Mathematical Research Letters 4, 741-759 (1997)

EXPONENTIALLY SMALL CORRECTIONS TO DIVERGENT
ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF THE FIFTH
PAINLEVE EQUATION

F. V. ANDREEV AND A. V. KITAEV

ABSTRACT. We calculate the leading term of asymptotics for the coefficients of
certain divergent asymptotic expansions for the solutions of the fifth Painlevé
equation (Ps) by using the isomonodromy deformation method and the Borel
transform. Unexpectedly, these asymptotics appear to be periodic functions of
the coefficients of P5. We also show the relation of our results with some other
facts already known in the theory of the Painlevé equations established by other
methods: (1) a connection formula for the third Painlevé equation; (2) a condition
for existence of rational solutions for Ps; (3) and a numerical study of the 7-
function for Ps.

1. Instead of introduction

There are several interesting asymptotic properties of the 7-function associ-
ated with a particular one-parameter family of solutions of the third Painlevé
equation (Ps) with a special set of coefficients: this family can be also viewed as
the fifth Painlevé transcendent for a very special choice of its parameters. Let us
recall some of these properties, formulated in terms of the function o = o(x; \),
which is the solution of the following ordinary differential equation (ODE),

1

(1.1) (xo”")? = —16(x0’ — 0)(x0’ — 0 + Z(O")2),
where ' = %, satisfying the boundary condition
(1.2) o(x; \) = —2 x — (2A\z)? — ...,
xr—
If A =1, then
(13) (@ 7) 2Ly o)
. o(x;—) = —ax°—-— — x
"’ z—too 4 = x2n ’
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where

(1.4) 1 ) 131 6575
. 01 =-—,00=—=,03=——,04 = ——
P16 327 T 1280 h12
can be obtained recursively by substituting expression (1.3) into Eq. (1.1).
The asymptotic series (1.3) diverges. E. L. Basor and C. A. Tracy [1] stated
the following

yeueyCnyM > D

Conjecture '

(1.5) ¢n ~ constnl(n—1)!

n—oo

where const =~ 0,10132.

The function o(z;\) and its m-th-order derivatives for A = 1 define the
function Fq(m; s) !siﬂ, which is the probability that a randomly chosen interval
-2

of the length s contains m eigenvalues in the Gaussian Unitary Ensemble (see
[2], [3]). We are going to investigate the function Es(m; s) via the isomonodromy
deformation method in a separate paper while here, we focus our attention on the
calculation of the exponentially small correction term to the divergent expansion
(1.3) and its intimate link with the asymptotics of the sequence ¢,,. We found
that, among the functions o(x;\) with A > 0, only one, for A = %, has the
asymptotic expansion (1.3), (1.4) as # — oo, which is in agreement with the
results obtained by a different method in [4]. Note that there is a one-parameter
family of solutions of Eq. (1.1), other then o(z; A), which has asymptotics (1.3)
as x — +o00. We calculated the explicit value of the const in (1.5): it is equal to

1
(1.6) 2
0,1013211836423377714438794632097276389043587746722465488 . . . .

Actually, in this work we consider a more general problem than that discussed
above. Here, we investigate a one-parameter family of solutions of P5s with the
general set of coefficients which has (1.3)-like algebraic asymptotic expansion, so
that, the results announced above are just a particular case of the ones obtained
for P5s. As another result of our study we have found unexpected and interesting
property of the coefficients of the divergent algebraic asymptotic expansions,
which is general for all other Painlevé equations (P,—Ps) possessing the solutions
with such expansions: This property is that the large n asymptotics of the
coefficients of the divergent asymptotic expansion are periodic functions of the
coefficients of the Painlevé equations. Note that, being formally substituted into
the Painlevé equations, the coefficients of the divergent algebraic series can be
found via recurrence relations as polynomials of the coefficients of the Painlevé
equations.

L As they told us later (June 1996, Mount Holyoke), this conjecture was based on a numerical
study of the sequence cy,.
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In the next section, we recall some basic facts concerning the isomonodromy
approach to Ps. Our results are formulated in Section 3, where we also give
a new derivation of the theorem on classification of a special class of rational
solutions of Ps, y(x) : y(x) T —1, which was first proved in [5] and by other

method in [6]. In section 4, we apply the Borel transform to find the asymptotics
of the coefficients of the divergent series for Ps. In Appendix, we consider two
applications of our results to Ps: (1) we prove asymptotic expansion (1.5), 1.6)
and (2) verify that, for a very special choice of the coefficients of Ps, our result
agree with the connection formula for Ps, which was proved in [7].

2. The fifth Painlevé equation and its monodromy manifold

Let us recall that, in [8], it was shown that isomonodromy deformations of
the linear ODE

2.1 Ly (L
(2.1) ) 5%t T Ty

where Ay (t) € sl2(C) and independent of A, are governed by the following system
of nonlinear ODEs:

d (t Ao(?) Al(t))\lf,

B —01+ 60 300+ 601+ O

dy _ 2
(2:2) t— =ty =22(y = 1)° = (y = 1)( 5 y 5 ),
dz Oy — 01+ 64 1 Og+ 01 + 6O
2. — = D 0 1T Yoo
( 3)tdt yz(z + 5 ) y(z—i—@o)(z—i- 5 )
d Oy — 01+ 064 1 Oy + 601 + 64
2.4) t— =2z — S0 - LT ooy Sy 2 DL T Peo
( )tdtlogu z— 00+ y(z+ 5 )—i—y(z—i— 5 )
where O, (v = 0,1,00) are complex constants — the parameters of the formal

monodromy. Eliminating the function z(t) from Egs. (2.2) and (2.3), one finds
that the function y(t) satisfies Ps:

@_(i L)(@f_d_y
(2.5) a2t 2y y—1"dt tdt
' (y—1)2 B, vy dyly+1)
2 (ay+y)+ LT, T
2 2 '
1,00—0;—0..2
2.6 _ _ (20717 Y
(2.6) B=—5(——=)",

1
7:1—@0—61,(5:—5.

The so-called 7-function [8], [9] plays an important role in applications of Ps:

d 1 C)
—1 =H, =—— A2 =0,1; Hy+ H = =
dt Ong(t) P 2t I;\{ZGZS) tr ()‘a t)v D 07 ) 0 + 1 92 )
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where A(, t) is the matrix in the parenthesis in Eq. (2.1). Using this definition
it is easy to write an explicit representation of the 7-function in terms of solutions
(y =y(t),z = 2(t)) of the system (2.2), (2.3) (see [8], [10]). It is also convenient
to introduce an auxiliary function

(27) C(t) = C(@o,@l, @Oo;t) =—tH + %(@0 + 600) + %(@0 + @oo)

In particular, it is known [8] that the function ((t) solves the following ODE:

d2 2 d d 2 d 2
(2.8) ( Wf) = <c—td—§ +2 (d—§> — (20 +@m)d—§)

¢ (d ¢ 1 ¢ 1
74d—§ <d—§ - 90> (d—i - 5(@0 -0 +900)) <d_§ - 5(@0 + 61 +@°°)) ’

which is for ©g = ©1 = O, = 0 and t = 4wz coincide with Eq. (1.1).

The solutions of system (2.2)-(2.4) are in one-to-one correspondence with
the points of the manifold of monodromy data M5(0g,01,0.). The detailed
definition of M 5(0g, ©1, O ) can be found in our previous works [10, 11]. Here,
we recall that this manifold is defined by the matrix elements of the monodromy
matrices My and M7, representing, respectively, the monodromy of the canonical
solutions of Eq. (2.1) around the regular singularities at A = 0 and A\ = 1.
Denoting the matrix elements of M, as mfj (p=0,1;i,5 = 1,2), we can define
M5(00,01,0,) by the following algebraic equations in C¥:

0,0 0,0 _ 1.1 1,1 _
My Moy — MygMs; = 1, myyMmgy —myamy =1,

0 0 _ 1 1 _

0

__—mO
21 — e oo;

mhm(l)l +mim
Note that, dim¢ M5(©¢,©1,0) = 3. Stokes matrices, Sp41 (p = 0,1) (see
[10] for definition), also play an essential role in the description of analytical
properties of the solutions to Eq. (2.1). These matrices define the monodromy
properties of the canonical solutions of Eq. (2.1) near the irregular singularity
A = oo. The matrices 5,11 have the following structure:

(10 (1 s
&_(& 1) &_<o 1)

where the complex parameters s,,1, p = 0,1 are called the Stokes multipliers.
Further, we call mfj, Sp+1, p = 0,1, 4,5 = 1,2 the monodromy coordinates.
Although, it is easy to explicitly express s, in terms of mfj, we further always
write them down for the convenience of the reader.

The nonlinear system (2.2)-(2.4) has two singular points, t = 0 and oo, so
that solutions of this system are defined on the universal covering of C{0}. In
the previous works [10, 11] we have investigated the asymptotics of the solutions

of the system (2.2)-(2.4) as t — +0 and ¢t — +oo, that is why it is natural
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for us to consider the analytic continuation of these solutions from (40, +00).
Furthermore, we understand the functions y(t), z(t), u(t), and ((t), respectively,
for t € C, as the ones analytically continued from R, . Since the system (2.2)-
(2.4) posses the Painlevé property, single-valued solutions can be defined on
C\[-0, —o0). We call the ray [—0,—o00) the cut and denote as yi(t), z+(t),
us(t), and (4 (t), respectively, the functions y(t), z(t), u(t), and ((¢) on the
upper/lower sides of the cut, i.e., for argt = +m. Note that, the +-functions
correspond to, i.e., define via Eq. (2.1), the same point of M5(0g,01,0).
Let us denote by y~(t), 2~ (t), u=(t), and ¢~ (t), respectively, a solution of
system (2.2)-(2.4) and the corresponding function (2.7) with ©,, changed to
—O4: The corresponding manifold of monodromy data is M5(0g, 01, —O).
As soon as the functions y~(t), 2~ (t), u~ (t), and (~ (¢), respectively, are known
for real positive ¢ and an arbitrary point of M5(0¢, ©1, —O), one can find the
functions y (t), z4(t), us(t), and (4 (t) by using the following transformation,

(2.9) ut(t) = ﬁv y+(t) = m,

(210)  2o(t) = —2~(eF™) — Oy, Ca(t) = (€F™) + Opt + OpOee,

and the corresponding action of this transformation on the manifold of mon-
odromy data:

(211) M; = alSlMpSl_lal, ST_ = 0'167m®°°03326_7m@°°030'1, S;_ = 0'1510'17

(212) Mp_ :anglMpSgal, Sf :0'1520'1, S; :0'16_7”600035167m®°°030'1.

Here, Mpi and S;t+1 (p = 0,1) are the monodromy and Stokes matrices corre-

sponding to the functions yu (t), z+(t), us(t), and (x(t), M, and S,;; are the
monodromy objects for y~(t), z7(t), u™(t), and ¢~ (), respectively, i.e., their
matrix elements define a point on M5(0¢, 01, —O,). According the above def-
inition, we have M,;“ =M, S;LH = S, 41- IT means that depending of what we
want to ding: the + or, respectively, - functions, we have to take in Egs. (2.9)
and (2.10), the solutions y~(-), 2~ (-), u~ (+), and ¢~ (-) which correspond (in gen-
eral case) to different points on M5(0g, 01, —O..), i.e., the matrices Mp and

Sp+1, in Egs. (2.11) and (in general case) are different from those in Eqgs. (2.12).
3. Properties of truncated solutions

Proposition 1. The system (2.2), (2.3) and Eq. (2.8) admit the following for-
mal solutions:

> n®7@7600
(3.1) ye(t) = 1+ 3 200001 8e),

n=1

. t 2@0 +@00 = ﬁn(@()v@la@%)
(3.2) zp(t) = 3 4 + nz; tn ’
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t2 t 303
(3.3) Cr(t) = [+ (200 +© )4 :
02 0% @o SR 90,91, )
AR SR e LD Dh ’

where the coefficients, o, = a, (0, 01, O), OBn = On(Op, O1, O), and
Yn = Yn (B0, ©1, O ), are uniquely determined polynomials of their arguments
of the degrees:

degan(®07 @17 @oo) =n, degﬁn(GOa @1, @oo)
=n+1, degv,(©p, O1, Ox) =n+ 2.

Proof. The proof of Proposition 1 is just the straightforward substitution of
the expansions (3.1), (3.2) and (3.3) into the system (2.2), (2.3) and Eq. (2.8)
correspondingly. As the result one finds recurrence relations for the coefficients
Qp, Bn, and 7,, which enable one to make the conclusions stated above.

Remark 1. The recurrence relations are rather complicated. We don’t use
them directly and that is why we don’t write them down here. The following is
the list of the few first polynomials:

a1 =4(0g+ 01 —1), az=280,(0; —0g) —8(0g+ O — 1),
a3 =16(0g+ 01 — 1)(0g — 01 + O,)?
+16(0¢ + O1 — 3)(0g + ©1)? + 32(0g + O1),
b1 =0, B2 = 0(07-67), B3 = 2(07-07)°+2(0" —1)(26F + 267 — 1),
M =P, Y2 =305 Y3 =40,(07 — OF)(20F + 207 + 02, —5),
74 = 8(0§ + 6§ — 0201 — 020% + 0201 + 0204 + 50102, + 50462,
- 2030102, — 70] — 701 — 10 — 120702 — 120%02, + 60363
+110% + 1163 + L1eZ —5).

Although it is not evident from the definition (2.7), one proves that {'(t) = —z(t),
which means that 5,,11(00, 01, O) = N, (00, O1, O). Another property of
the polynomials «,, 85, and 7, is that they can be rewritten as the polynomials
of the coefficients «a, 3, and ~ (see Eq. (2.6)) of P5 (2.5), without any square
roots! It is more or less clear for the polynomials «,,, since they can be obtained
recursively: by substituting expansion (3.1) into the Eq. (2.5), but than, the
polynomials 3, should be obtained from the Eq. (2.2), which obviously contains
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square roots of the coefficients (2.6). Eq. (2.8) being rewritten with the coeffi-
cients, «, , and ~y, by using the formulas (2.6), also contains the square roots.
The explanation is that: by substituting the expansions (3.1)-(3.3) into the sys-
tem (2.2), (2.3) and Eq. (2.8) correspondingly, one gets for the sums in (3.1)-(3.3)
the equations, which can be written with the integer powers of «, 3, and ~.

Proposition 2. There exist three special (doubly truncated) solutions of the
system (2.2)-(2.3) which along with the corresponding functions ((t) (2.7), we
denote as follows:

(1) yo(t), 20(t), and Co(t);
(2) y+1(t), 241(t), and (11 (t); and
(3) y—1(t), z-1(t), and C_1(1).

These solutions are uniquely defined by their asymptotic expansions as |t| — +o00:

(3.4) 21(t) = 2p(t) + O (),

i the sectors
(3.5) —nm+ 7wk <argt <m-+mwk, k=-1,0,+1.

Proof. The existence and uniqueness of the solutions for arg? = 0 is proved in
our previous work [11] (see Sec. 3 of [11]). To prove the fact that these solutions
can be analytically continued with the same asymptotics (3.4) into the whole
sector (3.5) one should notice that for each asymptotic expansion (3.1)—(3.3)
there is only one function analytic in the sector (3.5) with this asymptotics so
that, it must coincide with the correspondent function: y(t), z(t), or {(¢), which
has asymptotics (3.4) for argt = 0.

Remark 2. By integrating Eq. (2.4) one finds that the corresponding functions
ug(t) have the following asymptotic behavior :

(3.6) up(t) = ae?(1+o(1)), k=—1, 0, +1,

where 4 € C{0} is the constant of integration.
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Proposition 3. The monodromy coordinates of the solutions, yx(t), zk(t), ur(t),
and (i (t) are as follows:

22@00 B L
(k=0 =mi =0, my = e ™% mi; =0, mj, =2 ?%,
. _ 21
S9 = —20e™O>2729 o5 1O, s1 = —2%9= cos Oy ;
U
_ o
(2) k=41 = m? =2(cosmOy + e ™= cos O ), m9, = ——e "1Ox22Ox,
U
mi, =0, miy, =12729=4, sy = 2002729 cos O,
2
51 = ——e™0=229% o5 1Q;
U
22900

(B k=—-1=m) =0, md = e ™9 ml =2(cos mO +e O cos mOy),

1
mi, = 1012729% 55 =027 20> 2O cos 7O,

_ %22900 —m0

s1= e < cos mOy.
i

Proof. The formulas in item (1) were proved in Corollary 3.1 of [11]; the formulas
in items (2) and (3) are the special cases of the ones obtained in Corollaries
3.1, 3.2 of [11].

Proposition 4. The following asymptotic formulas as |t| — +o0o0 and k = +1:

) 2 Lt

(3.7) yi(t) = yo(t) + 2Ex exp <k2% — % argt> T e*2 (14 0(1)),

E ) t it
(3.8) anlt) = 20(t) + =E exp (—ki™ + Largt) /1 e (1 1 001,

4 4 2 2

= ] t| Lt
(3.9) Cr(t) = Co(t) + ?k exp (—kz% + %arg t) %ekf (14 0(1)),
where

2 TiO oo TiO oo
(3.10) Ep = —— (COS(W@())ek 2 4 cos(m0)e 2 ) ,
V2T

are valid for the doubly truncated solutions in the sectors:
(3.11) k=41 =2 0<argt<m, k=-1 = —n<argt<0.

Proof. For argt = 0, £ these asymptotic expansions follow from the Corollaries
3.1-3.3 of the paper [11] and Eqgs. (2.9)—(2.12) of Sec. 2. Their extensions to the
whole sectors (3.11) can be proved either by linearizing of the corresponding
differential equations or by inspection that, being restricted on the solutions
yi(t), zx(t), and (x(t), the proof of asymptotic expansions in [10], [11] is also
valid for the complex ¢ in these sectors.
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Corollary 1. The (analytic continuation of the) solutions yo(t), zo(t), and (o(t)
have asymptotic expansions (3.1)—(3.3) in the domain —m < argt < 400 and,

in particular, y11(t) = yo(t), z41(t) = 20(t), and C41(t) = Co(t) iff E41 = 0.
Analogously, the (analytic continuation of the) solutions yo(t), zo(t), and (o(t)
have asymptotic expansions (3.1)—(3.3) in the domain —oco < argt < +m and, in

particular: y_1(t) = yo(t), z—1(t) = 20(t), and (_1(t) = Co(t) iff E-1 = 0.

Proof. Induction on positive or negative k € Z: |argt — nk| < 7, by making use
of Egs. (2.9)—(2.12). The base of the induction follows from Proposition 4.

Corollary 2. The expansions (3.1)—(3.3) are convergent iff 2,1 = =Z_1 = 0.

Proof. The condition =4; = =_; = 0 means that all the solutions yx(t), 2zx(t),
and (i (t) are rational functions.

Corollary 3. The system (2.2), (2.3) and consequently the fifth Painlevé equa-
tion (2.5) have rational solutions with the property tlim y(t) = —1, iff at least
— 00

one of the following conditions:

(1) O = 21, Oy =061+ 1+ 2m,
(2) Ou = 21, ©g=-01+1+2m,
(3) O = 1+ 21, Op = O +2m,

(4) O =1+2], g =—01 + 2m,

(5)

1
5 @0 :—+l, @1:§+m,

where I, m € 7, is satisfied. This solution is unique, if the coefficients of the
system (2.2), (2.3) are set as shown above, and coincides with the doubly trun-
cated solution, (yo(t), zo(t)). In terms of the coefficients ., 3, and 7y (2.6) of the
fifth Painlevé equation the conditions (1), (3) can be rewritten as follows:

1 1
(3.12) \/2a:§+n1, \/—Qﬁ:§+n2, ni,ne €Z, ve€C,
and the conditions (2), (4), (5) as:

(3.13) V2a++/—-28=n1, yv=2ns—n1, ni,ng € 7Z.

For the fixed set of «, 3, and ~y satisfying Fqs. (3.12) or/and Eqs. (3.13) for
some choice of the branches of the square roots, this rational solution of the
fifth Painlevé equation (2.5) is unique and coincides with yo(t). In this case the
functions zo(t) and (o(t) are also rational.

Proof. The proof follows from Corollary 2 and solution of the equation Z_; =
Eiq.
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Proposition 5. The solution of the system (2.2)-(2.4) with the following mon-
odromy coordinates (the upper-truncated solution) :

22@00 22900

k3

(V2miwe” 2= _92cos 701),

e—ﬂ'z@

0 . _T1Oc 0
mi, =Varwe "2 Mgy = <81 =

m

Ay — N~ N 711'1600
mi, =0, miy, =127 55 =10272O%™O%(\/2mie™ 2 —2cosOy),

where w € C, has in the sector 0 < argt < m the following asymptotic expansion
as [t| — +oo:

2 Lz L.
y(t) = yo(t) + 2w meﬁ(f—argt)QQ +O(E E),

0 t K2 us 1 ot
A==+ %eﬁ(farg”w +O(t"5e?),
u(t) = uo(t)(1 4 o(1)),

ml»—-

L t
¢t = co(t) + 2y MesEramnnct 1 op-be¥),
Proof. The proof is based on the same arguments as the proof of Propositions 3
and 4.

Proposition 6. The solution of the system (2.2)-(2.4) with the following mon-
odromy coordinates (the lower-truncated solution) :

22900 3
ml, =0, mY, = ——e ™O= 5, 12720 O (/21 e T + 21cosO)y),
vl

22@

. _ 1O .~
mi, = 2roe 2, mi, =102 200 g

(V2me™ 2 + 21cosTO1),

where © € C, has in the sector —w < argt < 0 the following asymptotic expansion
as |t| — +o0:

2 2 (T 1 t
y(t) = yo(t) + 20 mea(rargw —u +O(Z -y
v |t| —%(% —ar t) _u 1t
2(t) = 2o(t) 1 76 5(5—arg +(9(t Lo ¥,

o /1t
2V 2°

MI»—A

o3 (5targt) ——+(9( —%)

Proof. The proof is based on the same arguments as the proof of Propositions 3
and 4.
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Theorem 1. The polynomials: ,(©¢, ©1, O), [(n(Op, O1, O), and
Yn (B0, ©1, O ) have the following asymptotics as n — co(=p — 00):

420

TO T
a2p—1(0p, O1, O ) =O(C?) + (—1)pﬁ cos — = cos 5(60 —01) X

cosg(®0+@1)r< —§>F< ‘i) <1+0<%>>,
O sin = (0 — 1)

42p+1
01217(@0, @15 @oo) == O(Cp) =+ (_1)pW 5

sing(@o—i—@l)l“( —%)1?(10—#%) <1+0<% )

sin X

42r—1 O T
,ng_l((")o, @1, @oo) = O(Cp) + (_1)p o2 COS 5 COS 5(@0 —@1) X
1 1 1
cos—(@o+@1)F<p—Z F<p+1> <1—|—(’)<2—?>>,

B2p(©0, O1, Ou) = O(CP) +(—1)stin7T—

. 1 3 1
Slng(@o+@1)F<p+Z P<p+ Z) <1+O 5)),
42r—1 O T
’)/Qp_l((‘)o, 01, @oo) :O<Cp) +<_1)p 3 sin 5 SlnE(@o—@l) X

Y2p(©0, O1, Ox) = O(CP) — (—1)P—- cos ks
T

cosg(@o+@1)r<p+ 5r<p+ %) <1+O<119>)’

where I'(+) is the Gamma-function [13] and C > 0 is independent of p.
Proof. The proof is given in the next Section.

Corollary 4. All leading terms of the above asymptotics vanish iff the parame-
ters ©g, O1, Oy satisfy one of the conditions of the Corollary 3. In this case,
at least one: odd or even, subsequence of each sequence of the coefficients has
the following asymptotic expansion :

|Oln(@0, @17 600)’ n—:>oo ago,el,@x(l + 0(1))’
(3.14) 16n(©0; O1, Oc)| = 186,60, (1+0(1)),
|’yn(®0’ @17 600)’ Tl—:>OO 080,91,600(1 + 0(1))’

where ag,.0,,0.., b, 0,0., and ce, 0, 6. are the numbers equal to the maz-
imums of absolute values of poles of the rational solutions to the system (2.2),
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(2.3) and Eq. (2.8), which are described in the Corollary 3. If the asymptotics
of one of the subsequences is not given by the corresponding equation in (3.14),
then the absolute values of its members (at least for a rather big n) are less than
the r.-h.s. of one of the corresponding equation in (3.14).

Proof. The statement follows from Theorem 1 with the help of the Corollaries 2
and 3.

4. Derivation

To derive the large n asymptotics for the polynomials oy, (0¢, O1, O),
Bn(B0,01, O), and 7,(0g, O1, Ou) (3.1)-(3.3), we use ideas based on the
Borel transform. Here, we summarize some facts concerning the Borel transform,
which we need for a derivation of the results stated in Theorem 1. The proofs
of these results can be found in the monograph [12]. The following presentation
is specific to the concrete problem under consideration.

Let F(t) be one of the divergent series yp(t), zp(t), or (r(t). Let us denote
the coefficients of these expansions as fy, i.e.,

(4.1) F(t)=> fat™"

It is known that, the divergent expansions (3.1)—(3.3) for the systems like (2.2)—
(2.3) are Borel summable. In particular, in our case it means that for some
positive numbers: M, A, and a, the following inequality is valid: |f,,/T'(an+1)| <
M A~ where I'( - ) is the I'-function [13]. Actually, in our case a = 1, but we use
this fact only to make our derivation shorter: the fact which is really important
for the following is that such number a > 0 exists. The Borel transform, Bp(p),
is defined by the following, convergent in some neighborhood of p = 0, series:
fn n
(4.2) Br(p) = Z Tlan+ 7
The analytic continuation of the function Br(p) into the sectors: |argp+ wk| <
7/2, k =0,4£1 (a = 1) has a finite exponential type 7. The Laplace transform
of Br(7/t) on 7 is therefore convergent in the domain [t| > T |argt + k| < 7/2
and yields the function f(t) (the Borel sum of F(t)):

(4.3) (1) = /0 " dre-TBp(t-119),

which analytic continuation into the domain |t| > T, |argt + wk| < 7 has the
asymptotic expansion (4.1). Since analytic function with the asymptotic expan-
sion (4.1) in the sector | arg ¢+ k| < 7 is unique, the function f(t) (4.3) coincide
with the corresponding doubly truncated solution, fx(t), i.e., with one of the
functions: yi(t), zk(t), or Cx(t), k = 0,+£1.

The function Br(p) may have poles and cuts, running from its singularities
to the infinity. The previous discussion shows that the only possibility for such
singularities (and cuts) can be along the imaginary axis. The indications of these
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cuts are ruptures of the of the function f(¢): in the sectors | argt+7k| < 7/2 this
function coincides with f(¢). Thus in our case we have two such ruptures: along
the positive and negative imaginary semi-axis. To get the asymptotic formulas
announced in Theorem 1 for f,,, we proceed as follows:

I e —7an__fn 1 e -7 Br(pT?)
fnZF(an—I—l)F(T'H): Odee T N = of dre T(f)wdp

+o00 tA/T? —ioo "
=ﬁm+mmgww(f+f)%%ummg

n—0o0 tico  —iA/ra
-n +oo Ta/A -0 a
=4 (1+(9(%)) f dre ™ f + f s”flABF(;—S)ds
0 0 —ra/A

” +oo -0 +oo o
=%0+0&D<f+f>ﬁ1%fABﬂ%k7w,
—+0 0

—100

where Y(7) is a positively oriented contour around 0 in the complex p-plane and
ABp(+) is the difference of values of the Borel transform on the cut along the
imaginary axis (r.h.s. minus Lh.s.). In the last integral we take into account that
ABp(1%/is) = 0 when |7%| is varying from 0 to As. Finally, using Eq. (4.3) we
arrive at the following asymptotic formula for f,,

(4.4) fn T oicm) +

17;: <1+0 (%)) (/;OO 5" Vds(fo(us)

Far(08) = (—1)(fo(—5) f1<—zs>>),

where C' > 0 and independent of n. The power error estimation in the last equa-
tion appear due to the fact that the integral representation (4.3) is valid only for
s > T. Now, consequently substituting for fi in the last equation the asymptotic
results from Proposition 4 for the doubly truncated solutions: yx(t), zx(t), and
Ck(t) defined in Proposition 2, we obtain the asymptotic expansions stated in the
Theorem 1. Note, that by using the asymptotics in Eq. (4.4) instead of the ex-
act solutions we get an additional error, which can be also estimated as O(C™),
where C' is independent of n. The error estimations indicated in the asymptotic
expansions given in Proposition 4 are contributing to O (1/p)-correction terms
for f, in Theorem 1.

Appendix: Applications to the third Painlevé transcendent

Here we consider two special cases of our results: the first one (0p = 0 =
O = 0) concerns the function o(z; A) which is discussed in the Sec. 1, the
second example (g = 01 = 1/2,0,, = 0) shows, how one can reproduce one
of the first connection formulas for the Painlevé equations [7] (in our notations
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it is a connection formula for asymptotics of Ps along the imaginary axis) by
using the connection results for asymptotics on the real axis [10] and analytic
continuation described in Sec. 3.

Proposition 7. A solution of the system (2.2), (2.3) with ©g = ©1 = Oy, =0
is holomorphic at t = 0 iff for some zy € C y(t) and z(t) have the following
asymptotic expansions ast — 0:

1 1 1 13 22
Al H=14+t+ (= — 202+ (= — 20)3+ (= — — 204
(A1) y(t) =1+ +(2 20) +(6 20) +(4! 24zo+2)
1 5 55, (L 13T 255, 3 4,
g~ g0t g2t + (5~ ggp %0 — 10!
17 8472353720 19 4, 1
- t - -
&~ 3% T 520070 T 1420 T (g T 108 T w
8714907 2 (l_ 517 8189
241920 % " 8640070 9! 725760 " 470400
497 E 3 4)t9+(i— 1543 989
T 540070 " 3270 101~ 12096000 ° " 211680

48019 , 805 , 5

_ 410 A1
1224160 + 03680 ~ 3560 T O,

2 25
(A.2) 2(t) = 20 + 228t + 32317 + (%O + 4z9)t3 + (144z0 + 520t
2 4
25 % 6\¢5 4 49 49
o4 %0 ¢
30 T 7 6%+ ({5z00 2+ 10 20+ 720)°
1, 121 , 4 - 61
= ]:8)¢ -
H 76207 * Toa007 T 92U +820)t" + (11289600 0
3.9 oo 1, 1349
T 4929
610020 T 1670 T 970) * ({533060°0 * 91445760

19 25 ¢ 7381
1021049 3
T152°0 * 3670 + 10200 + (113307300000
234377 5 5929 , 121 , 10 "
11257 )t t
014457600 ° 2502000 T 1ag 0 Tz )T+ O,
In that case expansions (A.1), (A.2), of course, coincide with the Taylor ex-

pansions of the functions y(t) and z(t) at t = 0, moreover, the parameter zy
characterize them uniquely.

Proof. By substituting formal power series for y(¢) and z(¢) into the system
(2.2), (2.3) one gets the recursion relation which allow to uniquely determine
all the coefficients as soon as zg € C is given and prove the convergence in the
standard manner.

Proposition 8. In the case Oy = ©1 = Oy = 0 the function ((t) (2.7) is
holomorphic at t = 0 iff the corresponding solution (y(t),z(t)) of the system
(2.2), (2.3) is holomorphic at t = 0.
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Proof. The proof follows from Proposition 7 and the equations:

22 1
(A3) ¢=—tz4(1-y)", 2= y=1+4 550 +(+12),
where the prime denotes differentiation on ¢. Eqgs. (A.3) are resulted from the
system (2.2), (2.3) and definition (2.7). If {(¢) is a holomorphic function at t = 0,
then according to the last equation in (A.3) the function y(¢) can, theoretically,
have a pole at ¢ = 0 but this contradicts to the system (2.2), (2.3).

Remark 3. It is easy to see that the coefficient, z,,, before " in the Tailor series
(A.2) is a polynomial of the power n+1 of the parameter zy. For n > 2 the senior

2
coefficients have the following structure: z, = (n+1)z5 ™ + (7;';214) zy+. .., while
the structure of the junior terms is not evident. By denoting y,, the coefficient
before t" in the Tailor series (A.1): y; = 1,y2 = 1/2 — 2p,..., we find (see

Eq. (2.9)) that

D ()'u(=20)yk(20) + (=)™ Ym(—20) + ym(20) = 0.
k+l=m

The function y(¢) (A.1) can be presented in the form: y(t) = e’ + 20f(¢, 20),
where the function f(¢, z¢) is holomorphic at (¢t = 0, 29 = 0). The Tailor expan-
sion for the function ((t) can be obtained by integration of the expansion (A.2),
¢(t) =— fg z(t) dt. We write it in terms of the function o(x; A)(see Eq. (1.2))
by using the relation o(z; \) = ¢(0, 0, 0; 4ix)|.,—_;»/2 and introducing the
parameter p = 2X\:

7 4 5
(Ad)  olw; 5) = —pr = pPa? = pa® — (u' = Gu)at = (i = Sp*)a’
2 32 7 . 112
o 6_ < 4 e 2 6 T 1.5 -~ 3 7
(1 gH oot )x” — (1 gt t ekt )T
8 484 64
8 S, 2 4  bF o8 9 7
(1= 517+ So5H ~ Jppph )% — W —
73 . 3044 4 o 40 10 4 19
t a5 goazs )T T T g
10792 , 512 o 40 44 11 4 1078 .
178605" T Torsrst )T T (B T g s

| 85228 85888
893025 T 22325625

Proposition 9. Solution of the system (2.2), (2.3) with ©g = 1 = O = 0
holomorphic at t = 0 has the truncated behavior as t — oo iff the parame-
ter zg = 5. The solution with the expansions (A.1)—~(A.2) with zo = 5,
Cu(0, 0, 0;t), is the upper-truncated (see Proposition 5) and can be character-

ized by the monodromy coordinates:

,LLB)I'HO(IJQ).

(A.5) m{; =2, mY = (iv)"t, my; =0, mly, =iu, s =5 =0.
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The solution with the expansions (A.1)~(A.2) with zg = — 5=, (0, 0, 0;1), is the
lower-truncated (see Proposition 6) and can be characterized by the monodromy
coordinates:

(A.6) m(l)1 =0, mgl = (iu)_l, mh =2, m%z =qu, $1=8,=0

Proof. The assertion of the proposition follows from our previous work [10], see
Theorems 4.1-4.3, where the monodromy coordinates of the general solution of
the system (2.2)—(2.4) were calculated. In these theorems the small t asymptotics
of the general solution of the system (2.2)—(2.4) is characterized by the complex
parameters o and 2. From the Theorems 4.1 and 4.3 we see that the solution can
be holomorphic at ¢ = 0 only if the parameter o = 0 (in the case ¢ = 1 one of the
functions y(t) or z(t) has a pole at the origin. Put in the formulas (4.1) of the
work [10] ©9 = ©; = O, = 0 and than ¢ — 0 to find that § o 0/(8z). On

the other hand Theorem 4.2 shows that in the case ©g = ©1 = O, = 0 = 0 the
Stokes multipliers s; = s = 0 and the limits as t — 0 of m%; = 1—2m29, m9, =
1 + 2mizg. Comparing these formulas with the monodromy coordinates of the
upper /lower-truncated solutions (see Propositions 5, 6) we get that necessarily

2o = £1/(2m). Finally, calculating the remaining monodromy coordinates we
arrive at the Egs. (A.5)—(A.6).

Corollary 5. For A = 1/m the function o(x;\) defined by Egs. (1.1), (1.2)
satisfies the following equality:

(A7) J(x;%) — (0, 0, 0;4iz) = G0, 0, 0; —4iz),

where (, (0, 0, 0; -) and (0, 0, 0; -) are the solutions of the Eq. (2.8) which
are specified in Proposition 9. Asymptotics of the sequence c,, (see Eq. (1.3)) is
as follows:

~on (0, 0, 0) 1 1 3 1
(A8) ¢ (44)2m n—oo 2 nt 4 nt 4 +0O n
Proof. The first equality in (A.7) follows from the definition of o(x;\) and
Proposition 9. The second equality resulted from the Proposition 9 and formulas

(2.10)-(2.12). The equation (A.8) is the special case of the last formula in
Theorem 1.

Remark 4. Since (see [13]) we have

(A9) T <n+ %) r <n+ z> = _nin—1) (1 Y 1:75 +0 (%)) ;

the Eq. (A.8) proves the conjecture (1.5) by E. L. Basor and C. A. Tracy. More
exactly we can write:

(A.10) en = %n!(n — 1) (1 +0 <%>> .
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Although formally the error estimations in the formulas (A.8) and (A.10) are
the same, the leading term in our formula (A.8) more exactly approximates the
numbers ¢, since the term % in Eq. (A.9) add the systematic error equal to
16%(n — 1)!2. In the last two columns of the following table we present the
results of calculations of the numbers ¢, for n = 5,10, and 15 via the leading

terms of asymptotic expansions (A.8) and (A.10) correspondingly.

¢n | Exact value Eq.(A.8) Eq.(A.10)

cs | 1009 — 263.694091796875 281.0779... | 291.8050. ..

cro | 28012651203 10T125 — (0.12689...-10"2| 0.1309...-10'2| 0.1334...-10'2

15 239909164623?2(;1(;3@2248154489421 — 0.1140. . "1023 0.1155.. “1023
0.1117...-10%

Our numerical calculations show that the error term in Eq. (A.8) can be evalu-
ated as ~ —0,3105/n. To calculate it explicitly or, more generally, to develop
the asymptotic expansions obtained in the Theorem 1 into the complete asymp-
totic series, one has to study the so-called trans-series for the system (2.2), (2.3)
and Eq. (2.8).

Proposition 10. If ©yg = ©; = 1/2,0,, = 0, then the upper-truncated so-

lutions, y(it), (see Proposition 5) with the parameter W = —2- sin 22, where

V2 2

0 < Ro < 1, have the following asymptotics:

y(it) = 01 + 4K (g)a—l- O(7*7) + O(r),

T—+

im) =, K (5) = 3+ G ()T 06 ),
i 1 el Y _aN\2
C“T)Tio"f—% (iK)% ()% — (iK)"2 (3) ) +O(r2%) |
_ 930 l(3-%)
where K = 2 f17)"

Proof. These results are the consequence of the Theorems 4.1 and 4.2 of our
previous work [10]. More exactly, one has to put ©g = 01 =1/2 and O, =0 in
the formulas (4.3) and (4.4) of Theorem 4.2: this considerably simplifies them, in
particular, parameters m}; = mb, = 0. After that, by equating the monodromy
coordinates of the upper-truncated solutions given in Proposition 5 with the ones
given in Theorem 4.2, one finds the relations between the parameter w, which
defines the asymptotics as t — oo and the parameters o and § (see formulas
(4.1) and (4.2) of [10]), which define asymptotics of the general solutions of the
system (2.2) and (2.3) as t — 0. More exactly, one gets the equations relating
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w with o (see above) and @ with r : @ = ir, where the parameter r defines
asymptotics of the function wu(t) (see Eq. (2.4)): w(t) o —-r(1 + O(t7)), by
comparing formulas for the Stokes multipliers, s1,s2. All the other equations
are equivalent to (0 —1)§ = i(1+0)K, where K is given above. Finally, one finds
the asymptotics of the functions y(t), z(t), and ((¢t) as t — 0 by substituting §
into the Eqs. (4.1) and (4.2) of the work [10].

Corollary 6. [7] For each 0 € C,0 < Ro < 1, there exists a unique solution,
n =n(1), of the third Painlevé equation,

12 / 1

77"2%—77;+E(773—77_1)a

where the primes denote differentiation on T, with the following asymptotics:

SR

2sin 77 _ e~ 2
7’](7’)7__}:_"_001—?€ 1+O 7 y

in which K is given in Proposition 10.

Proof. n(1) = —iY—— il

y(iT)+1 )
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