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MULTILINEAR ESTIMATES AND FRACTIONAL
INTEGRATION

CARLOS E. KENIG AND ELIAS M. STEIN

Introduction

The purpose of this note is to describe several results about multilinear oper-
ators of fractional integral type. The simplest example that arises is the bilinear
operator acting on functions of R™ given by

I(f,g)(z) = - flz —y)g(z +y)K(y) dy,

where K(y) = |y|7"t*, 0 < a < n.

Now if n = 1, and we take instead of the locally integrable kernel K(y) =
ly|~1T® the singular integral kernel K(y) = 1/y, then I becomes the bilinear
Hilbert transform. In that case, we know by the work of Lacey and Thiele [L-T]
that I maps LP* x LP?2 — L", where

1 1 1
_:_+_7 1<p2<007
r o p1 P2

and the p; are additionally restricted by the requirement r > 2 (instead of

r o> %) The condition r > % is a consequence of the methods ?{1sed in their
proof, and may not be necessary; these methods are intricate and at a crucial
point rely on L? estimates.

Returning to the fractional integration case K(y) = |y|~" 1%, we shall prove
below — by very elementary considerations — that I maps LP* x LP? — L" for

the full range: i.e., when 1 < p; < o0, 7=1,2, and

1 1 1 «

r b1 b2 n’

with the only other limitation being 0 < «, and r < oo. (These last two
restrictions are necessary for the integral I to be finite; i.e., for all f,g € LP* x
Lr2))
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We will establish this result in the greater generality of (k+1)-linear mappings,
with k£ > 1. Thus we shall consider an operator I, defined by

Ia(flaf27' .. afk—i—l)(w)

= Jiltl)fa(le) -+ fropr(len ) K (21, - .o s wp) dovy - - - daye.
Rnk
Here z; € R", 1 < j < k and also z € R"; so (z1,...,7;) € R™ and
(z1,...,x,2) € RMFD - The U =Li(z1,...,zp,2), for 1 < j < k41, are
linear mappings from R™***1) to R™, which are assumed to be appropriately
non-degenerate and independent (see assumptions (H1), (H2) and (H3) below).

If we set

K(zy,...,zp) = |(x1,... ,xk)]%’”a

then we obtain the boundedness of I, from LP* x LP2 x ... x LPk+1 to L" when

TP n’

under the assumptions that 1 < p; < oo for all j, and o > 0, r < oo. If under
the same circumstances we relax the restrictions on the p; so that 1 < p; < oo,
then the mapping is bounded from LP! x --- x LPk+1 to weak L". In the case
when 7 > 1, our results can be obtained using the rearrangement inequality in
[B-L]. However, this approach does not apply to the more novel case r < 1.
The multilinear results above raise naturally several additional questions.

)

(1) For multilinear operators of the above kind, with integration over R™*,
what happens if they involve fewer than k 4 1 functions, or more than
k + 1 functions? In the first case, results for the full range of possible
exponents are easy to obtain, and represent a step in the proof of our
theorem (see Lemma 7, for the case of k functions; the case of fewer
functions follows in a similar way). For the second case, some partial
results are known (see [G]), but under the crucial restriction that r > 1.
The interesting question if there are results when r < 1 in this case
remains open.

(2) We may ask what happens when we replace the fractional integral kernel
K(x1,...,2%) = |[(z1,. .. ,2)| 7% by a Calderén-Zygmund kernel K
on R™ . The issue is then the question of extending the Lacey-Thiele
results to this (k + 1)-linear context. Incidentally, there is an analogous
problem in the k-linear case. For the range r > 1 the desired estimates
go back to the work of [C-M]. We show (in Theorem 8) how some of
their ideas can be adapted to obtain the corresponding results for the
full range of exponents.

Recently, after this work was completed, we learned of independent but related
work of Grafakos and Kalton in this area. Their work will appear in [G-K].
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We are grateful to L. Grafakos for pointing out a missing hypothesis in our
original statement of Theorem 3.
We now turn to the precise statements, and proofs of our results.

Main Results

Fix k€ N. Foreach1 <i<k+1,1<j5<k-+1, weare given an n X n
matrix A;;. We then define linear mappings /; : RMF+HD LR 1< <k+1,
by

Ci(xi, 29, ... o, ) = Ao + Agjwa + - - Apji + Ay .
We let A = (A;5) =1,k be the corresponding (k+ 1)n x (k4 1)n matrix. For

Jj=1,... ,k+1
0 < a < kn, we define

IOC,A(fh s 7fk+1)(x) -

filli(zy, ... 2k, ) fer (Cegr (@1, 28, @) T dzy - - - dxy,

R .’121,... 7$k)‘nk_a.

The functions f;, 1 <i < k+ 1, will be in LPi(R™), with 1 < p; < 0o, and with
1 1

D1 b2 Pr+1

o
> —.
n

Let
1 1 1 1 «

a9 P1 P2 Prk+1 N
and note that we are allowing for the possibility that ¢ < 1.
We will make the following assumptions about A.

(H1) For each 1 < j <k +1, Agq1, is an invertible n x n matrix.

(H2) A is an invertible (k + 1)n x (k + 1)n matrix.

(H3) For each jo, 1 < jo < k+1, consider the kn x kn matrix A;, = (A4;,)im,
where

(A,), = Apm 1<l<k, 1<m<Ek m<j
Jo7tm = At 1<l<k, 1<m<Ek, jo<m.

We assume that, for each 1 < jo < k+1, Aj, is an invertible kn x kn matrix.
Our main result is:

Theorem 1. Assume that (H1), (H2), (H3) hold. Then,
(a) Ifl<pi,i=1,... , k+1,

k1
o, A(f1s -5 frog1)||lLamny < C H I fill i (m).-

=1
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(b) If at least one p; equals one, then

k1
[T, A(f1s - s frg)l|pae @ny < CH | fil| Lpi ()

i=1

(Here LT denotes the “weak type” L7 space; see [S-W] for the defini-
tion of the Lorentz spaces L9°.)

To illustrate this result, consider the case k = 1, and suppose that A3 = I,
Aoy =1, A1g = —1, Ags = I. It is then easy to see that (H1), (H2) and (H3)
hold. The resulting bilinear operator is

dt
/fa;—i—t )|t|” -, 0<a<mn,
and a special case of Theorem 1 is:

a 1_1,1 _a
Theorem 2. Assume that 0 < a < n, p_1+ > e T o T T and that

ferLr,ge P2, 1<p; <oo. Then,
(a) If1 <p;,i=1,2,
[Ba(f, 9)llza < C|Ifl|LerllgllLez -
(b) If 1 < p;, i =1,2, and either py or ps is one,
[Ba(fs 9)l|Laee < Cl e l|gl]Lrz-

In order to illustrate the ideas in the proof of Theorem 1, we will sketch first
the proof of Theorem 2. We will find very useful in the sequel the following
multilinear interpolation theorem for Lorentz spaces.

Theorem 3 (S. Janson [J] ). Suppose that an (-linear operator T : LP1it x
XLpljl — L%°° where 0 < p;; < 00, 0 < q; < oo, for £+ 1 points

(ﬁ,... P L), 1 <j <£+1 in R that do not lie on the same hyperplane.
J
Suppose further that there are real numbers ag, aq, ... ,ap with a; > 0 for i =

U, so that 1/q; = 0404—25:1 a;/pij, for j=1,... 0+ 1. Then

. JP1,8 Pe,Se q,8
T:LPY x ... XL — L%%,

11 1 11 11y 1iae s
where 1 < s; < oo,lg = §1+ 1; and (— Vo ’p_wE) lies in the open
convex hull of( P B q—j).

1 1 ; — .
Remark 4. Ifp; > 1, and o T T pe > 1 42 Since we can take s; = p;, and

% > %, so that LY® C L1, we obtain that T : Lp1 X oo X LP— [9,
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Sketch of the proof of Theorem 2. We first establish (b) when p; = p, = 1. We
need a preliminary result. Let

B(f.g)(x) = / S Dge o,

Bi(f,9)(z) = A|<2—k flx+t)g(z —t)dt.

Lemma 5. The following statements hold:

@ NBUHall g < Clifllellglle

i) 1Bl < Cllfllellgllz
(i) [1Bu(f)ll 3 < 27 [|f]|c:lgllz.
(iv) ||Be(f,9)|lrr < Cl[fllzxllgll L

Proof. We assume, without loss of generality, that f > 0, g > 0.

/n B(f,9)(x) dx:/|t|<1/f(x+t)g(x—t) dxdt.

Using the change of variables y = x +t, z = x —t, (ii) follows. (iv) follows by the
same argument. We next establish (7). For @ € Z", we let Qz be the unit size
cube in R", whose bottom left coordinate is @, and we let Q% be Qg, expanded
five times. We let F' = B(f,g), fa = an f, 9a= an g. Then

:/ / PR (x—t)dtd:c<0/* /*g,

where we have used the same change of variables as before. Thus,
Fe< Cfigs where fi= [ fogi= [
Q@ Z

Since [, F F3 < (F3)% < C(f2)%(g%)?, we obtain that

Jrise(sn) (z4)

Finally since the {Q%} have finite overlap, > . f% < C||f||r:, and similarly for
g, and (7) follows. (iii) follows from (7) by scaling, and Lemma 5 is established.
O

Let pr1 =1, pp =1, ——2—— Let

A@= [ s e —0 g
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so that
Ba(f.g)(@) < 327 Fu(x) = H(a).
k

Note that Lemma 5 (i3i) and (iv) give
1B,y < Cllflleallgllr, [[Fullze < C25| £l llgll s,

respectively. Write H(z) = Fy + Fa, where Fy = Y, 27" Fy(z), Fy =
D k>ko 27k [y (z), so that

1F1][pr < C20 =) |f]|1]|gl| s, and

1F212y < > 272 Fi(@)|2y < 27" 2] 117 lgl 7.

k>ko
Then,
CA CA
B> < [{mz P [{m= T
C _ C  —kge
< 200 f gl + 272 1T allZe

A A2

Note that we can assume that ||g||z1 = ||f]|zr = 1 and choose ko so that

oko(n—a) /) ~ 9=koa/2 /x5 This gives the estimate C'//\, % =2 — & as desired.

To finish the proof of (b), note that, if g € L>°, we have

dt

Bo(f,9)(x) < |lgllL~ | f(z+1) e

and so (b) follows in this case by ordinary fractional integration. If g € LP2,

1 < ps < o0, f € L, we obtain the desired result (b) by fixing f and using

Theorem 3 in ¢, with ¢ = 1. In this case, note that 1 > %, so we can only

conclude that B, (f,g) € L% (in fact, L9P2). To obtain (a), we use Remark 4,
this time with ¢ = 2. In fact, consider the open convex set in R?,

«
C:{(21,22):21+Z2>E, 0< 2z <1, 0<22<1}.

Then, since & < 1, the closure of C' meets each side of the square 0 < 23 < 1,
0 < z5 <1, and for each pair of points on different sides of the square intersected
with the closure of C'; we can find a third point, on a third side of the square
intersected with the closure of C', and thus, not collinear with the first two
points. Moreover, the interior of the convex hull of all such pairs of points is
exactly C. Therefore, in view of Remark 4, which applies to our situation, the
preceding remarks, and symmetry, it suffices to show the “weak type” inequality
for p = 1,00 and 1 < py < oo. The case p; = 1 is covered by (b), while the
case p1 = oo holds because

Ba£9)(@) < [fllz~ [ gta =1 %
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and so (a) follows in this case by ordinary fractional integration. Theorem 2 is
now completely proved. O

Remark 6. When g(z) = do(z), Buo(f, 9)(z) = f(2x)/|z|"~%, which shows that
n (b) the strong type inequality fails.

We now turn to the proof of Theorem 1. The general scheme of the proof
is identical to the one we just gave for Theorem 2. We will need a further
multilinear extension of ordinary fractional integration.

Lemma 7. Let k € N,
1 1 1 1 leY
S= ot — e — — = >0,
S (& () Tk n
with 0 < a < kn, 1 <r; < oo, and define
/f1 x—yl )fo(z —y2) - Sl — yk)
yla"' ﬁ%)’kn_a

Ia,k(fla--' ,fk dyldyk

Then,
(a) If each r; > 1,

k
e < C T Ifiller

i=1

ok (frs--- s fr)

(b) If r; =1 for some 1,

k
Lo < CTT I filler

=1

ok (frs--- s fr)]

We will take Lemma 7 temporarily for granted, and use it to give the proof
of Theorem 1. We will then return to the proof of Lemma 7.

Proof of Theorem 1. We first establish (b) when p; = py = -+- = pp+1 = 1. The
general scheme is identical to the one used in the proof of Theorem 2. We let

Ma(f1, f2,-- s fr1)(z) =

/|<z1, O ) fea ) da e do,
and,

Mas(fiy fore ooy frr1)(@) =

/ filh(@y, ..o, 2) - ferr (G (2, - 2, @) oy - - - dag,
l(@1,... ;)| <272

and, we have the analogue of Lemma 5:
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@) WMafr Sl < CILE Il
(i) (M ferd)lle < CILEL Il
() (Mas(fine Sl o < €2 LTl
(V) NMas(fro Sl < CIEG Nl

(ii) and (iv) follow by considering the change of variables y = L(z1,... , 2k, z),
y € REHD™ where

U1 :gl(‘rlw" ,(Ek,l‘),... y Yk+1 :£k+1("1:1)"‘ J‘rk7x)'

Hypothesis (H2) guarantees that L is an isomorphism, and thus (ii) and (iv)
follow as in Lemma 5. (iii) follows from (i) by rescaling. Finally, if Qz is as in
the proof of Lemma 5, zz is the center of Yz, and

ya = L(0,0,...,0,253) = (Agt117a, Apr12%a, - - » Apr1k41%a),

then, if for each j = 1,... ,k+ 1, we let Q[’;j = Apt12q + QF, where Q" is a
cube centered at the origin, of side length M, we can choose M, depending only
on n,k, A, so that

L({[(z1;- - 2p)] <1} x Qa) C Qa1 X -+ X Q7 joy1-

Moreover, since (H1) holds, the cubes Q* have finite overlap, depending only
on n, k, A, and this gives (i ) just as in the proof of Lemma 5. Next, with

Fs(:c):/( s filli(zy, ..o g, ) -

o frr1 (g1 (ze,y ..o 2k, ) ‘(;fivl,jf;kn’
we have Io a(f1,..., fog1)(x) <>, 27°Fs(x) = H(x), and
k1 k+1
Il < C TR B < 025 TT ISl
r=1 r=1

We will then write H(x) = Fy + F»,
Fy=Y 27F,(x), =) 27°Fy(x),

s<so $>380
and choose sg so that
250(kn—a) 2—soa/l~:+1
b\ - )\1/k+1 ’
to obtain [{In,4 > A} < &, q = (k+1) — 2, as desired. To finish up the proof
of (b) in Theorem 1, we proceed mductlvely. We will assume that the statement
in (b) is proved when j + 1 of the p;’s are equal to one, and then prove (b) when
j of the p;’s equal one. Since we have just shown that (b) holds when all the p;
are 1, this suffices. Thus assume (by symmetry), p1 =1,po =1,... ,p; =1,1 <
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Pjt1 < 00,...,1 < pry1 < oo, vvithj%—pjl+1 +~--+pk1+1 > 2. We can assume
i 1 _ 1 e L« . 1 i
1 <5<k Set5_=7+pj+1+ + o ~,and fix fi,...,f; € L*. With

{=k+1—j, we consider the ¢-linear operator
T(g1,92,---,90)(®) = Lo a(f1,--- 5 [, 915 5 90)(T).
We will use Theorem 3 to show that
T : LPi+t x [Pit2 x ... x [P+l — [9°0
Consider the open convex set in R,
C= {(21,... yze):jtzitzet otz > %, O<zi<1l i=1,... ,6}.

We will first assume that ¢ > 1. First, note that C' is the open convex hull
of those points in the faces of Qo = {(z1...,2¢) : 0 < 2, < 1,1 < i < {}
which are also in the half-plane H = {(z1...,20) 1 j+21+ 20+ -+ 2> S}
Moreover, if 2 € C, and 27, Z> are each in the intersection of a face of @y with
H, and 7 belongs to the line segment between Z; and Z5, then 2} and Z5 must
belong to different faces of )y, and hence must be linearly independent. Also
note that H meets the interior of each of the 2¢ faces of (Jy in a non-empty
open subset. (Here and in the sequel, when referring to the interior of a face,
or an open subset of a face, we mean this as subsets of the R*~! dimensional
hyperplane which contains the face.) Next, observe that, given any pair of points
Z1 = (2f,...,2}), Za = (2%,...,22), each in the intersection of a different face of
Qo with H (and hence linearly independent) we can find /—2 points 23, Z, ... , 2
so that each point is in the intersection of a different face of Qg with H, and so
that {z7,25,..., 2z} is linearly independent.

(To see this, recall that 27 and 2z, are linearly independent. If Lo is the 2-
dimensional subspace that they span, and Fj is any face of Qg different from
the faces F; and F5 to which z; and z5 belong, then Lo, meets F3 along an
affine space Ay. Note that Lo cannot be contained in the (¢ — 1) dimensional
hyperplane containing F3 (since 1, Z5 ¢ F3), and so, dim Ay < 1. Since {—2 > 0
(otherwise there is nothing to do), £ — 1 > 1, and hence can find a point Z3 in
the interior of F3 intersected with H, which is not in Ay. Thus, {Z, 25, 23} are
linearly independent. We continue in this fashion, until we have ¢ points. This
is possible because if we have {z1,25,...,Z.} linearly independent, each in a
different face, and if we let L, be their linear span, and F,,; is a further face,
and

A, = L, N (£ — 1 dimensional hyperplane containing F,.1),

then A, 7cé L., dim(L,) =r,soif r <{—1, then dimA, <r—1</¢—2, and
thus we can find 2.1 in the interior of F,.;; intersected with H, and not in A,.)

By linear independence, there exists a unique hyperplane L in Rf, which
contains 27, Za, ... , Zg. Let Fypy1 be a face of C different from the ones containing
Z1,...,2¢. Then L cannot be contained in the hyperplane containing Fyyq, and
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so the dimension of the intersection of L with that hyperplane does not exceed
¢ — 2. Hence, we can find a further point Zyy1 in the interior of Fy, 1 intersected
with H, which is not L. By the uniqueness of L, {21, 25, ... , 2y, Zs+1} are not in
the same hyperplane.

Because of the above considerations, Theorem 3, and symmetry, we need only
show our weak type estimate when (pj1+1 ey pklﬂ) = (2z1,...,2¢) is such that
zpiseitherOor 1,0< 2z, < 1,1 =1,2,... /.

If 21 =0, g1 € L, and

T(g1,---,90)(x) <

llga |z /f1<zl<x1,-.. @) (@ T @)

dry -+ dxy

92(€j+2(l‘1, s 7':Uk37’1")) e 'ge(gk-i-l(mlv s ,fL‘k,$)) |($1, o ’wk)‘nk—a ’
At this point, hypotheses (H1) and (H3) easily reduce matters to Lemma 7. (See
Remark 10 below.)

If 2y = 1, g1 € L', and the required bound now follows from the fact that
7+ 1 of the p;’s are equal to one.

If £ = 1, we only require two points to apply Theorem 3, and the argument
is much simpler, and thus (b) is established.

We now turn to the proof of (a) in Theorem 1. As in the proof of Theorem
2, we will use Remark 4. The argument will be similar to the one used above to
give the proof of (b). Consider the open convex set in RF+!,

C={(z1,...,2n) 21 +22+ - +2zp1>a/n, 0<z; <1, i=1,...  k+ 1},

where, as always, 0 < o < kn. The half-plane H = {z; + --- + zk11 > a/n}
meets the interior of each face of the cube Qo = {0 < z; < 1,i=1,... ,k+ 1}
in an open set, and thus, arguing as in the proof of (b), but this time using

Remark 4 (since 1 < L 4 ... 4 ﬁ), we are reduced to showing the “weak

q p1
type” estimate, when p; =1 oroo, 1 <p; <oo,j=2,... ,k+1,
1 1 1 «
— =t —=>0.
pP1 P2 Pky1 M

When p; = oo, hypotheses (H1) and (H3) quickly reduce matters to Lemma 7
(see Remark 10 below), and when p; = 1 the desired result follows from (b).

O
Proof of Lemma 7. Since a > 0, some r; < oo. If, say, rgy1 = - = 1 = 00,
1 < ¢ <k, because & < % +-+ % < ¢, so that kn —a > (k — ¢)n, integration
in ypi1,...,yxr reduces matters to the case when all r; are finite (and k = /).
Thus, we can assume that all r; < co. Now, observe that if 0 < ¢;, i =1,... ,k,

and 0 < a < Zle ¢i, we can find 0 < a; < ¢; such that a = Zle a;. Apply
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: : _ ) 1 _ 1 Q; : k 1 _
this observation to ¢; = n/r;, and let S =5 % Since >, 5 =50<

i1
CY7<r—i§1,1<5i<c>o,aund

k
o il g < )™ (= Y a),
=1

it follows that In (f1,..., fx)(z) < Hle I,,(fi)(z), where I,, is the standard
fractional integral operator. The lemma now follows by Holder’s inequality (or
its Lorentz space version when some 7; = 1). O

A Singular Integral Version

We will conclude with a “singular integral” version of Lemma 7, which allows
one to extend to exponents below 1, results of Coifman-Meyer [C-M1, C-M2,
C-M3, C-M4, C-M5].

Theorem 8. Let ke N, 1 <r; <oo, 1< <k,

1 1 1
—= 44—
S 1 L

and let K denote a Calderén-Zygmund kernel in R™ (i.e. K is homogeneous
of degree —nk, it is smooth away from the origin, and has mean value 0 on the
unit sphere in R"¥). For f; € L™, let

T (fi,-- 5 fu)() :P-U-/fl(w—yl)"'fk(l“—yk)K(yl,--- L Yk) dyy - - - dyy.

Then:
(a) If each r; > 1, then

HTK(fl,- .- 7fk>‘

k
e < CTTIfller-

i=1

(b) If r; =1 for some i, then

HTK(f17"' 7fk3)‘

k
poe < CT]fillen
=1

Remark 9. Whenr; > 1, s > 1, (a) is due to Coifman-Meyer [C-M1], [C-M2],
who also proved that if s = 1, the weak-type estimate holds. Note that in [C-M3],
[C-M4] it is also allowed that (k — 1) of the r; be co. Qur point here is the

extension to the case s < 1, and also adapts ideas used by them, in particular
Lemma 4.8 in [C-M1].
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Proof of Theorem 8. We will only do the & = 2 case here. We also do, for
simplicity, the case n = 1. We first prove the case s = %, r1 =1, ry=11n (b).
Thus let f; € L', and assume, without loss of generality, that ||f;||p1 = 1. Let
A > 0, and we want to show that

{21 [Tk (fr, fo)| > A} < C/A%.

We next perform a Calderén-Zygmund decomposition (see [S]) of f;, at “height”
)\%, i.e. we write f; = b; + ¢;, where b; = ), bk, suppb; x C I;, fli,k bik =
0, {Lix}r are a disjoint collection of intervals, |Ugl; x| < C/)\%, flk bi k| <
CA3|L; 1|, and ||g;||~ < CA2. Note that [|b)] < C, and that, for ¢ > 1
[lg:lr < ox'=,

N

{Tk(f1, f2) > A} C
{Tk(b1,b2) > A4} U{Tk(b1,92) > A/4}
U{Tk(g1,b2) > A\/4} U{Tk(g1,92) > \/4}
— B UE,UEsUE,.

Let Qf = Ugl; ", where I; ;™ is the interval with the same center as I; i, but
expanded three times.

We first estimate £y = E1\(Q;UQ5)UELN(QUQS). The second of the above
sets has the required estimate. Thus, assume x € Ey, x € (] U Q35). Then,
TK(bl,bg)(ZL’) = Zk,j TK(bLk,bQJ‘)((L’). Fix k,_] and consider TK(bLk,bQ’j)(JI).
We can assume, by symmetry, that I ;| < |I5;|. Let uy be the center of I .
Then,

Tic(bypbo)(@) = / / bia(@ — y1)bos (& — y2) K (31, y2) dyrdye,

= //bl,k(ul)blj(x —y2) K (2 — u1,y2) durdys,

— //bl,k(ul)blj(z_yQ)’
[K(

T —uy,y2) — K(r —ui g, y2)] duidys.

Since for z g Iik? ’K(.%’ - u17y2) - K(CL‘ - ul,k:y2)| < C% up € Il,k?a

[(z—u1,k,y2)[3°

(=1, y2)° > Jo—u1kl2|ye|? and, for o & I} ;, ug € Lo, |z —ug| = |z —uz ],
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where uy ; is the center of I j, we have:

b U bo (u
T (b1,ky b2j)(2)| < C’//|‘ ACY) ot 1 |baj( 2)’3 L,

x—u1k|2 |z — ug ;|2

du1 dUQ,

|11 2 T2
| — ug |2 | —ug |2
CAI1 |2 [T 412
(E(Ik) + o — ur k) 2 (€T2) + |2 — ua,
Hence for z ¢ Q7 U Q35, we have:

CA

B

Tac (b, o) ()] < Z sl L2, Yo
b 3 3 N
(I k) + o —urp])® (C(1g) + |2 —ugj])2

Let
’I-7

B for a > 0,

i,k

Guel®) = 2 Tt

be the Marcinkiewicz function, and recall (see [S]) that [ G; (z)dz < Cy| Uy
I x| < C’a/)\%. We have

C 1 1 1
BV U9 < 5 (6130 G y@)h oA <O/}

2 12

by Cauchy-Schwarz. We estimate E, using the Coifman-Meyer [C-M2] result,
with 71 =4, ro = 4, s = 2, to see that

I
> Q

1 C 5.3
B < 35 [ 1Tl )P < Gl Belgalfte < 53100

To estimate Fo, we estimate its part disjoint from Q7. If = ¢ I7 ., using the
same estimate as before, we see that

b1 k(u
Tre (b1 92) (@) < //beikl|ghwmm—wnmmW,

by so(u)||I
C\: // o )Mkl
(2 — w1k, y2)?

Performing the y, integration we obtain

IN

Oz [Ty 4| / CAI |
_ b uy)lduy < : .
ST J et < e e
Thus |TK(b1,gg)($)’ < C)\glvl(l‘), and so |E2\QT| < Cfgl,l(ﬁ) < C’/)\%7 as

desired. Since the esimate for F3 is similar, this concludes this case. To finish
the proof of (b), fix fi € L', ||fi||r: = 1, and first assume that fo € L,
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|| f2||lL~ = 1. Given A > 0, perform the Calderén-Zygmund decomposition of f,
at height A, so that f; = by + ¢g1. By the argument above, for x ¢ Q7,

Tk (b1, f2)(2)| < Cl|fallL=AG11(2),
and [ Gy 1(z) < C/A. Also,

Ticlor, f2) > M < 55 [ ITicon, P < GllanlEallfal < 5.

(by the Coifman-Meyer result [C-M4]), giving the fact that Tk (f1, f2) is in
weak L!. Using Theorem 3 (with ¢ = 1), we now obtain that, for fo € L"2,
Ti(f1, f2) € L**°, + =14 =, 1 <7y < 00, which yields (b). Finally, to obtain
(a), we use (b) and Remark 4 above, together with the Coifman-Meyer result
[C-M4] for 1 < ry < 00, 19 =00, and r; = 00, 1 < 19 < 0. O

Concluding Remarks

Remark 10. The operators I, j, and Tk appearing in Lemma 7 and Theorem
9 can be put in a more general form in parallel with the (k + 1)-linear operators
arising in Theorem 1. Here we define I, ;, and Tk as

. fl(gl)fg(gg) ce fk(ek)K(.’El, PN ,$k) d.%'l cee dack

Rn

with K(x) = |(x1, ... ,2)| "™, or K(x) a Calderén-Zygmund kernel on R™ .
Also

k
gj = gj(LIIl, e ,LIZk,(E) = ZAZ].IIZ +Ak+]_7jx, 1<j5<k.
i=1
We make the following assumptions analogous to (H1), (H2), (H3):

(hl) For each j, 1 < j <k, the matriz Ay41,; is invertible.
(h2) The kn x kn matriz (A; ;) 1<i<x 1S invertible.
1<j<k
Then the conclusions of Lemma 7 and Theorem 9 still hold in this more
general term. This can easily be deduced from the special cases already proved.
First we replace the functions f; by fi; with f]’-(A;iLj(m)) = fj(x). Then we

write Al 0 =2 — Zle Az with Af, = —A!

ki1, Aij. Finally one makes the

linear change of variables y; = Ele Al
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