ).
1,7=1 i,j=1

Denote by G, the selfadjoint realization of A7 on H, and set
Ru(2) = (Gy + 237t

Lemma 2.2. Fora>> ), 0<§ < 1, we have

(2.2) <1O(€C“p) > e 05 Ra(A xv) D e RO xasl

la] <2 || <2

<> I8 Ra(N) e,

o] <2
with a constant C > 0 independent of a and .
Proof. We have
Xas 0z R(A)xas = xas 03 Ra(A)xas + xa5 05 Ra(A)(Ga — G)R(A)xxs,
and hence, in view of (1.1),
X205 BR(A)xas |l < [[xao 05 Ra(A)xas |

+0(e” ) [xas 05 Ra (Ve P Y fle™ (1 = xxo) 37 RO xe |-
18]1<2
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On the other hand, in the same way as in the proof of Lemma 2.1, we have

Z X205 Ra(Ne™ || < C 4+ C Z X807 Ra(A)xas ],

|af<2 |laf<2
Dl (1 = xR SC+C Y Ixas 08 RO -
1B1<2 1B1<2
Clearly, (2.2) follows from the above esimates. O

In the next sections we will prove the following
Proposition 2.3. If a = A\ with § < ¢ < 1/2, we have
(2.3) 2805 Ra(\)xae [l <€, Va0 < a| <2,
with a constant C > 0 independent of \.

Clearly, taking % < ¢ < 3, (1.3) follows from (2.3) combinned with Lemmas
2.1 and 2.2.

3. Proof of Proposition 2.3

In what follows a = A7, A > 1, with 0 < ¢ < 1/2. Consider the problem
(A7 + M)u=vin Q,
Bu=0onT,
u — A — outgoing,
where v € C®(Q), suppv C Qs = {x € Q : |z| < A\?}. Clearly, (2.3) is
equivalent to the estimate
(3.1) ullgzo,5) < e Moz,
with a constant C' > 0 independent of A\. Denote S, = {z € R" : |z| = a}. Define
the Neumann operator N(\) : H'(S,) — L*(S,) by N(\)g := \"10,wls,,
where w solves the equation
(A+X)w=0in |z| > a,
w=gon S,
w — \ — outgoing.
Here v/ denotes the outer unit normal to S,. Throughout this paper, given a
domain K, H*(K) will denote the Sobolev space equipped with the semiclassical
norm || f|lgs(x) = |Asfllr2(k), where A is a A — WDO on K with principal
symbol (|€]2 + 1)%/2.
Clearly, u and v satisfy the equation
(A? + X*)u = v in Q,
Bu=0onT,
A 1ouls, + N\ f =0,
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where f = u|g, and v = —v/ denotes the inner unit normal to S,. By Green’s
formula we have
(3.2) —Im <N()\)f, f>L2(Sa) = —Im <u, C_QU>L2(Q>\5)

< e PMullZa(q, ) + €0l 72,
V3. Choose a real-valued function p(t) € C5°(R), 0 < p(t) < 1, p(t) = 1 for
t <1, p(t) =0fort > 2, and given a v > 0, set p,(t) = p(A7(t — 1)). Denote by
As, the Laplace-Beltrami operator on S,, and set L = A\71,/—Ag. .

Lemma 3.1. There exist positive constants co and C, independent of A\, so that
we have

(3.3) [N(A), L] =0,

(3.4) —Im (NN f, f)r2(s.) = € “Mlpg(L) fl17 25,95
(3.5) [N fllr2(sq) < ClIL+ 1) fllrz(s.,).
(3.6) aRe (N(A)f, f)r2(s,) < C)\_%(I_Qq)||f||2L2(sa)-

Proof. Let {y;} be the eigenvalues of \/—Ag, repeated according to multiplicity.
Then (a\)™'u; are the eigenvalues of L, and let {e;} be the corresponding
eigenfunctions, i.e. Le; = (aX)"‘uje;. If f € L3(S,), we write f = Y ajey,
where {a;} are such that

11725,y = D o5

It is well known that N(X)f is given by the formula

_ 1 -1 L(W\)
(3.7) NOf == (n=2+3"1f+) e fan) 9
where hy (z) = 22/2H{? (), v = | 15+ (5 — 1), H?(2) being the Hankel func-

tion of second type. For real z > 0, set ¥, (z) = —Im Z’”—Eig, n,(2) = —Re

Clearly, (3.7) implies (3.3). Moreover, we have

hy,(2)
hV(Z) '

(3.8) ~Im (NN, fo(sn) = D wo(ad)as,
(39 Re(Nffias, < - Y mlar)a

h,(aX) |°
(3.10) IV s,y < O s + X |74y | o

where C’ > 0 is independent of \.
Since h, (z) satisfies the equation

e = (S5 - 1)

we have
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This implies
(3.11) bulvs) = vl exp (20 [ ntdy).
20
Set z = a)\/y On supp p; we have z > 1 — O(A™?). Take zp = 1+ v~ with
v=7h < %. By Olver’s expansions (see [4])

2
25— 1

+ 0w V3 = v 2(V2 4 0(1)),

Yy (vzo) = %
and 7, (vy) = O0(1) for 1 —O(A\"9) <y <1+v~7. By (3.11),
Y, (vz) > v % exp (—vON T+ v77)).

On the other hand, we have v < 2a\ on suppp,, and hence Jvy > 1 so that for
v > 1y we have

(3.12)  u(vz) > (a)) 2 exp (—VO()\) - 0(A<1—7><1+q>)) > exp(—co)),
with ¢g > 0 independent of A. Moreover, it is clear from (3.11) that
(3.13) v, (z) >0, Vz >0, Vv > vy.

Let now 1/2 < v < vy. Using the well known asymptotics of the Hankel
functions as z — 400, v > 1/2 fixed, we get

(3.14) Yo (2) =1+0(z7h), 1/2 < v <.

Clearly, (3.4) follows from (3.8) combined with (3.12)-(3.14).
It is clear from (3.10) that (3.5) would follow from the bound

hl,(vz)
hy(vz)

while (3.6) would follow from (3.9) and the inequality

(3.15) C(1+z71), Vz > 0,

(3.16) —n,(2) < Cz71/3, Vz > 1,

where C' > 0 is independent of z and v. By Olver’s expansions ([4]), uniformly
for 0 < 2<1/2, v >1y > 1, we have

h/
(v2) —V1-224+0@™

h,,(l/z)
while for z > 2,
h,(vz) 22 —1 _1
h,(vz) R +0™)
On the other hand,
Rl (vz)

=0(1) for 1/2<2<2,
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and (3.15) follows when v > vy > 1. If 1/2 < v < 1y, (3.15) follows from the
well known asymptotics:

h, (2)
hy(2)

Moreover, 1, (2) = O(z7 1) as z — 400, which proves (3.16) when 1/2 < v < 1.
If v > 19> 1, (3.16) would follow from

(3.17) —2Y3,(vz) < Cv=Y/3, Vz>vh
We have —n, (vz) = O(v~1) uniformly in 2 > 2. Iff v~ < 2 < 1/2,
—zn,(vz) = —\/1- 2+ 0™ ") <O(v™),
which clearly implies (3.17) in this case. Let now 1/2 < z < 2. By Olver’s expan-

sions ([4]), we have —7, (vz) = k(z) + O(v~/3) with a function k(z) satisfying
Rek(z) < 0, which implies (3.17) in this case, too. O

h, (2)
i [545

9

It is easy to see that (3.1) would follow from (3.2), (3.4) and the following

Proposition 3.2. There exist positive constants C' and Ay so that for X > Ag
we have

(3.18) e_CAHUHHQ(QA(;) < [[llz2) + lpg(L) fllL2(s,)-
Note that, in view of the coercivity of the boundary value problem, we have
lullrz(a,,) < O)|lullrz2(0,,5) + OM)[|AgullL2(a, )
< OM)ullzz(e,,) + OM)[lvllLz().

so it suffices to prove (3.18) for ||ul[z2(q, ;) only.

4. Proof of Proposition 3.2

Let x € C°(R™), x = 1 for |z| < ap+2, x = 0 for || > ap+ 3, where ap > 1
does not depend on A\ and will be fixed later on. Applying Theorem A.2 to the
function yu (with M = Q,,+4) leads to the estimate

(4.1) / (Jul? + A" Vuf?) do
Qa0+2

< 62%)\/ (Jul® + [A"'Vul?) dx—l—ez“)‘HvH%z(Q),
ap+2<|z|<ap+3

with some 1 > 0.

Set P = —A"2A% — 1. If p € C™(£,), then P, := e**Pe™*? is a A\ — WDO
with principal symbol py(x, &) = p(x, &+ iV§p), p being the principal symbol of
P considered as a A — WDO, and Vg is a vector-valued function defined by

n
(VZCP)J‘ = Z(CQXagij + (1 - Xa)éij)afﬂigj? Jj=1..,n.
i=1
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Fix an € such that 0 < ¢ < (2¢)~! — 1. Denote r = |z| and for ag < r < a, set

p(r) = =1=C(r = —ay°),
where C' > 0 is independent of r. Clearly, taking C=C (ap,v1) large enough we
can arrange ¢(ag+2) > 71 + 1 and hence ¢(r) > 1 + 1 for ap+2 < r < a. Since
w(ag) = —1, there exist ag < a1 < az < ag+ 1 so that ¢(r) <0 for a; <7 < as.
Choose a function n € C*(R"), n = 0 for || < a1, n = 1 for |z| > az. Set

w = e**nu. In what follows || - || and (-,-) will denote the norm and the scalar
product in L?(ag < |z| < a), || - |1 will denote the norm in H'(ag < |z| < a),
while || - ||o and (-, -)o will denote the norm and the scalar product in L2(S,). It

is easy to see that Proposition 3.2 would follow from (4.1) and the following

Proposition 4.1. There exist positive constants C' and Ay so that for X > Xg
we have

(42) fwly +A2(L + D)w]s, [lo
< CNVPHOF| Pow|| + CX2|| pg (LYw]s, |lo-
Proof. We will first prove the following

Lemma 4.2. There exist positive constants C' and \g so that for A > Xy we
have

(4.3) lwlly < CAVZHIOF Pw|| + CAY2||(L + 1)w]s, [lo-

Proof. When ¢ = 0 the lemma follows from the Carleman estimates of Lebeau-
Robbiano [2]. We will modify their proof in a way allowing to get estimates

uniform in both A and a. Set f; := w|g, and denote ¢'(r) = dp(r)/dr, " (r) =
d?>p(r)/dr?. Then the boundary conditions on S, become

Aoyuls, = —(N(V) +¢'(a) fi.

Let P} be the formal adjoint to P, and denote Q1 = P“";P"’, Q2 = P“”;ip“’

and @ = tA\[Q1, Q2] with principal symbols Rep,, Imp, and {Rep,,Imp,},
respectively. We are going to take advantage of the identity (see (16)—(18) of [2])

(4.4) M Pow|? = M|Qrw|]* + MQewl? + (Qw, w) + B(w),
where
(4.5) B(w) = (Qawls,, (i\) ' dywls,)o +
((iN)19,Qaw|s, + 2¢'(a)Q1w]s, , f1)o-

Using that A = A near S, one can rewrite (4.5) in the form

B(w) = =2¢'(a) (A" 0pwls, II5 — {(L* + O(1)) f1, f1)o)
+0((@\) ™) [(A duls, s fi)ol

and hence, in view of (3.5),
(4.6) [B(w)] < C1¢/(a) (INN A + (L + D fill5) < Coa™ (L + 1) f1]l5,
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with Cy > 0 independent of A.

Introduce the polar coordinates r = |z|, ag <1 < a, § = % € 51, and denote
by (p, o) the dual variables of (r,0). Set D, = (i\)"19,, Dy = (i\) "10y. In view
of (1.1), it is easy to see that the principal symbols of P, 1 and Q2 can be
written in these coordinates as follows:

ks

p(r,0,p,0) = (14 by(r,0))p* + r—2(1 + ba(r,0)) — 1,

2
Rep, (1,0, p,0) = (1 + by (1, 6))0% + 2 (14 by(r,0)) — 1 = ()2,

7«2
Impy (1,0, p,0) = 2(1 + b1(r,0))¢'(r)p,

where b; € C*°, b; = 0 for %a <r <a,bj =O(r~*°) with all its first derivatives.
Furthermore, an easy computation gives

12
—oo vlo
{Repy, Imp,} = 4(1+ O(r™>)) <<p”pz + lg| + @%”) :
More precisely, the operator ) can be written in the form

(4.7) Q = b1Q1 + 023Q2 + D, (bsD,) + Qo,

where Ej € C=, Ej = O(¢") = O(r=27¢), by real-valued. Qq is a second order
differential operator with coefficients, cg(r,#; \), which in view of (1.2) satisfy

|0 ca(r, 0; X)| + |(r~99)cs(r, 03 )] < Cho < 00,

for all multi-indeces (k, o) with constants C}, ,, independent of A, whose principal
symbol is of the form qo(r, 0, 0) and satisfies, for ag < r < a,

2
qo(r,0,0) > Cr—27¢ (% + 1) > (Ca 27°¢ (— + 1) , C>0.

Hence, by Géarding’s inequality
(4.8) Re(Qow,w) > CGQE/ 11 = A2As,) 20|22, dr = O w]|T.
ao

Integrating by parts we get

(4.9) (Qw,w) = Re (Qow,w) + Re (b1 Q1w, w) + Re (b2Q2w, w)
+ Re (bsD,w, Dyw) + bs(a)Re (A1, wls,, f1)o
> Re (Qow, w) — O(ag*™%) (MQuw|* + M|Qzw||? + [|Dyw|?)
— O lwl* = O(a™* )L + D f15.
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Combining (4.4), (4.6), (4.8) and (4.9) and taking ag > 1 large enough, inde-
pendent of A, lead to

MPow]? = C1AQ (@) IDrwl® + Cra™7 [ (1 = A2 As,) 2wl |a (s, ydr

ao
— O D wli = 0@ )L+ fil3
> (Coa™?72 = OO™) [[w]|f = O(a™ )L+ 1) fillg
> Cza > |w|[f = O(a™ %) I(L + 1) f1l5,
with a constant C's > 0, independent of A, which clearly implies (4.3). O

Set (4(t) = (1 — pq(t))(1 +t). Clearly, Proposition 4.1 would follow from
Lemma 4.2 and the following

Lemma 4.3. There exist positive constants C' and Ay so that for X > Xy we
have

(4.10) 6o (L) fillo < CAV2H||Pyw] + CA™2 a1

Proof. Let ¢(t) € C§°(R), ¢(t) =1 for |t| < 1/5, ¢(t) =0 for |t| > 1/4, and set
Ga(r) = ¢p(1—=7r/a), w1 = ¢a(r)(L)w. Clearly, Aj = A on suppw;. Integrating
by parts one gets

(4.11) Im (Qawr, w1) = OA™'¢' ()G (L) f1lI5,

(4.12)  Re{((Q1 — DHwy,wy) + | Dpwr ||* = Re (Pywy, wr)
+ A7 Re (N(N)CGg(L) f1, ¢4 (L) f1)o
+ O () G(L) f1[5:

On the other hand, we have

@13)  Rel(@ - Duun) = (((£) 2 =10 ) wnn)

+ O(A " H)(Dywy, wy)
> ((L* =1 - (¢'(a/2))?) wi,wr)
— OO (IDrwr || + Jwi ||?) -

Since
(t=1=(£(a/2))?) Gt) = CATI(t+1)Ge(1),  C >0,
we have that the scalar product in the RHS of (4.13) is estimated from below by

CA™)| (L + 1w %
Thus, by (4.12) and (4.13) together with (3.6), Veo > 0,
AL+ D2 + [ Dy |2 < Oy ) (£ +1) 7 Py |
2N (L + D2+ A0 (A7) ¢ (D) 3,
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and hence
(4.14) AL+ Dwi||* + A Dpwn |12
< O ) |(L+1) 7 Pown |2 4 0 (A750720) ¢, (L) 1.
On the other hand,
(4.15) 1 (L)£1115 < Mlwi]|* + XDy [|2.
By (4.14) and (4.15),
16 (L) fillo < ONYZH)|[(L + 1)~ Py |

< ONYZ0)|| Py (¢qw)|

< O Pyw|| + ONY2H)[[[Py, galuw]

< O | Pywl| + O(AY2) w1,
since ¢, = O(a™1), ¢! = O(a™2). O

Appendix

Let (M, g) be a compact, connected Riemannien manifold with a C*°-smooth
boundary OM, and denote by A the Laplace-Beltrami operator on (M, g). Let
U C M be an arbitrary open domain such that OM NoU = (. Set X =
(-1,1)x M, Y = (—%, %) x M, Z = (—1,1) x U, and denote Q = d? + A. The
following estimates are due to Lebeau-Robbiano [2], [3]:

Theorem A.1. Let v(t,x) € C*°(X) satisfy either the Dirichlet or Neumann
boundary conditions on OM for every t € (—1,1). Then there exist positive
constants C' and p, 0 < p < 1, such that

1—
(A.1) ooy < C (Ivllaen) " (1Qullraix) + vl miz)” -

In the case of Dirichlet boundary conditions this theorem is proved in Section
3 of [2]. The main idea is to prove (A.1) locally (which in turn is done by
obtaining local Carleman estimates) and then to propagate this estimate up to
an arbitrary open domain in M. In the case of Neumann boundary conditions
the proof goes in the same way except that in this case the Carleman estimates
are harder to prove. Such Carleman estiamtes are established in Section 5 of [3].

Let us apply the above theorem to the function v(t, z) = e**u(z), where A € R
and u € C°°(M). Denote P = A + A\? and observe that Qu = ¢! Pu. We have

the following

Theorem A.2. Let u(x) € C®°(M) satisfy either Dirichlet or Neumann bound-
ary conditions on OM . Then there exist positive constants C and -y, independent
of A, such that

(A.2) ul g ary < Ce™ (| Pull p2ary + [l 0ry) -
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