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VERTEX OPERATOR ALGEBRAS AND IRREDUCIBILITY
OF CERTAIN MODULES FOR AFFINE LIE ALGEBRAS

DRAZEN ADAMOVIC

ABSTRACT. We find the connection between the representation theory of vertex
operator algebra L(kAg) and the irreducibility of tensor products V(1) ® L(kAo).
In the case of affine Lie algebra A(ll), on every admissible rational level we con-
struct a family of irreducible modules having infinite-dimensional weight spaces.

0. Introduction

Let g be a simple finite-dimensional Lie algebra and g the associated affine
Lie algebra. Let W be a loop module for g corresponding to irreducible
finite-dimensional g—module V' (x) and let L(A) be an irreducible highest weight
g-module. Then the tensor product V(i) ® L()\) has infinite-dimensional weight
spaces.

V. Chari and A. Pressley in [CP] studied these modules in the case when
L(\) is the integrable highest weight module. They proved that the g—module
V(p) ® L(\) is irreducible if the weight p is “large” compared with . In this
way their construction gave the first examples of irreducible g—modules having
infinite-dimensional weight spaces. The author in [A] studied the case of critical
level and proved that at this level there is uncountably many irreducible modules
of the type V(u) ® L(A). In the proof of irreducibility theorem in [CP] some
structural results for integrable modules were used. For irreducibility result in
[A], author used the structure of center of the completed enveloping algebra at
the critical level. From the results which we mentioned follows that for studying
such modules at the arbitrary level k, we have to use some peculiarity of the
representation theory of affine Lie algebra on this level. We will show that the
language of vertex operator algebras can be used in the irreducibility analysis of
these modules.

In this paper we will consider the tensor products m ® Ly, where L =
L(kAp) is the irreducible highest weight g—module with the highest weight kA
(Lg, is sometimes called vacuum-module). On g-module Ly we have the struc-

ture of simple vertex operator algebra (see [FZ], [DL], [MP]). The irreducible
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Li—modules are in one-to-one correspondence with the irreducible modules for
corresponding Zhu’s algebra A(Ly), introduced in [Z]. Since Zhu's algebra A(Ly)
can be identified as certain quotient of the universal enveloping algebra U(g) (see
[FZ]), every A(Ly)-module is also U(g)-module.

Our main theorem gives the irreducibility criterion for modules W ® Ly,
in the terms of representations of algebra A(Ly). We will prove the following
theorem which shows that the question of irreducibility for modules V(u) ® Ly
is closely related to the classification of finite-dimensional modules for Zhu’s
algebra A(Ly).

Theorem 1. Let k € C. The g—module V() ® Ly is irreducible if and only if
V() is not a module for Zhu’s algebra A(Ly).

In the case of affine Lie algebra A(ll) Theorem 1 and the classification of
irreducible Li—modules obtained in [AM] enable us to decide on irreducibility

of V(u) ® Ly, for every k € C. In particular, we have the following irreducibility
result.

Theorem 2. Letk =p/q € Q such thatq e N, p € Z, (p,q) =1 and 2q+p—2 >
0 (such level is called admissible). Let j € 7. .

Then g—module V (jw1) ® Ly, is irreducible if j > 2q + p — 2 and reducible if
J <2q+p—2 (here w; denotes the fundamental weight for sls ).

Theorem 2 gives the existence of an infinite family of irreducible modules
having infinite-dimensional weight spaces on every admissible rational level.

1. Preliminaries
1.1 Vertex operator algebras and modules.

Definition 1.1. A wvertex operator algebra (VOA) is a Z,—graded vector space
V = ,,cz Vo with a sequence of linear operators {a(n) | n € Z} C End V
associated to every a € V, such that for fixed a,b € V, a(n)b = 0 for n
sufficiently large. We call the generating series Y(a,z) = >, ., a(n)z™ "t €
(End V)[[z, 271]], vertex operators associated to a, satisfy the following axioms:
(1) Y(a,z) =0iff a = 0.
(2) There is a vacuum vector, which we denote by 1, such that

Y (1, z) = Iy (Iy is the identity of End V).

(3) There is a special element w € V' (called the Virasoro element), whose
vertex operator we write in the form

Y(w,z) = Zw(n)ziﬂ*l = Z Lz "2,
nez nez

such that
Loa = na = (dega)a for a € V,;



VERTEX OPERATOR ALGEBRAS 811

d
Y(L_qa,z2) = d—Y(a, z) for every a €V,
z
3 _
[Lm, Ln] = (m — )Ly yn + 5m+n,0%

where c is some constant in C, which is called the rank of V.
(4) The Jacobi identity holds, i.e.

&)

—22+ 2
20

) <Z1 — ZQ) Y(a, 20)Y (b, 22) — 2516 < ) Y (b, 22)Y (a, 21)

20

=216 (zl _ ZO) Y (Y (a, 20)b, z2)

Z2
for any a,b € V.

The subspace I of V is called ideal if Y (a, 2)b € I[[z,271]] for every a € V,b €
I. Given an ideal I in V such that 1 ¢ I, w ¢ I, the quotient V/I admits a
natural VOA structure (see [FZ]).

Definition 1.2. Given an VOA V, a representation of V' (or V-module) is a

Z—graded vector space M =P, c;, M(n) and a linear map

V — (End M)[[z, 2" Y],

a— Yy(a,z) = Z a(n)z~ "
nez
satisfying
(1) a(n)M(m) C M(m +dega —n — 1) for every homogeneous element a.
(2) Yam(1,2) = Iy, and setting Yy (w,2) =3, o Lnz™ "2, we have

m3—m

[Lmu Ln] = (m - n)Lern + 5m+n,OT67

d
Yu(L_qa,z) = %YM(a, 2)

for every a € V.
(3) The Jacobi identity holds, i.e.

—Z9+ 21
20

2t (Z1 - Zz) Yr(a,z1)Yar (b, 22) — 256 (

) YM(b, ZQ)YM(CI, Zl)
20

_ 21— 2
=20 < - . 0) Yu(Y(a,20)b, 22)

for any a,b e V.
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The submodules, quotient modules, irreducible modules, completely reducible
modules are defined in the usual way ([FHL]).
Let M; (¢ = 1,2,3) be V—modules. Then an intertwining operator of type

(M]l\f[?\42) is defined [FHL] to be a linear map I(-, z) from M; to Hom¢ (Mo, M3){z}
such that I(L_yu,z) = “LI(u,z) for u € M; and a suitably adjusted Jacobi
identity holds. Denote by I ( MIK?\/[Q) the space of all intertwining operators of the
indicated type. The dimension of this vector space is called the fusion rule of this

type. It is well-known that the spaces I ( M11\4]3\/[2) and 1 ( MZQ\/[?\/A) are isomorphic.

1.2 Zhu’s algebra A(V). Let V be a VOA. For any homogeneous element
a € V and for any b € V, following [Z] we define

(1 + z)dega
z

a*b= Res, Y (a, 2)b.

Then extend this product bilinearly to the whole space V. Let O(V) be the
subspace of V linearly spanned by the elements of type

(1 + Z)dega

Res., 5 Y(a,z)b for homogeneous elements a,b € V.
z

Set A(V) = V/O(V). The multiplication * induces the multiplication on the
A(V) and A(V') becomes an associative algebra. The image of 1 in A(V') becomes
the identity element till the image of w is in center of A(V') (see [Z]). Let M =
®nez, M(n) be a V-module. For a homogeneous element a € V we define
o(a) = a(dega—1). From the definition of M follows that operator o(a) preserves
the graduation of M.

Theorem 1.1.
(1) On End(M(0)) we have

o(a)o(b) = o(a*b), o(x)=0

for every a,b € V., x € O(V). The top level M(0) is an A(V)-module.
(2) Let U be an A(V)-module. There exists V-module M such that A(V)-
module M(0) and U are isomorphic.

Thus, we have one-to-one correspondence between irreducible V-modules and
irreducible A(V')—modules.
We have the following consequence from the definition of A(V).

Proposition 1.1. Let I be an ideal of V. Assume 1 & I,w & I. Then the
associative algebra A(V/I) is isomorphic to A(V')/[I], where [I] is the image of
I in A(V).
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1.3 Vertex operator algebras associated to affine Lie algebras.

Let g be a finite-dimensional simple Lie algebra over C and let (-,-) be a
nondegenerate symmetric bilinear form on g. Let g = n_ +bh+n be a triangular
decomposition for g. The affine Lie algebra g associated with g is defined as
g ®C[t,t71] @ Cc @ Cd, where c is the canonical central element [K] and the Lie
algebra structure is given by

[z @t" y@t"] = [z,y] @ t"T" + n(x,y)dnrm.o0¢,
[d,z ®t"] = nz @ t"

for z,y € g. We will write z(n) for x ® t". We define the subalgebras g, and
g_ with g+ = g ® tT'C[t*!]. The Cartan subalgebra h and subalgebras i, fi_
of g are defined by

h=h@CcdCd, fy=nsdget='Ct).

Let g’ by the subalgebra g ® C[t,t~!] @ Cec.
Set n_(1) = n_ ®@t'. Let P, be the set of all dominant integral weights for
g. Let A be a root system for g. Set I' = Z¢6A Zep.

For a fixed weight A € b* let L()\) be the irreducible g—module with the
highest weight A. Let A be a restriction on h. For a weight pu € Py, let V()
be the irreducible finite-dimensional highest weight g—module with the highest
weight . Let V(p) = V(p) ® C[t,t~'] be the corresponding loop §-module of
level 0.

Let P = C[t]®g® Cc be upper parabolic subalgebra. Let U be any g—module.
Considering U as a P-module, we have the induced module (so called generalized
Verma module) M (k,U) = U(g) ®u(p) U, where the central element c acts as
multiplication with k£ € C.

For p € h* with M () we denote Verma module and with V' (u) its irreducible
quotient.

Set My, = M(k,V(n)). Let Ly, denotes its irreducible quotient. Set M}, =
M0, L, = Ly 0.

Theorem 1.2. ([FZ]) For every k # —h" (where hY denotes dual Coxeter
number) g—modules My, and Ly have the structure of VOA. Let U be any g—
module. Then every M(k,U) is a module for My. In particular, My, is My~
module.

We define the Z—grading on U(g) with
deg (11(—i1) t ar(_ir) =d1+ iy

forevery ay,...a, € g. Lety € U(g—) such that degy = n. Let 1; be the vacuum
vector in Mj,. Clearly we have that y1y € My and Lo(yly) = (degy)(ylx).
Next we define the projection map F' : U(g-) — U(g) with

F(al(_il - 1) o an(_in - 1)) = (_1)i1+...inanan—l st ap,

for every a1,...,an € @, 11,...,in € Zy, n € N.



814 DRAZEN ADAMOVIC

Theorem 1.3. ([FZ]) The Zhu's algebra A(My) is canonically isomorphic to
U(g) and the isomorphism F : A(My) — U(g) is given by:

Flai(—i1 = 1) an(—ip — D1+ O(My)) = F(ay(—i1 — 1) - - ap(—in — 1))
for every a1, ,an, € g and every iy, - ,in € Zy.

We know that for every A € h* and k # —h" Lj  is a Mi—module. One
can show that Ly = ]l,cz, Lr,a(n) and Lo|Lka(n) = (n + hy,x)Id, where

hix = g&;j:hzvp)) (see [DL]). Then g’-module Ly » becomes g = g’ + Cd-module
with d = L(] — hg)\ .
Let L, Lia, Li, are My-modules. Set hy = hy o, ho = hin hs = hy.

Let I(+,z) be an intertwining operator from the space I(Lkkak A). We define
NTEREN

Io(ul,z) _ zh1+h2_h31(u1,z) — Zul(n)z—n—l
neZ

for u' € Ly ,. Then I°(-, 2) can be considered as a linear map from C[t,t71] ®
Li,; @ Ly x to Ly,,,. Let ¢5 denotes a restriction of 1°(+,z) on C[t,t ™| @ V() ®
L ». By using Jacobi identity one can easily obtain the following relations

[a(m), I(u,z)] = 2"1(au, z);
L, (1, 2)] = ((m + 1)ha + z%)l(u, 2)

foraegC My ,ueV(u), meZ.

This implies that ¢; € Homg(V (i) ® Ly, Li,). We have the following
lemma:

Lemma 1.1. Linear map ¢ defined with

Ly,
é: I<L k,L > — Homg(V(u)®Lk7)\,Lk7y);
ks Lk, A
I(‘,Z) — ¢I

18 injective.
Proof. Let ¢y = 0. Then I° = 0 on V(u). Since V(i) generate Ly, ,, from Jacobi
identity follows I° = 0, and we get I = 0. U

Remark 1.1. H.-Li in [Li] proved that if £ € N and Ly, Lk, Lk, are Lj—
modules, then the map ¢ is an isomorphism.

Lk,u

kleM) is nontrivial. Then the g—

Lemma 1.2. Assume that the space I(L

module V(1) ® Ly, x is reducible.
Proof. Let I € I(, "y )and I # 0. Then ¢; : V(i) ® Lix — Liy is a

oLk x
nontrivial g~homomorphism. Assume that V(u) ® Ly is irreducible. Then

¢r is injective g~homomorphism, which implies that V(u) ® L, x is isomorphic

to Li,. This is a contradiction, since the weight spaces of V(p) ® L are
infinite-dimensional and the weight spaces of Lj, , are finite-dimensional. |



VERTEX OPERATOR ALGEBRAS 815

Proposition 1.2. Let p € Py such that V(u) is a module for Zhu’s algebra
A(Ly). Then the g-module V(1) ® Ly, is reducible.

Proof. Since V(u) is A(Ly), then Ly, ,, is Liy—module. This implies that the space

) = 1()
Ly, Ly Ly, Ly,

is nontrivial. Then the proposition follows from Lemma 1.2. [l

Remark 1.2. In what follows we will prove that if V' (u) is not a A(Ly)-module,

then the g-module V(1) ® Ly, is irreducible.

2. Tensor products V(u) ® Ly

In this section let p € Py and A € b*. We will consider the tensor product
V(1) ® L(N\). Let vy be a highest weight vector in L(\) and let Q,, a highest
weight vector in V(u). For n € Z and Z € V(u) set Z,, = Z @ t". Let
Qun = (Qu)n and Q. = (Quwp)n (w here denotes the element of maximal
length in the Weyl group of g). Let V,, be the g-submodule generated by the
element €2, , ® vy.

We shall need the following lemma from [CP]:

Lemma 2.1. (Lemma 2.1 from [CP]) As an g-module V(u) @ L()\) is generated
by each of the sets

{Qun®vy, nelZ}, {Quun®uvxr, neli}

Corollary 2.1.
(1) Vi 2 Viyr for alln € Z,
(2) UnezVi = V(1) ® L(A).
Proof. For (1) it is enough to see that there is h € h such that
h(l)(ﬂu,n ®@vx) = Qunt1 @ V.
Statment (2) follows from Lemma 2.1. O
The following lemma was proved in [A].

Lemma 2.2. (Lemma 1.1 from [A]) For xq,...,z, € g; j1,...,jr € Z, 7 € N
we have

z1(j1) - xr(jT)-(Qu,n ®wvy) €

Z Z (_1)kQu,n+k & Scl(jl - kl) s x’r(jr - kT)UA
k=0 kq,...,k-€{0,1}
ki+-+k.=k

‘|‘Vn+1, n € Z.

For v € V(u) ® L(A) set [v] = v + V,41. Clearly, U(g)-module V,,/V,, 41 is
generated by [Q, , ® v)].
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Proposition 2.1. (Proposition 1.1 from [A]) For every n € Z the g—module
Vi /Vit1 is in the category O.

Let Ji be the maximal g—submodule in M},. Then Ly = M} /J} is irreducible
highest weight g-module with the highest weight kAg. Let vi = 15 + Ji be the
highest weight vector in Lj. We are interested in tensor products V(u) ® L.
We have the following;:

Proposition 2.2. Let u € Py and k € C. Assume that V,,/V,, 11 # 0. Then we
have the following:
(1) V,,/Vpga is the highest weight g-module and [, , @ vy is the highest

weight vector.
(2) [Z, @ vg] #0 for every Z € g, Z #+ 0.

Proof. (1) Since V;,/V,41 is in the category O and [, ,, @vy| generates V,, /V, 11,
it sufficies to prove that [Q, , ® vi] is the highest weight vector.
Since nyv, = n_v, =0, n4Q, , =0, then by using Lemma 2.2 we have that

(e — 1= (1)[un © 0] = 0,
n_(l)[Qu,n & Uk] = *[Qu,n—i-l & n_vk] =0.

This implies that 614[Q, , ® v;] = 0, and we conclude that [Q, , ® vy] is the
highest weight vector in V,,/V,,11.

(2) Assume now that there is Z € g, Z # 0 such that [Z,, ® vi] = 0. Since the
U(g)-module V() is irreducible we can choose x € U(g) such that Z = Q,,.
Then we have that [Q, , ® vi] = 2[Z, ® vi] = 0. This contradicts the fact that
Vi /Visr # 0. 0

Lemma 2.3. Letn € Z, r € Zy and Z € V(). For every ny,na,...,n. € Z
and ay,as,...,a, € g we have

ZniN @ar(—ny — 1) ap.(—n, — v €V,
and
ZpiN ®ar(—ng — 1) ar(—n, — Do = (1) (ar - a1 Z), @ v, mod V41,

where N =ny +no+---+n, +r.

Proof. First we notice that R = U(g)(y,m ® vi) is finite-dimensional U(g)-
module isomorphic to V' (u). This implies that Z,, @ vy, € V,,, for every Z € V()
and m € Z.

We prove the lemma by induction on r € Z,. For » = 1 we have

Zntni+1 @ ar(—n1 — Dog = a1(—n1 — 1)(Zpqn, 41 @ vk) — (a1 2) 5 @ vg.
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Since Zy4n,41 @ U € Viptn,+1 C Vg1, we obtain that
Zntni+1 @ a1(—n1 — Vv = (a1 2),, @ v, mod V,41.
Assume that the result holds for r € Z,. We have
ZntNy @ ag(—ng — D)ay(—ny — 1) -+~ ar(—n, — Vv,
=ao(—no — 1)(Zpn+n, ® a1(—n1 — 1) - ap(—n, — 1)vg)
— (a0 Z)ntn ® ar(—n1 — 1)+ ar(—ny — vy,

where Ng=ng+n1+--n.-+r+1, N=ny+---n,. +r.
By induction hypothesis follows

ZniNg ®a1(—ng — 1) -+~ ar(—np — Dok € Vipgng+1 C Vg,
and we have that
ZniNy @ ag(—ng — Dai(—ny — 1) -+ ar(—n, — Vv,
= —(a0Z)nyn ®ar(—ny — 1) -+ ap(—n, — 1)vy, mod Vi q 1.
By the induction hypothesis follows that
(a0 Z)nin@ar(—n1—1) - ap(—n,—Dvp=(=1)"(a, - - a1a02) Qv mod V;, 1
and the lemma holds. O

Lemma 2.4. Letn € Z, d € Zy and Z € V(u). Let y € U(g_) such that
degy = d. Then we have

[Znsa @ yor] = (=1 [(F(y)Z)n @ vi]-

Proof. Let
t
y=yay (=i = 1)---af) (=) = Do,
i=1
where ag?, ey ax) €y, li,jgi), . ]l(z) € Z4 such that

By using Lemma 2.3 we obtain
t

Znta @ yoi) = > (-D)"[(a) -l 2), © vy
=1

t
O N 12 i (i i (i
=3 (=)0 (<5 = 1) -l (5 = 1) 2)n @ vl
=1

= (-1)FY)Z)n @ vi].

O

Let J be the maximal submodule of M. The following lemma follows from
definition of the maximal submodule Jj.
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Lemma 2.5. Let w € Ji. Then w can be written in the form w = Zle wj,
where w; € Jy and Low; = d;w; for some d; € Zy,i=1,...,s.

Proposition 2.3. Assume that V,,/V, 11 is a nontrivial subquotient of g—module
V() ® L. Then V(u) is a module for Zhu’s algebra A(Ly).

Proof. The maximal g—submodule Ji of My is an ideal in vertex operator algebra
My,. Then A(Jy) is a two-sided ideal in A(Mj). For w € My set w = w +
O(My,) € A(Mj). By using isomorphism F' : A(My) — U(g) (Theorem 1.3) and
Proposition 1.1 we see that A(Jy) is isomorphic to the two-sided ideal in U(g)
generated by the set {F(w), w € Jx}. Now we will show that V(i) is A(Ly)-
module. Since A(Ly) = A(My)/A(Jy), it suffices to prove that F(w)Z = 0 for
every w € J and Z € V(p).

Let w € Ji and Z € V(u). Then Lemma 2.5 implies that w = wy + - - - + ws,
where w; € J, and Lo(w;) = djw;, d; € Zy, i =1,...,s. Let y; € U(g—) such
that w; = y;1g, degy; = d;, i =1,...,s. We have that

F(w)Z = ZF(yi)Z-

Since y;vx = 0 in Ly, by using Lemma 2.4 we have that
[(F(y:)Z)n © vi] = (=1)%[Znta, ® yivi] =0
for i =1,...,s. This implies that
[(F(W)Z), ® vg] = 0.
Now Proposition 2.2 (2) gives F(w)Z = 0. O

3.Irreducibility of tensor products V(u) ® Ly
We shall need the following fundamental result from [CP].

Proposition 3.1. (Proposition 2.5 from [CP]) If a module of type V(1) @ L(\)
is cyclic on each of the elements Q,, , @vx, n € Z, then V()R L(A) is irreducible.

Remark 3.1. The statement of this proposition is true for every A € 6* (see
note after Proposition 2.5 in [CP]). In [CP] this result is applied to the case of
integrable modules and in [A] to the modules at the critical level.

Theorem 3.1. Assume that € Py such that V (u) is not A(Ly)-module. Then

g-module V(u) @ Ly, is irreducible.

Proof. In view of Proposition 3.1 it suffices to prove that V,,/V;,;1 = 0 for all
n € Z. Assume that V,,/V,,+1 is non-zero. Then Proposition 2.3 implies that
V(p) is A(Lk)-module, contradicting the fact that V' (u) is not A(Lg)—module.
This proves that V,,/V,,11 = 0. O

Theorem 3.2. Ly ,, i € Py, is Ly-module if and only if g-module V (1) ® Ly,
is reducible.
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4. Some general results

In this section we study the tensor products V (u) ® Ly for general simple Lie
algebra g. We list all cases for which it is possible to decide on irreducibility of
g—modules V' (u) ® L.

First we will consider the case k£ € N. Let ey be the element corresponding to
the highest root 6.

Theorem 4.1. ([FZ]) Let k € N. Then A(Ly) = U(g)/{es™). The irreducible
A(Ly)-modules are exactly V(u), p € Py, (1, 0) < k.

Theorem 4.2. Let n € Py and k € N. Then the g—module V(u) ® Ly is
reducible if (u,0) < k and irreducible if (u,0) > k.

Remark 4.1. The irreducibility result from Theorem 4.2 is part of the result
obtained in [CP].

We recall the following result for representations of critical level obtained by
the author in [A].

Theorem 4.3. The g—module V(u) @ L_pv is irreducible for every u € Py.

Now we recall the following well known result obtained in [KL] for the algebras
of the type A, D, E.

Lemma 4.1. [KL]| Let k ¢ Q or k < —h". Then the generalized Verma module
M. is irreducible, i.e. Ly = My.

Theorem 4.4. Let k ¢ Q or k < —hY. Then the g—module V(u) @ Ly is
reducible for every p € Py.

Proof. From Lemma 4.1 follows that Ly = My, and we have that A(Ly) =
A(My) = U(g). This implies that for every u € Py V(u) is a A(Ly)-module.
Now Proposition 1.2 gives that the g-module V(1) ® Ly, is reducible. O

Remark 4.2. We see that we can solve the question of irreducibility for modules
V(p) ® Ly in the following cases : k ¢ Q, k < —hY, k = —hY, k € N. In
what follows we study these modules for k + hY € Qsq, and we will solve the

irreducibility question for affine Lie algebra Agl).

5. The case g = sl

Let now g = sl(2,C) with generators e, f,h and relations: [h, f] = —2f,
[h,e] = 2e, [e, f] = h. Let Ay, A; denote the fundamental weights for g, and w;
the fundamental weight for g.

Admissible representations are irreducible highest weight representations
whose highest weight is an admissible weight([KW 1]). Admissible weights are
defined as follows.
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Definition 5.1. We call a weight A admissible if it satisfies the following two
conditions.
(1) A+p,av)¢{0,—-1,—2,-3,---} for all real positive coroots a",
(2) QrR* = QI1"
where p is the sum of all fundamental weights, IIV is the set of simple coroots
and
R* = {a" : a positive real coroot|(A + p,a" ) € Z}.

The classification of admissible weights is given in [KW 2]. We recall this
classification in the case of affine Lie algebra Agl).

Definition 5.2. A rational number k£ = p/q € Q is called admissible if ¢ € N,
pE€Z (p,g) =1and 2¢+p—22>0.

Proposition 5.1. Let k = p/q € Q be admissible. Sett = k + 2. The set of
all admissible weights at the level k is

PP ={(k—n+mt)Ag+ (n—mt)Ay, mn€Z,, n<2¢+p—2, m<q—1}.

When £ is admissible then g-module Ly = L(kAg) carries the structure of
VOA. Moreover, there is a vector @ € U(g), @ # 0, such that the Zhu’s alge-
bra A(Ly) is isomorphic to U(g)/(Q), where (@) is a two-sided ideal in U(g)
generated by Q.

We recall the following results from [AM].

Lemma 5.1. (Proposition 3.5.2 from [AM]) The set {V(X) | A € P*} provides
all irreducible A(Ly)—modules from the category O.

Lemma 5.2. (Theorem 3.5.3 from [AM]) The set {L(\) | A € P*} provides all
irreducible Ly —modules from the category O.

From the Lemma 5.1 we get:

Theorem 5.1. All irreducible finite-dimensional A(Ly)-modules are exactly
V(jw1), 7€{0,1,...,2¢+p—2}.

Now Theorem 5.1 and Theorem 3.1 imply the following.

Theorem 5.2. Let j € Z, and let k = p/q be admissible. Then g—module
V(jw1) ® Ly, is irreducible if j > 2q + p — 2 and reducible if j < 2q+p — 2.

The irreducibility is not affected if we twist the representation by the non-
trivial diagram automorphism of Agl). This automorphism is determined by
e(n) — f(n+1), f(n) = e(n—1) and h(n) — —h(n) + 6, 0c , and we obtain
the following.
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Corollary 5.1. Let j € Zy, and let k = p/q be admissible. Then g—module

V(jw1) ® L(kAy) is irreducible if j > 2q +p — 2 and reducible if j < 2q+p — 2.

Remark 5.1. For every M weight g-module let P(M) be the set of weights of
M. An irreducible weight module M is called dense if P(M) = A+ T for some
A € b*, and non-dense otherwise (see [F]). Irreducible modules which are realized
as tensor product of irreducible highest weight modules with loop modules are
dense. Theorem 5.2 shows that at every admissible rational level exist dense
Agl)fmodules with all infinite-dimensional weight spaces.

We have the following conjecture.

Conjecture 5.1. Let g be any simple Lie algebra. Assume that kAg is admis-

sible weight and p € Py. Define i = kAo + . Then the g—module V(i) @ Ly, is
irreducible if and only if i is not an admissible weight.
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