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ON BLOWUP FORMULAE FOR THE
S-DUALITY CONJECTURE OF VAFA AND
WITTEN II: THE UNIVERSAL FUNCTIONS

WEI-PING LI AND ZHENBO QIN

1. Introduction

This is a continuation of our work [L-Q] on blowup formulae for the S-duality
conjecture of Vafa and Witten. In [V-W], Vafa and Witten formulated some
mathematical predictions about the Euler characteristics of instanton moduli
spaces derived from the S-duality conjecture in physics. From these mathe-
matical predictions, a blowup formula was proposed based upon the work of
Yoshioka [Yos]. Roughly speaking, the blowup formula says that there exists a
universal relation between the Euler characteristics of instanton moduli spaces
for a smooth four manifold and the Euler characteristics of instanton moduli
spaces for the blowup of the smooth four manifold. The universal relation is
independent of the four manifold and related to some modular forms. In [L-Q],
we verified this blowup formula for the gauge group SU(2) and its dual group
SO(3) when the underlying four manifold is an algebraic surface. In fact, we
proved a stronger blowup formula in [L-Q], i.e. a blowup formula for the virtual
Hodge numbers of instanton moduli spaces. However, in [L-Q], we did not find a
closed formula for the universal function which appears in this stronger blowup
formula. Our goal of the present paper is to determine a closed formula for this
universal function.

To state the blowup formulae proved in [L-Q], we recall some standard defini-
tions and notations. Let ¢ : X — X be the blowing-up of an algebraic surface X
at a point g € X, and E be the exceptional divisor. For simplicity, we always
assume that X is simply connected. Fix a divisor ¢; on X, ¢1 = ¢*c1 — aF
with @ = 0 or 1, and an ample divisor H on X with odd (H - ¢;). For an
integer n, let My (c1,n) be the moduli space of Mumford-Takemoto H-stable
rank-2 bundles with Chern classes ¢; and n, 9% (c1,n) be the moduli space of
Gieseker H-semistable rank-2 torsion-free sheaves with Chern classes ¢; and n,
and MY, (c1,n) be the Uhlenbeck compactification of My (c1,n) from gauge the-
ory [Uhl, Don, LiJ]. It is well-known that both the Gieseker moduli spaces and
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the Uhlenbeck compactification spaces are projective. For r > 0, the divisors
H,=r¢*H—FEon X is ample; moreover, all the moduli spaces My, (¢1,n) (resp.
MG (é1,n), MY (¢1,n)) can be naturally identified. So we shall use My__(¢1,n)
(resp. MG _(¢1,n), MY (¢1,n)) to denote the moduli space My, (¢1,n) (resp.
MG (¢1,n), MY (é1,n)) with 7> 0.

For a complex algebraic scheme Y (not necessarily smooth, projective, or
irreducible), let e(Y;x,y) be the virtual Hodge polynomial of Y. When Y is
projective, e(Y;1,1) is the topological Euler characteristic of Y;¢q. Our Theorem
A in [L-Q] gives the following blowup formula for the Gieseker moduli spaces:

&2 = c?
(L) D e(MG_(Er,n)iz,y)q™ ™+ = (¢ - Za) - > e(MG(cr,n);2,y)q" "+

n n

where Z, = Za(x, y,q) is a universal function of x,y, ¢,a with

= Ynezd"
Za(1717q): 1 L n\12
[g21 anl(l —q")]

Assuming that MMy (c1,n) (respectively, My (¢1,n)) is dense in the Gieseker
moduli space ME (c1,n) (respectively, imf,w (¢1,n)) for every n, we also have a
blowup formula for the Uhlenbeck compactification spaces (Theorem B in [L-Q)):

&2 T~ 2
Y ey (@,n)i@ )" = (q77 - Za) - Y e(Miy(er,n);z,y)g"

n n

where Z, = Z,(x,y, q) is a universal function of x,y, ¢, a with

> Ynez
Zzz(LLQ) = EZ—
q12(1—q)

Our main results are the following closed formulae for Za(x,y,q) and

Za (x’ y? q)'
Theorem 1.2. The universal function Za(x,y, q) is equal to

@n+a)?—(2n+a) (2n+a)?
2 4

Znez(fry)

027 [ 1,5, (1 = (z)2q™)]?
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Theorem 1.3. The universal function Za(x,y, q) is equal to

: 1 |:Z({Ey) (25+a)22+(2s+a) q(zs-za)2 Qﬁa 1-— (acy)272_2q3
¢ (1 = zyq) L5 i OB Y
2s+a—1 2i—92 4
(2s+a)2+(2s+a)—2 (23+u)2 1 - (l’y) J qj
2 1 I S
s>(l—a J=

1=—@* g

0
where we make the convention that ] T=(xg)7 g7
-

The paper is organized as follows. In section two, we verify Theorem 1.2
by taking X = F; (the one-point blownup of P?). In section three, we prove
Theorem 1.3 by using a not-closed formula of Z,(x,y, q) obtained in [L-Q].

2. The universal function Z,(z,y,q)

In this section, we derive a closed formula for the universal function

Za(z,y,q). Our strategy is to compute the virtual Hodge polynomials of the
Gieseker moduli spaces of semistable rank-2 sheaves over F; and its blownup.
These Gieseker moduli spaces are actually smooth and have been studied ex-
tensively (see [E-G, F-Q] for example). Adopting a formula of Gottsche [Got],
we calculate the (virtual) Hodge polynomials of these Gieseker moduli spaces.

Then using the definition of Z o(x,y,q), we can determine a closed formula for

Z(l ('I" y’ Q) *
First of all, we recall virtual Hodge polynomials for complex algebraic schemes

(not necessarily smooth, projective, or irreducible). Virtual Hodge polynomials
were introduced by Danilov and Khovanskii [D-K]. They can be viewed as a tool
for computing the Hodge numbers of smooth projective varieties by reducing
to computing those of simpler varieties. For a complex algebraic scheme Y,
Deligne [Del] proved that the cohomology H*(Y, Q) with compact support carries
a natural mixed Hodge structure which coincides with the classical one if Y is
projective and smooth. For each pair of integers (s,t), define the virtual Hodge
number
e H(Y) = S~ 1R (HE (Y, Q).
k
Then the virtual Hodge polynomials of Y is defined by

e(YViz,y) = e (Y)z'y".
s,t
Virtual Hodge polynomials satisfy the following properties (see [D-K, Ful, Che]):

(2.1) When Y is projective, e(Y;1,1) is the Euler characteristic x(Yiea) of
Yied. When Y is projective and smooth, e(Y;z,y) is the usual Hodge
polynomial.
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(2.2) If Z is a Zariski-closed subscheme of Y, then
e(Yiz,y) = e(Ziz,y) +e(Y — Z;2,y).

So if Y = [[,Y; is a disjoint union of finitely many locally closed
subsets (i.e. each Y; is the intersection of an open subset and a closed
subset), then

n

e(Yiz,y) = Z e(Yiiz,y).

i=1

(2.3) If f:Y — Z is a Zariski-locally trivial bundle with fiber F', then
e(Yia,y) = e(Z;x,y) - e(F;x,y).

(24) If f:Y — Z is a bijective morphism, then e(Y;x,y) = e(Z;z,y). In
particular, we have e(Y;z,y) = €(Yied; T, ¥)-

Next, we recall a result of Gottsche. Let X be an algebraic surface with
effective anti-canonical divisor —Kx, and let ¢(X) be its irregularity. Fix a
divisor ¢; on X and an integer n. In [Got], Gottsche studied the change of
the virtual Hodge polynomial e(9M% (c1,n);x,y) as the ample divisor H crosses
walls of type (c1,n). In addition, a detailed study of the change of the Gieseker
moduli space M (c1,n) as H crosses walls of type (c1,n) can be found in [E-G,
F-QJ. The next lemma follows immediately from the Theorem 3.4 (1) in [Got].

Lemma 2.5. Assume that X is an algebraic surface with effective —Kx. Let
H and L be ample divisors not lying on any wall of type (c1,n). Then

e(MG (c1,n)i2,y) = e(ME (e, n)i2,y) + (1 —a)(1 —y)™.

_PHeRy 1 — (zy)sKx s .
D (w0 X(OX)%@U)' > e(Hilb*(X); 2, y)e(Hilb' (X); z,y)
C S+t:€C

where £ = (4n — ¢ + ¢*)/4, and ¢ rus over all the classes in Num(X) which
define walls of type (c1,m) and satisfy (H < 0 < (L. O

Now let X be a rational ruled surface with effective —Kx. Then ¢(X) = 0.
Let f be a general fiber of the ruling. Fix a divisor ¢; and an ample divisor H
such that both (f-¢) and (H - ¢1) are odd. Fix an integer n. Since (H - ¢1)
is odd, H does not lie on any wall of type (c1,n). Since (f -¢1) is odd, it is
well-known [H-S, Qi2] that there exists an open chamber C,, of type (c1,n) such
that mg'n (c1,n) =0 for L,, € C,, and that the divisor class f is contained in the
closure of C,,. Note that since the divisor f is nef and contained in the closure
of C,,, the condition (H < 0 < (L, is equivalent to (H < 0 < (f. Let

(2.6) Ag={(ePic(X)| (H<0<(fand(=c¢; (mod2)}.
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Then ¢ defines a nonempty wall of type (ci,n) with (H < 0 < (L, if and only
if ( € Ay and (? > —(4n — ¢3). Applying Lemma 2.5 to H and L,,, we obtain

2 X 1-— CKx
(MG (c1,n);2,y) = > (xy)ZC_#—X(OX)%.
CEAy and ¢2>—(4n—c?) 1- (.Z'y)
(2.7) - e(Hilb (X); @, y)e(Hilb (X ); 2, 7).
3+t:€§

Lemma 2.8. Let X be a rational ruled surface with effective —Kx. Let c1 be a
divisor on X such that both (f - c1) and (H - ¢1) are odd. Then

[>=,, e(Hilb" (X); 2, y) (zyq)"*
(zy)X(O0)[1 — (zy)]

> e (cr,n)iz,y)g" " =

n

(2.9) S (o) S ()

CEAn

Proof. By definition, ¢ = (4n — ¢} +(?)/4 > 0. Son =l + (2 — (?)/4. By
(2.7)

02
> e(MG(er,n)iz,y)g" "+
:Z Z (my)fcfﬁ#ﬂc(@ﬂﬂ.

n (eAy and (2>—(4n—c}) 1— (zy)
S e(Hlb (X); 2, y)e(Hilb! (X); 2, y)g" "+
S+t:£€
=Y Z(xy)#%fx(ox)%.
CEhy €0 1 —(zy)
© D e(Hilb (X); 2, y)e(Hilb! (X); 2, y)g~ %
s+t=/¢
= Z (xy)_&#_X(ox)%q_g,
1 — (xy)
CEAH Y
ST e(HI (X); @, y)e(HiD (X); 2, ) (eyq)"-
£>0 s+t=¢L

Here going from the first equality to the second equality, we have changed n to
¢+ (¢ — (?)/4 with £ > 0. Notice that

3 ) e(Hib (X); a, y)e(Hilb' (X); 2, y)(2yq)”

>0 s+t=~¢
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is equal to [y, e(Hilb"(X); z, y)(xyq)"]*. Therefore, we obtain

o
us|,_. v

> e(MG(er,n); 2, y)q"
ey — (zy)SEx 2
=D (ay) 3 ‘X‘Ox)%q—« > e(Hilb™ (X); z,y) (zyq)"

Do, eHib"(X); 2, y) (xyq)")? Ky -
R o) R DA Al

n

CEAn

O

Next we study the virtual Hodge polynomials of the Gieseker moduli spaces
over blownup surfaces. As before, let X be a rational ruled surface with effective
—Kx. Let f be a general fiber of the ruling. Fix a divisor ¢; and an ample divisor
H on X such that both (f-¢;) and (H - ¢1) are odd. Let ¢ : X — X be the
blowing-up of X at a point zy € X, and F be the exceptional divisor. We assume
that —K+ is effective. Let ¢1 = ¢*c; —al with a = 0 or 1. It is well-known
[F-M, Bru, Qil] that for » > 0, all the divisors H, = r-¢*H — E on X are ample
and lie in the same open chamber of type (¢1,n). Thus all the moduli spaces
MG (¢1,n) (resp. My, (¢1,n)) with 7 > 0 are identical, and shall be denoted
by MG (é1,n) (resp. My__(é1,n)). Since (H, -¢é1) =r(H -c1) —a and (H - c1)
is odd, we can always choose r > 0 such that (H, - ¢;) is also odd.

Lemma 2.10. Let ¢ : X — X be the blowing-up of a rational ruled surface X
at one point such that —Kx and —K5 are effective. Let c¢1 be a divisor on X
such that both (f -c1) and (H -¢1) are odd, and é, = ¢p*c1 —aE with a =0 or 1.
Then

(MG (61.m): . aefl [, e(Hilb" (X); 2, y) (2yq)"]*
2 e (@i g () O [1 — ()]

@t+a)2—(2t+a) (2t+a)? ey _¢2
211) > (zy) 2 g Y ey 2 (L= ()N T
tEL CeEAn

Proof. Note that the ruling of X induces a ruling of X and that ¢* f is the
divisor class of a general fiber for the ruling of X. Fix an integer n, and choose
r > 0 such that (H, - ¢;) is odd. Applying (2.7) to X and H,, we obtain
F24CK 1— (K
(M, (E1,m);2.1) = D e
r — (xy

(€A, and (*>—(4n—2?)
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(2.12) Y e(Hilb*(X); z, y)e(Hilb" (X); 2,y)

S—‘rt:ZC'

where by (2.6), Ay, = {C € Pie(X)| C(H, <0< (-¢*f and ( =& (mod 2)}.
Since (H - ¢1) and (H, - ¢1) are odd, ¢*H and H, are not separated by any
wall of type (;El,n). Thus if ¢ defines a nonempty wall of type (¢1,n), then
(H, <0< C-¢*fifand only if (- ¢*H < 0 < (- ¢*f. In view of this
observation, we put
Ag_={Ce Pic()?)] C-¢*H<0<C-¢*fand(=¢ (mod 2)}.

Then by (2.12) and the convention for ME_(é1,n), we have
(M (@1, n);2,y) = e(MG, (&, n);2,y)

— > (vy)e™ Tz o) I )

C~EAHD0 and 522—(471,—5%) B ($y)

Z e(Hilb* (X); z, y)e(Hilb! (X); z, y).

S-‘rt:fg'

As in the proof of Lemma 2.8, we conclude that

(G (G1.m): 2.y = o CHID"(X); 2, 9) (wyg) "]
2 e (@i g () O [1 — (zy)]

(2.13) Y () ()] E

CEAm,,

Put { = ¢*C + sE. Then (- ¢*H < 0 < (- ¢*f if and only if (H < 0 < (f.
Moreover, ( = ¢ (mod 2) if and only if { = ¢ (mod 2) and s = a (mod 2). So
(=¢*C+sE € Ag__ if and only if ( € Ay and s = (2t — a) for some t € Z.
Thus,

§2+5K}~( - -
(2.14) Z (xy)” 2 1 - (xy)c x)g
5€AHOO
= Z Z(xy)iC2—(2t—a)2+2(KX—(2t—a) [1 _ (xy)CKxf(Qtfa)]qiw
CEAn teL

[SEne.0d 747 (2t7a)2+(2t—a) 2t—a)2—(2t—a)| (2t—a)?
= E (xy)” 2 1 |: 2 —(acy)CKXJr 2 ]q 1
CEAn

€7
Ky 2 (2t+a)2—(2t+a) (2t+a)2—(2t+a)| (2t+a)?
=D (@) 2 g E [ e
€L

CeEAl

ey < (2t+a)2—(2t+a) (2t+a)?
=Y @y A= () (wy) 7 g .
CeEAy teEL
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Here going from the second equality to the third equality, we have changed t

to —t in the first term in the brackets and ¢ to ¢ + a in the second term in the
brackets. Now the formula (2.11) follows from (2.13) and (2.14). O

Theorem 2.15. The universal function Za(:v,y, q) is equal to

(@2n+a)?—(2nta) (2nta)?
2 4

> nez(TY)
[q25 [T, (1 = (zy)?"q™)]?

Proof. First of all, we notice from [G-S] that for any algebraic surface X,

2
(2.16) Ze(Hilb"(X);x,y)q” _ H H (1 _ ms+n71yt+n71qn)(—1)s+t+lh5,t(X)

n n>1s,t=0

where h%*(X) stands for the Hodge numbers of X. Next, let X = F; be the
blownup of P? at one point, and let o be the exceptional divisor in X. Then
X is a ruled surface with effective —Kx. Let f be a fiber of the ruling. Let
¢ : X — X be the blowing-up of X at one point. Then — K+ is also effective.
Let H=0+2f and ¢; = 0. Then (H -¢;) =1 = (f-¢c1). So (H -¢1) and
(f - c1) are odd. Therefore the conditions in Lemma 2.8 and Lemma 2.10 are
satisfied. Note that x(O%) = x(Ox), het(X) = ht(X) when (s,t) # (1,1),
and h'1(X) =1+ hb1(X). By (2.16),

>, e(Hilb™ (X);
S e(Hilb" (X);

y)(

y )" 1
y)(

v _
q

[l (1= (2y)?mgn)

Y
Y

z,y)(x
2.17
(2.17) N (a

Combining (2.9), (2.11), (2.17) with (1.1), we see that

N

o(2,9,9)
22
1 Y, e(MG_(Gn)iz,y)gt T
- 62
=y e(MG(cr,n);z,y)g" T

L[, eI (X); 2, y) (zyg)"]? s Grn @isa?
T g [, e(HID (X): 2, y) (wyq)"]? 2 () q

(2n+a)27(2n+a) (2n+a)2
_ 2nez(@y) 2 i

(47 TLu21 (1 — (2y)?7q™)]?

|

teZ
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3. The universal function Z,(z,y, q)

In this section, we prove a closed formula for the universal function Za(x, Y, q).
Our first goal is to compute the virtual Hodge polynomial of the space U(my, ms)
which parameterizes all surjective maps Opi(—m1) & Op1(—ma) — Op1 — 0.
Then using the results in [L-Q], we obtain a closed formula for Za (z,y,q). We
end this section with a remark about this closed formula.

First of all, for two integers my,mg > 0, let U(my, m2) be the subset of

IP)(I{O(]P’l7 Op1 (ml) @ Opr (mQ))) o prmatmetl

parameterizing all pairs (f1, f2) of homogeneous polynomials such that deg(f) =
mq,deg(f2) = ma, and f; and fy are coprime. Then U(mq,mo) parameterizes
all surjective maps Opi(—my) @ Opi(—ms3) — Op1 — 0. The following result
gives the virtual Hodge polynomial of U(my,ms).

Lemma 3.1. Let my and ms be two integers with 0 < m1 < mo. Then,
(3.2)
(xy) + 1, ifmiy =mo =20
e(U(my,ma);x,y) =< (xy)™2+L, if my =0 and my >0
(wy)m™tm2=1(xy)2 — 1], if my > 0.

Proof. We computed e(U(my,mg);1,1) in the Lemma 4.13 of [L-Q]. We shall
adopt the same approach. First of all, we prove that (3.2) is true for m; = 0.
Indeed, the subset U(0,0) of P(H°(P!, Op1(0) @ Op1(0))) = P! coincides with
PL. Since e(P4;z,y) = 1+ (zy) + ... + (zy)¢, we have
e(U(0,0);2,y) = (P 2,y) = (zy) + 1.
So (3.2) holds for m; = mg = 0. When mgy > 0, the subset U (0, m2) of
P(H(P*, Op1(0) ® Ops (1m2)))

ishIP(HO(]P’l, Op1(0) ® Op1(my))) — P({0} & HO (P, Op1 (my))) = Pm2tl — pmz,
Thus,

G(U(O7m2)7 %ZU) = B(Pm2+1; ‘T7y) - G(PmQ;x)y) = (xy)m2+l'

Hence (3.2) also holds for m; = 0 and mgy > 0.
Next let my; > 0. The possible degree of the greatest common divisor of a
pair

(f1, f2) € P(H®(P', Op1 (m1) @ Ops (m2))) — P({0} ® HO(P', Op1 (m2)))
can be 0,...,mq. For d=0,...,mq, let Y; be the subset of

P(H (P!, Op1 (m1) © Op1 (m2))) — P({0} & H°(P', Op1 (my)))
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parameterizing all pairs (f1, f2) such that ged(fi, f2) has degree d. Then we
obtain

]pm1+m2+1 _pm2
= P(H°(P', Opi (m1) @ Opi (m2))) — P({0} @ H(P', Op1 (m2)))

Sl w
d=0,...,m1

Let 1 < d < myq, and (f1, f2) € Yy with ged(f1, f2) = f. Then we can write
f1=fg1 and fy = fgo with f € P(H°(P', Op:(d))) = P* and
U(ml—d,mg—d), if1<d<m
(91,92) € § U(0,ma —my), if d=m1 <mq
U(0,0) — {a point}, if d=mq = ma.

(3.3)

Thus Yj is the product of the space P¢ with the space U(m1—d, ms—d) when 1 <
d < mjy or d =m; < mg, or with the space U(0,0) — {a point} = P! — {a point}
when d = my1 = my. So for 1 < d < my, we have
e(U(my —d,mg —d);z,y), ifl<d<my
€(Yd;l‘,y) :e(]P)d;x7y)' e(U(Ova _ml);x7y)7 1fd:m1 < ma2
(a;y), ifd:ml = my.

mo—m1+1

Since e(U (0, mg —my);z,y) = (zy) when m; < mg, we obtain

d :
e(U(my —d,me —d);z,y), ifl<d<m
(34)  e(Yasz,y) E (zy)" { ()2

=

Note that Yy = U(ml,mg). From (3.3) and (3.4), we conclude that

5 1fd:m1

mi1+ma+1 my
Z (xy)l = G(U(ml,mQ) X y + Z xy y)m2*m1+1
i=mz+l =0
d .

1<d<m; i=0

Now we see from (3.5) that e(U(1,msa);z,y) = (zy)™2[(zy)? — 1]. So (3.2)
holds for m; = 1. For m; > 1, we use (3.5) and induction on m;:

mi+ma+1 m1
e(U(mi,ma);z,y) = Z (zy)" — z:(a:y)Z - (zy)m2mmatl
i=mao+1 i=0
Z Z :Ey (ml d)+(ma—d)— 1[( )2 _ 1]'
1<d<m; =0

= (zy)™ M2 (2y)? — 1. O



BLOWUP FORMULAE 449

In section four of [L-Q], we proved the following formula:

- 7. By n(x, n
(3.6) Zla,y,q) = L mzo Banl®y)a
q12 (1 — zyq)

where By o(x,y) =1, and B, »(z,y) with n > (1 — a) is given by

>

BO,n(x7y) -
0<dy,0<d2;<d2;-1—1,0<d2;41<d2; (1<j<5—1),0<d2s<dps—1—1
Zf;l di=n
s—1
(37) (H €(U(d2i,1 —dgi — 1,d2i71 —l—dgi);x,y)
=1

e(U(do; — daiv1,doi + doiy1); @, y))
e(U(das—1 — das — 1,das—1 + das); x,y)e(U(das, das); 2, y)

Bl,n(xvy) = Z

0<d;,0<d2;<d2;—1,0<d2;41<d2; —1(1<i<s)
Yt di=n

(3.8) (H e(U(dgi—1 — da;, doi—1 + do;); x,y)
=1

G(U(dzi —doit1 — 1,do; + d2i+1); T, y))e(U(d25+17 d25+1); €, y)

Now we can prove a closed formula for Za(x, Y, q).

Theorem 3.9. The universal function Za(x,y, q) is equal to

T 1= ()%

1 (2s+a)2+(254a) (25+a)?
S T

s>0
(3.10)
2s+a—1 2i_9 i
(2s+a)24(2sta)=2 (2s+a)? 1 — (zy)?2¢
AU DI | G o
s>(1—a) Jj=1

0 2j—2 j
where we make the convention that ] 1_£xy) ; a _q.
o1t (@y)*>7¢?

Proof. Since the proof for the case a = 1 is similar, we shall only prove the case
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a = 0. By (3.6), it suffices to show that

2s

1 — (zy)*%¢
B " n _ 25245 s? Sl Sl VAN
T;) 0, (fl:,y)q ;(:Uy) q ]:[1 1— (l’y)qu-]
> > j=
2s4s1 02 T L= (@)
(3.11) —i—Z(my) q H 1= )P
s>1 Jj=1
First of all, let {dy,da,...,d2s} be an indexing sequence in the summation

(37) So 0 S d1,0 S dgj S dgj_l — 1,0 S d2j+1 S dgj(l S ] S S — 1),0 S dgs S

2s
das—1 — 1, and ) d; = n. We make the following chang of indices:

i=1
d/2 = d2 - di’n
(3.12) he—3 = das3—das 2 —1,
dhyy_o = dos—2 —das_1,
9s—1 = das—1 —das — 1,
\ dl25 = d2s-

Thus, d; > 0 for all the ¢ with 1 <4 < 2s. Moreover, we have

( dy =dy+...+dy +s,
ds =dy+ ... +dyy + (s —1),
ds =ds+...+d5 + (s —1),
(3.13) :
das—2 =dys_g+dy,_y +do, +1,
dos—1 =dy, 1 +do, +1,
des = db,.

2s 2s
So the condition Y d; = n becomes Y. id, + s> =n .
i=1 i=1
Next, let t = (zy), and let f: {0,1,2,...} — {0,1} be defined by f(d') =0 if
d =0,and f(d')=1if d > 0. Then for 0 < d’ < d”’, (3.2) can be rewritten as:

t41, if 4" = 0.

T .
(314) B(U(d,d )7$,y) = { td/+d//+1(1_ti2)f(d/)’ £ < 0.
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Thus by (3.12), (3.13) and (3.14), the typical term in (3.7) is

s—1
( H €(U(d2i—1 —dg; —1,d2i—1 +d2i); z, y)e(U(in - d2i+1; do; + d2i+1); z, y))
i=1

e(U(dZS—l - d28 - 17 d2s—1 + d2s); €T, y)e(U(dQSa dZS); €, y)

B t2d/1+...+2d/25+25(1 _ t%)f(dll) . _t2d/25+1(1 _ t%)f(dés);f dl2$ > O,
{21t 2d5 425 (] t%)f(d’l) 2 t2(] t%)f(d’gs,l)(l +t),if djy, = 0.

It follows from (3.7) that }_, -, Bon(z,y)q" is equal to

1 5 1 4 / 1 /
di+...4+2d d d d
1+ Z z t2 1+ 12 23+2$(1 _ t_2)f( 1) . -t2 2S+1(1 _ t_2)f( Qs)qn
n>1 5, 25
s+ Y id;=n,

i=1
d;>0(1<i<2s),

dj, 70

/ / s 1 ’ / 1 ’ n
_|_Z Z t2d1+~~~+2d2s+2 (1_t_2)f(d1) "‘t2d2571+2(1_t_2)f(d2571)(1_|_t)q
n>1

2s
24+ id,=n,

d>0(1<i<2s),
4, =0
— 14y 3 Y AT (g tlz)zf; P 522 i+
s>1  d}>0(1<i<2s),d}, #0
DS a4, 0y S ) S s
Y D R R R A (L)
s>1  d/>0(1<i<2s),d},=0
“1+Y 3 255 g (12 S il _ %)23; £(d)
s>1  d/>0(1<i<2s),d},#0 t
n (Z $ 254 5 (12) Sl %)23; £d)
s>1  d/>0(1<i<2s),d}, =0 t
+ Z Z 26252—|-$—1q<92 (th)Ef;Il id; (1 _ %)22211 f(d;)>
s>1  di>0(1<i<2s—1) t
2 2 2s g/ 1 2s ’
=1+ Y. T (P (1 )i [
s>1  dj>0(1<i<2s)
S DD DI O SR )

t
s>1  d/>0(1<i<2s—1)
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Let J be the set consisting of all the j with d} > 0. Then }, -, Bon(z,y)q"
equals

2 2 ]. - g/
X S amhl S e

s>1 Jc{1,...,2s} d;>0(j€J)

2, 2 1 . gd
+ Zt2s +s lqs Z (1 _ t_Q)‘JI Z (th)ZJEJ]dJ

s>1 Jc{1,...,2s—1} d’->0(j€J)

:1+Zt252+sqs2 Z 1__ |J|H 1)

s>1 Jc{1,...,2s} jeJ

4 Zt252+s—1q52 Z (1- — \J| H — 1)

s>1 Jc{1 .,2s—1} JjEJ

=14+ g H (1+( 1—— 71£t2(2j) )

s>1

, 225—1 2 \j
+ ZtQS +s—1qs H (1 + (1 _ t%)l Et(;]gq)J)

s>1 J=1
2j—2,.7
T ) J q]

2s
2 2 1-— ( Yy
_ 2s“+s s
=D () | 1~ (zy)2igd

s>0 j=1

2s—1 2i—-92 4
2, 4 .2 1 —(zxy)?“¢?
+ § :(:ry)% +s lqs | | ( ) 1

— 2

]

Remark 3.15. In view of Yoshioka’s results over finite fields (the Remark 4.5 in
[Yos]), we think that the following is a better closed formula for Z,(x,y, q):

. H 1— (zy)*q?
2.4 "

y)
g7 (1 — zyq) 1= (@)

(271+a)2 (2n+a) (2n+a)2
4

(3.16) Linez(?

For instance, we can verify that the lower degree terms in (3.10) and (3.16)
coincide by using MAPLE. However, we are unable to show that (3.10) and
(3.16) are equal.
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