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ON THE POINCARE POLYNOMIAL OF
A COMPLEMENT OF HYPERPLANES

ROBERTO SILVOTTI

1. Introduction

In this note we study the Poincaré polynomial

Poin(Y';t) = Z t" dime H'(Y,C),

i=1

where Y = C™ — Uy Ay is the complement of a union of hyperplanes—an ar-
rangement of hyperplanes. Two are our main goals. The first objective is to
find natural geometric conditions in order for the Poincaré polynomial to fac-
torize, that is

(1) Poin(v;#) = [T P (1),

where the Pj(t) are polynomials with positive integer coefficients. The second
goal is to identify the coefficients of the polynomials P;(t) — hence also the Betti
numbers of Y — with natural characteristic numbers.

The Poincaré polynomial plays a prominent role in the study of the topology
of complements of hyperplanes (see [7]). A motivation for our work is in fact
a theorem of Terao [10: Main Theorem] stating that, for the complement of a
central and essential free arrangement, the factorization (1) occurs into linear
polynomials. Here an arrangement Uy A; C C™ is said to be central and essential
when the total intersection Ny A; = {0}, the origin in C™. As for the notion of
freeness, recall the general definition of the sheaves of logarithmic p—forms on
a complex manifold X with poles along any hypersurface D C X. These are
the Ox—sheaves Q% (log D) of meromorphic forms w on X which satisfy the
following local property on any U C X: If f is a local defining function for
D on U, both fw and fdw are holomorphic throughout U. Accordingly, an
arrangement Uy Ay C C™ is free if Q<1Cn (logUrAy) is a locally free Ocn—module.
As pointed out by Saito in [8], this property should be related to the vanishing
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of the higher homotopy groups of Y in a manner whose precise extent is yet to
be understood.

In order to calculate the cohomology of Y we shall consider any smooth com-
pactification X of Y, birationally isomorphic to P and in which Y is realized
as the complement of a hypersurface D with normal crossings. For the sake of
brevity, we shall henceforth refer to such X % P™ as to a good compactification;
it can be constructed via a composite ¢ of blow—ups along multiple intersections
of the hyperplanes in P™ obtained by completing at infinity the components A;
of the arrangement. Since D is normal crossing, the sheaves QF (log D) of loga-
rithmic p—forms are automatically locally free, i.e., holomorphic vector bundles
on X. Our interpretation of the factorization property is suggested by the el-
ementary observation that the occurrence of (1) for a hyperplane complement
Y might be the manifestation of a product structure—however disguised in the
complexity of the arrangement—of some complex computing H*(Y,C). The
obvious model of a factorizable polynomial Poin(C*,t) = Y t* dim H'(C*) is
in fact that of the cohomology of a product complex C* = ®;C7, for which a
formula like (1) holds with P;(t) = Poin(C7,t). For an affine algebraic manifold
like Y, (1) would be a trivial consequence of Kiinneth formula if, for example,
Y were topologically a product of x;Y; of affine manifolds Y; = X; — D;. The-
orem 1 below shows that a natural weakening of this factorization scheme is in
fact provided by the notion of decomposability of Q% (log D) into holomorphic
subbundles &;.

The following theorem applies directly to the complement of an essential ar-
rangement, that is a union of affine hyperplanes whose lowest dimensional mul-
tiple intersections consist of isolated points. Note that this is in effect no loss of
generality, for the complement Y of any non—empty arrangement in C" is always
isomorphic to the cartesian product Y’ x C*~™, where Y’ is the complement of
an essential arrangement in C™ (for some m < n).

Theorem 1.1. Let X be a good compactification of the complement Y of an
essential arrangement of hyperplanes in C™. Let D denote the normal crossing
hypersurface X — Y. If Q% (log D) is isomorphic to the direct sum &;E; of
holomorphic vector bundles 5], then

(i) For all j, the higher cohomology groups of the exterior powers of &;
vanish, i.e., H'(X,\PE;) =0 for i > 0 and all p;
(ii) The complex cohomology of Y is given by the global sections of the exte-

rior powers of the &;’s,
EB &) LEx,AE;
ij J
for all p.
(Convention: N°6; = Ox, the trivial line bundle).

Notice that, as an immediate consequence of (i) together with Hirzebruch—
Riemann-Roch theorem, one has dimT'(A'E;) = x(A'E;) = [ todd(X) ch(AE;)
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for all 4 and j. It is now a matter of straighforward algebra to verify that the
following corollary holds true.

Corollary 1.2. Under the same assumptions as in Theorem 1.1, the Poincaré
polynomial of Y factorizes,

Poin(Vit) =[] Pi(t),  Pj(t) =1+ Bjat+ -+ Bjuue, X,
J

where tk(&;) denotes the rank of £; and the various coefficients are given by the
Riemann—Roch formula

ﬁj,i = X(/\i(‘:j) = / tOdd(X) Ch(/\igj).
X
In order to illustrate the content of the theorem and of its corollary, let us
consider the following two limiting situations.

Ezample 1.3. When Q% (log D) does not necessarily decompose, Theorem 1.1
states that H' (X, Q% (log D)) = 0 for i > 0 and that H*(Y,C) = T'(X,Q% (log D)),
a result of Esnault, Schechtman and Viehweg [4]. Corollary 1.2 gives the Betti
numbers of Y in terms of the Chern classes of Q% (log D),

Poin(Y;t) = Zn: t / todd(X) ch(Q (log D)).

Ezample 1.4. If the splitting Q% (log D) = L1 & --- & L,, is into line bundles L;,
then one concludes that all higher cohomology groups of the £; vanish, and

HP(Y,C) = @ F(X7£j1)®"'®F(X"ij)

1<ii < <jp<n

for all p. In this case the Poincaré polynomial of Y factorizes into polynomials
of degree 1,

Poin(Y;t) = ﬁ (1+p5;5t),

j=1

where the numbers (1, ..., B, are

The factorization theorem of [9][10] thus follows from the observation that the
splitting property of Q% (log D) into line bundles is verified whenever Y is the
complement of a central and essential free arrangement. We write Opn (1) for the
hyperplane line bundle on P, Opn(m) = Opn(1)®™ for the m-th power. Let
also the integers aq,...,a, > 1 denote the “exponents” of the free arrangement
(see [7: Definition 4.25] and Section 5 below). The sharper statement is as
follows:
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Theorem 1.5. LetY be the complement of a central and essential free arrange-
ment. Then there is a good compactification X — P™ of Y so that Q% (log D)
splits into line bundles. FExplicitly, let E1,...,E, be the exceptional components
of D. Then there are non—negative integers fi,,; (see Section 5) so that

Oy (log D) = P (U*OP" (aj —1)® <— > M,jﬂ;)) :

=1

Lj

Corollary 1.6. The cohomology of the complement Y of a central and es-
sential free arrangement decomposes, HP(Y,C) = @i1<j <..cj,<n I'(X, L)) ®
- @I(X,L;,), with L; as in Theorem 1.5. Thus, in particular, Poin(Y;t) =
[Tj=y (1 + B;t) with B; = x (07 Opn(a; — 1) ® (= 220 Ha,jEa))-

Comparing with [10], one deduces that in effect 8; = a; for all j. It should be
possible, applying the analysis of Sections 4 and 5 below to a concrete resolution
o, to give a direct general proof of these equalities. In Section 6 we carry out
such computation for a general central and essential arrangement in C2.

Section 2 is a brief summary of the relevant properties of logarithmic forms.
Section 3 contains our proof of Theorem 1.1. In Section 4 we study the behaviour
of logarithmic forms under blow—ups. The splitting theorem of Section 5 is due
to H. Terao.

2. The complex of logarithmic forms

Let D be a normal crossing hypersurface in a smooth algebraic variety X
(dim¢ X = n) so that the complement X — D is affine. On a sufficiently small
open set U C X of a point where precisely m (m = 0,..., n) irreducible compo-
nents of D intersect one can choose local coordinates (z1, ..., z,) so that a local
defining equation for D N U is given by f = z1--- 2, = 0. It directly follows
from the definition that

(i) Q% (log D) is the sheaf of Ox-modules generated on U by
d dzm
{2 s
Z1 Zm
(ii) For p > 1, Q% (log D) = A" QX (log D);
(iii) When provided with the holomorphic de Rham differential d, the
Q% (log D) form the differential complex of sheaves

0 — Q% (logD) % Ok (log D) % -+ % Q7 (log D) — 0,

where we put Q% (log D) = Ox.
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One should note that the sheaves Q% (log D) are locally free and are generated
by closed differential forms.

Upon introducing, as usual, complexes of Cech cochains C* (X , Q% (log D))
with coboundary 4, and in view of the anticommutativity of d with §, one easily
verifies that d induces a well-defined differential d; on Cech cohomology groups

0—H(X, 2% (log D)) i>H‘1(X,Q§((logD)) i>---i>Hq(X,Q§((logD)) —0

for every ¢. It is a well-known result of [3] that these complexes, which appear
as the F1—term in the Hodge—Deligne spectral sequence

EP?" = HI(X,0%(logD)) = H™(X -D,C),

are all trivial, i.e., d; = 0. Hence the spectral sequence degenerates at E; and
the complex cohomology of Y is given by

(2) H(X -D,C)= @ H(X,0%(ogD)).
p+q=i
However—as observed by Esnault, Schechtman and Viehweg—the case of
present interest affords the following remarkable simplification. (For related
work, see also [2]).

[4: Lemma on page 558|. Let X be a good compactification of the complement
Y of an arrangement of hyperplanes in P*; D = X — Y. Then one has the
cohomology vanishing

HY(X,0%(log D)) =0 for q >0 and all p,
so that H'(Y,C) =T'(X, Q% (log D)) fori=0, ..., n.

We briefly recall the simple argument, especially to the purpose of pointing
out a feature (Remark 2.1) which will be required in the next section. Let Y
be the complement in C" of a union of affine hyperplanes A; defined as the
zero loci of some linear holomorphic functions f; (I = 1,...,N). In view of
a result of Brieskorn [1] and of Orlik and Solomon [6], the cohomology alge-
bra H*(Y,C) is identified with a quotient of the exterior algebra E (over C)
generated by the deRham classes {1, [ﬁdlog f[] }1:1,... N (In fact, the same
identification holds true also over Z). One can easily vérify that every p—fold
wedge dlog fr, A--- Adlog fr, is a section of Q. on the open subset ¥ C X
extending to a differential form on X with logarithmic poles along D, i.e., to
a section—a fortiori global—of QX (log D). It follows that the global sections
I'(X, Q% (log D)) generate HP(Y, C); thus, in view of the decomposition (2), that
necessarily H?(X, Q% (log D)) = 0 for ¢ > 0 and I'(X, Q% (log D)) = H?(Y,C).

Remark 2.1. Clearly the same argument also shows that the natural map
APH(Y,C) = AT (X, Qk (log D)) = T'(X, Q% (log D)) = H?(Y,C)

is surjective for every p > 1. (The kernel of 7 is generated by the ideal of
relations in E = A*T'(X, Q% (log D))).
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3. Splitting and factorization

Throughout this section we shall be working under the hypotheses of The-
orem 1.1. By the splitting assumption QY (log D) = ®%_, £;, where of course

Z;?:l rk(€;) = n. One has

0% (log D) = APQk (logD) = @ &, A+ AE;,

1</ < <jp<k

k
@ ® /\pjgj

>pi=p j=1

Il

for all p. In view of Esnault—Schechtman—Viehweg vanishing, then all wedge
products of vector bundles £; must have vanishing higher cohomologies,

Hq(X,®§:1 NP Sj) =0 forg>0andallpy,..., pg,
and

H(Y,C)2 P DX A--NE,)
1< < <jp<k

P rx @i, A7 E).
2 Pi=p

l12

Consider now the natural maps
k
(3) Q) X, APy LT (X, @k, AP E))
j=1

sending v = 51 ¢ - - - Q¢ S € ®§:1 (X, AP &) — ¥(y) € T(X, ®§:1 APi E;),
the section such that ¥ (7). = (51)z ®o, - - ®0, (5k). at every x € X. In order
to prove Theorem 1.1 one must show that, for all py,..., pr, the maps 1) are
isomorphisms.

Surjectivity of (3) is a consequence of Remark 2.1. For, in view of the decom-
position of the F(X, Q% (log D)) = @?:1 I'(X,&;) of log 1-forms, one obtains
APT (X, Q% (log D)) = Dy, ®§:1 APIT (X, E;), whereas I'(X, Q% (log D)) =
@ij:p F(X, ®§:1 NP3 Ej). By Remark 2.1, then, the various maps

k
Q) APT(X,E) T (X, 5, AP E))

Jj=1
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are surjective. Note that w factors through v as shown in the following commu-
tative diagram

®%_, APD(X, &) —— T(X, @k, AP )

| H

®F_, DX, APiEj) —2— (X, @k, AP E)).
Since ™ = 7’ is surjective, so must be 1.

In order to extablish the injectivity of ¢ in (3) we shall need a couple of
preparatory lemmas. Recall that a holomorphic vector bundle £x on X is said to
be generated by global sections if the sheaf map I'(X, Ex ) ®c Ox — Ex, defined
at every point x € X by p(s® f)y = fuSs, Is surjective. For an arrangement
UrH; = {I[; fr = 0} C C" the pull-backs o*dlog f; to X 2, P" furnish a
basis of global sections of Q% (log D). One easily sees that at every z € X there
are n of them such that o*(dlog fr,)z A --- A o*(dlog fr, ) # 0 if and only if
arrangement is essential:

Lemma 3.1. Let X be a good compactification of the complement Y of an
arrangement of hyperplanes in C"; D = X —Y Then QX (log D) is generated by
global sections if and only if the arrangement is essential.

Under the assumptions of Theorem 1.1, then Q% (logD) 2 & & -+ & & is
generated by global sections. This implies that also the maps

F(X7g]) X OX ng, (P(S®f)x:fx3x

are surjective for all 7, i.e., each &; is globally generated. Observe that, since the
global sections in I'(X, £;) are d—closed by Deligne degeneration, the bundles &;
are generated by closed 1-forms. As a wedge of local frames consisting of closed
1-forms is also a closed form, the latter conclusion applies to any wedge product
of the &;’s. This observation has the following consequence.

Lemma 3.2. On any open set U = C™ in X, not intersecting D, there are local
analytic coordinates (y;-j);.fll_’::"krk(gj) such that any global section s € T'(X, &;)

takes the local form
rk(;)

sly =Y fldyl,
i=1
where the ' = fi(yjl-,...,y;k(gj)) are functions of yjl,...,y;k(gj) only. Analo-
gously, let J be any subset of the index set {1,...,k}. Then, any global section
s e I'(X,®jes NP7 E;) takes the local form

sly=>_ fU N\ dyt n-endy”
{3} Jj€J
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1,...,r1k(&;)

ier only.

where the f11 depend on the variables (yj )

i;=1,..

Proof. Let { zJ} ’rk(s ) be a local frame of Q% % (log D) on an open set U C

X so that, for each 7, ( ,...,o*jk( J)) is a local frame of &£;. By the previous
observation, the 0'] can be chosen to be the restrictions to U of suitable global
sections of Ql x(log D), in which case they are closed 1-forms. If UN D = 0,
then the o* are holomorphlc and, by the Poincaré lemma, o - dyj for some

holomorphic functions yj . Since the Jacobian determinant A; ;. O'j is nowhere
zero on U, the n functions (y;-j );."::11.’::";1{(83' ) define local analytic coordinates on
U. The restriction to U of any global section s € I'(X, &;) is written as s =
Zrk(s 2 f? dy But both s and the dy] are d—closed, 0 = ds = Zgi(lgj) df? /\dy;-,

oft
) 8 il
whenever j’ # j. In other words, the f* must be functions of yjl», e ,yj (83) only.
Finally, a quite analogous argument applied to the global sections of ®;c; API E;

yields the second part of the statement.

which implies—by Cartan lemma—that df* = Y, ¢° dy} € &j, ie =0

Injectivity of (3) results from an inductive application of our next proposition.

Lemma 3.3. For any sequence p1, ..., pi, the natural map of global sections
¢: F(X, Api(‘:l‘) Kc F(X, Qi NPi (‘:j) — F(X, X NPi 5])

induced from T'(X, A\Pi&;) Q¢ (®j¢i NPi Sj) 2, ®; NP E;, with ¢(s ®c ')y =
Sz ®o, S., 18 injective.

Proof. In order to simplify notations, in the course of this proof we shall usually
write £ for APiE; and &' for ®;4; AP E;. Let s and s’ be elements of I'(X, £)
and T'(X,&’) respectively. In terms of local frames {02}, {0?°} of &, & at
z € X, they have the local expressions s, = Y., %% and s, = >, [0/’ for
some f2, f* € O,. As observed above, we can and will choose the local frames
to be given by closed forms. The image of a general element v = ), s; ®c
sy e (X, E) ®c I'(X, S) is the section ¢(v) € I'(X,€ ® &) such that ¢(v), =
Dot Dap fla0s ®0, fi%.0i. The kernel of ¢ is thus given by

ker(b Zz.fta:aa:@(c ta:a:?éo‘z.ftz ’bz—Oforallab

By Lemma 3.2, around any point « disjoint from D there is an open neighbor-
ij :1,.‘.7 rk(Sj)
J=1,s k

the functions f*, depend on the rk(&;) coordinates y; only and the functions f/7,

onthe ., rk(S ) coordinates y; with j # i. Denoting by {z} and {z'} the two

hood U with local analytic coordinates (y;J) centered at x so that
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respective collections of coordinates, the f;!, are fsz are, respectively, identified
with elements of the local rings of convergent power series C{z} and C{z'}. But
then the condition that, for all a,b, >, f,({z})f{%({z'}) = 0 as an element of

O, = C{y}, is equivalent to the vanishing of >, >, fi.0% ®c f{%0%. This
argument being valid at all points x of an open set U C X, one concludes that
a section in ker ¢ would have to identically vanish on U, hence also on all of X.

So ¢ is injective.

Theorem 1.1 has now been proved.

4. Blow—up of logarithmic forms

Let X be a smooth algebraic variety of complex dimension n. For any hy-
persurface D = U;Dy in X, the sheaves Q% (log D) of logarithmic forms, as
defined in the Introduction, are coherent and their direct sum is closed both
under wedge multiplication and under exterior differentiation. (For the former
two properties see [8: (1.3)]; the last fact is clear by definition). They are gener-
ally not locally free. The following result reduces the question as to when they
are locally free to a single condition. Let us denote by D the divisor ), D
given by the irreducible components of D each counted with multiplicity 1; we
will implicitly identify D with the associated line bundle on X. Note that, by
definition, Q% (log D) is always the line bundle Q% ® D.

Saito criterion [8:Theorem 1.8]. Q% (log D) is locally free if and only if the
top exterior power N"Q% (log D) = Q% @ D. In this case one has Q% (log D) =
APQL (log D), all locally free.

In order to compute with logarithmic forms we shall need the following ob-
servation.

Remark 4.1: Local presentation. Consider a sufficiently small open U C X in
which the hypersurface D N U = {f = 0} is reducible, i.e., f = gh, where
{g = 0} and {h = 0} may well be further reducible. From the definition, a
p—form w on U is logarithmic with poles along D N U if and only if ghw and
d(gh) A w are holomorphic. Putting w’ = gw, one easily verifies that these are
equivalent conditions to w’ being a logarithmic p—form with poles along {h = 0}
and such that both h (dlogg A w') € Q%! and dh A (dlogg Aw') € OV, Let
hence Q’(}(log{h = ()}) denote the logarithmic p—forms on U with poles along
{h =0}.

Locally over U, Q% (log D)(U) is given by the forms w = éﬁ, with £ €
d
QF (log{h = 0}) such that ?g A€ € QP (log{h = 0}).

Though this local presentation does not make it evident that Q% (log D) A
Q% (log D) € Q5 (log D), see [8].
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In this section we consider the blow—up X = X of X along a submanifold V
D. Thus o leaves the complement X — D C X —V unchanged; the inverse image
D = o¢7Y(D) = D UE is the union of the proper transform D = ¢—1(D — V)
of D and the exceptional hypersurface E = o~ !(V). Note that, as a rule, the
pull-back of a form w € Q% (log D) will no longer be logarithmic, in the sense
that o*w ¢ Q’;{ (log 15) Proposition 4.2 and Lemma 4.4 below measure to which
precise extent the pull-back of a logarithmic form fails to remain logarithmic. If
multy D denotes the multipilcity of D along V' and codim V' is the codimension
of V in X | let us introduce the integer

p = multy D — codim V.

One can explicitly compute the pull-back of the logarithmic forms of top degree:
Proposition 4.2. "% (log D) = Q7% (log D) ® uFE.
Proof. Since Q% (log D) = Q% ® D, one has c*Q% (log D) = 0*Q% @ 0*D. A
simple local computation (see, e.g., [5: p. 605, 608]) gives, on the one hand

o" Uy = Q% @ (1 — codim V) E.

On the other hand, for D = ), Dy, let D = S°; D; + E be the divisor on X
given by the components of D=DUE = <U1D1> U E. One has

o*D = Z Dy + (multy D) E =D + (multy D — 1) E,
I

and the result follows from the fact that Q% (log D)= Q% @ D.

It will suffice for the problem at hand to work—in the remainder of this
section—under the

Assumption 4.3. V is a multiple intersection of components of D, a number
codim V' of which are smooth along V' and intersect there like hyperplanes in C™.

Note that in this case g = multy D — codim V' > 0, where p = 0 precisely
when D has normal crossings along V. Put | = codimV and let U C X be a
sufficiently small neighborhood of a point on V. By Assumption 4.3 there are
on U local coordinates (z1,...,2,) so that VNU = {z; =--- = 2, = 0}, a local
defining function for D on U being given by

f=z-29,

with g analytic. Let Q%(log{zl---zl = O}) denote the logarithmic p—forms
on U with poles along the normal crossing hypersurface {z1---2 = 0}, ie.,
the free module generated over Ox(U) by the p—fold wedge products of the
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d d
elements ﬁ, A ﬁ,d2l+1, ...,dz,. In view of Remark 4.1, QX (log D)(U) is
Z1 Zl

the subsheaf of % Qr ( log{z1---2z1 = O}) given by those forms w = é & such that
dg p+1 _
;A&EQU (log{z1 -+ 2z =0}).

For w € Q% (log D), let %5 be its local form on U. We say that w vanishes

to order k along V if so does &; that is if ¢ is a linear combination of p—fold
wedge products of ﬁ, cee %, dzit1, . .., dz, with coefficients in (m{Ox)(U),
the holomorphic funi:ltions on/z lU which vanish to order at least k along V.

Lemma 4.4. If w € Qf (log D) vanishes to order k along V', then its pull-back

o*w € OF (log D)® (u—k)E.

Proof. Since o is an isomorphism outside o~1(V), it is sufficient to analyze o*w
on the preimage U of U. In local coordinates on an open set U,cU , the map
UL Uis given by (wq,...,w,) — (21,...,2,) With 23 = wy, z; = wyw; for
i1=2,...,land z; = w; for i =1+ 1,...,n. The pull-back of the local defining
function f of D is o* f = wi™tv P! f on Uy, where multy D = [ + p and

f=wwy--w g, with g =w "oy,

is a local defining function of D on U;. Here {w; = 0} is a local defining equation
for the exceptional divisor F on U;. Locally on U, w = %f and its pull-back is

1 1
oc'w=——0" = ——0"¢
g9 wy 9
Suppose now ¢ vanishes to order k along V. Since o*dlogz; = dlogwy,

o*dlog z; = dlogwi;+dlogw; fori =1,...,land o*dz; = dw; for i =1+1,...,n,
one immediately sees that £ = w;* o*¢ € Qg (log{wiwsz - - -w; = 0}). But then

wll"‘_k ofw = g is in QZ;A{ (IOgD)(Ul)’ for

1

The lemma has been proven.
By Lemma 4.4, for any form w € Q% (log D) there is thus a minimal in-
teger p,, with 0 < p,, < p so that o*w € Q?{(log D) ® poukF. Assume now

that Q% (log D) is locally free on U. If wy,...,w, is a local frame on U, let
Wi = p, for 2 = 1,...,n. The wedge w; A --- A wy, pulls back under o to an

element of A", (Q%(log D)® ,uiE) = (/\"Q?{(log ﬁ)) ® (3, wiE) generating
0% (log D) = Q% (log D) ® pE over o~ 1(U). (Note that since /\”Q; (log D) C
Q% (log D), one always has D=1 Mi > ).
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Proposition 4.5. Suppose that Q% (log D) splits into line bundles Ly, ..., L,.
Then Q; (log D) also splits: there are non-negative integers iy, .. ., fin So that

0% (log D) = (07L1 @ (—E) & -+ & (07 Ly ® (—pinE)).

Proof. Choose a local frame so that w; generates L£; over U. Multiplication of
a section hw; (h € Og) of 0*L; by a section of (—p;E) defines a map 0*L; ®
(- E) — Q; (log D) for every i, and hence an injective homomorphism

t: (0"L1® (—mE) & -+ @ (0"Ly @ (—punE)) — Q% (log D),

(£1®€1,...,£n®6n) HZ 6181

i=1

Consider the map induced on n—fold wedges,

dett: @y (0°L; @ (—iE)) = 0*Q% (log D) ® (— Z wE) — /\"Qﬁz(log D).
i=1

Q7 (log D)®(u—3, pi) E
Since >, p; = p, dett is an isomorphism; hence ¢ is an isomorphism.

5. The case of free arrangements: Proof of Theorem 1.5

Let Y be the complement in C" of a central and essential arrangement A =
vazl Aj. Forevery I =1,..., N, let H; denote the hyperplane in P’ obtained by
completing Ay at infinity. Thus Y = P" — H is the complement of the projective
arrangement H = UN_, H; where we write Hy for the hyperplane at infinity. In

homogeneus coordinates [Zj : -+ : Z,] a defining function for H has the form
N
F(Z)=2y || Fi(2,..., Z0)
I=1
where the F7(Zy,...,%,) are N > n linear homogeneus polynomials. On each
open set Uy = {Z; # 0} of the standard cover of P" we shall use local coor-
dinates (2(;)0, - -, 2()n) given by z(;); = % and the local defining function for
F(Z)

folz@) = —nm1

(3

{Z=2;-2:);}
Note in particular that f) is a homogeneus polynomial of degree N in
2(0)17-'-72(0)71-
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If the arrangement is free, a frame for the holomorphic vector bundle
Qb (log H) over Uoy is given by n logarithmic forms w1, ...,w), on Uy,
such that

1
W) VANREIRAN wWoyn = % dZ(0)1 VANEIVAN dZ(O)n-

y [7: Corollary 4.77] each w(y); can be chosen to have the form

1 n
(4) Wi = Z Pij(z0)15- -+ 2(0)n) d2(0)5
where the P; ; are homogeneus polynomials of degree deg P; 1 = --- = deg F; ,, =
N — «;. Here the integers a1, ..., a, (the exponents of the free arrangement)

must be strictly positive; they satlsfy the condition Y " | a; = N.

After these preliminaries, the first step toward proving Theorem 1.5 was pro-
vided to us by H. Terao in the form of an explicit splitting of the bundle of
logarithmic forms before blowing—up. The proof given below is a version of [11].

Proposition 5.1 [Teraol. IfY is the complement of a central and essential free
arrangement in C", let H =P —Y as above. Then

Qpn IOgH @ O[Pn i — 1

Proof. We shall argue by explicitly computing the transition functions of
Qpn (log H) relative to the cover {U(i)}o <i<n- We first construct local frames

on each of the U;) in terms of the given local frame (4) on U(y). For each i # 0,
let w1, ---,We)n be the forms on Uy obtained by extending w(gyi, - - -,wWo)n
from Uy NUg; to all of Ugy, i.e.,

w(i)j|U(0)mU(i> = W(0)j-

: : Zy _ Zi Zi —1
From the relations among local coordinates z(gy, = 7 =7 Zo z(z)k Z(5)0 O1

Uy N Uy, the relations among defining equations fg) = Z(z)o f(z), and in
view of the homogeneity of the polynomial coefficients in (4), one computes

aJ—l

20 =
W) = f( [_ (Z P',k(z(i)lv - '7Z(i)n) Z(i)k) dZ(i)o
i) k=1

Z ik (20)15 -5 Z()n) 2(6)0 A2 (i)k
k;éz

Now:
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Claim. The forms defined as
! o 1l—an 1 _ d-ay
Wit = Fao WO o Wan = Fayo Y

give a local frame of Qpn(log H) over Uy for each i.

Proof of the claim. We must first verify that they are logarithmic, i.e., that both
T wEi)j and df(; /\wzi)j are holomorphic throughout Uy;y. This is certainly true
on U MUy, since the wE 1y are by definition local sections of Qpn (log H) there.
The fact that f wzi)j is holomorphic on Uy is evident. On the other hand,
notice that

e ,
df i) /\wEi)j = f() Z ik (Z()1s - Z(iyn) 26k | dZy0 +

k=1
+ non-singular “at infinity”, i.e., along {z(;)0 = 0} C Uy,

with fey = 2@y H}VZI Fr(z@)1s-- -5 2@yn)- Thus dfy A wzi)j is holomorphic also
at infinity. Moreover, we have

Wil VANERRIVAY W(iyn = W(o)1 VANERRIAN W(0)n

‘U(i)ﬁU(o) |U<7:>ﬁU(0> N

Nn

dZ(O)l/\ /\dz(o)n = dZ( Yo\ /\dZ(l),/\ /\dZ(Z)n
f(o) U(i)ﬁU(O) f(l)

UyNUo)

f( : dZ(Z)O VARRWAN dZ(i)i VARERWAN

dz(;)n on Ug;y. Hence wéi)l, . ,wzi)n are linearly independent, which proves the

Since the sum Zj aj = N, then wEi)l AN /\wzi)n

claim.

Finally notice that for each 7 = 1,...,n, the collection {w(o)j, . ,w(n)j} is a

section of the line bundle Opn (o; — 1), as one sees from the transition functions

/ 1—a; a;—1
Wig _ Fao Wi _ < Zi ) ’
“wi 2wy’ Cws \ T

on Uy NUgy. The proposition has been proven.

Next, consider a good compactification X — P" of X — D = Y, where
D =o' (H). The birational map ¢ = 0, - - o1 is the composite of a number of
blow—ups,

X =XV Iy xvol 2o %2 x1 7 x0 _pn

along submanifolds V* C X® such that V¢ C D* = o, ---0, ' (H) for every
a =0,1,...,v. One computes the hypersurface D = o~}(H) C X following
step by step through the sequence of blow—ups. At every step, D* C X% is the
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union of the proper transform o, !(De~1 — Va=1) of D! under ¢, and the
exceptional divisor o, 1(V¢~1). Let us denote by H; C X the proper transforms
of the hyperplanes H; under the total blow—up o; also, denote by E, C X
(a=1,...,v) the proper transform of the exceptional divisor o, 1(V*~!) under
the subsequent blow—ups o, ---04+1. Then

D = o~ (H) = (U2 ) U (Ui, B)
=HU(U'_, E,).

Note that in order to produce a good compactification it is of course permitted
but unnecessary to blow—up along submanifolds in which the components of D¢
already have normal crossings. We can hence assume that each V¢ is the pre—
image under o,_1 ---0; of a multiple intersection of components of H so that
codimV?® > 2 and

e = multpa V¢ — codim V¢ > 0

for all a. Using Proposition 4.5 at each step of the resolution gives immediately
Theorem 1.5, where the integers p, ; are such that ZZ Ha,i = Ha-

6. Example: arrangements of lines in C?

A general central and essential arrangement A of IV lines in C? is isomorphic to
the locus defined by f = z129 H;V;f (z1+c¢r22), where the ¢; are pairwise distinct
constants. Let hence H = {Z()ZlZQ ;V:_lz (Z1+ c1Zy) = 0} C P2. In this case
QI}W (log H) is the vector bundle generated by w; = dz—zll, Wy = %(—zzdzl + z1dz2)
over the open set {Zy # 0}. The exponents are thus a; = 1 and ap = N —1; by
Theorem 5.1

Qp2 (log H) = Opz @ Op2 (N - 2) .
—_———
(N—2)H

In this section we shall write H for the hyperplane line bundle Op2(1); also, we
shall use the same symbol to denote either a divisor, or a line bundle, or its
first Chern class. The additive notation for tensor products of line bundles will
henceforth be assumed.

A good compactification of the complement Y = C2 — A = P2 — H is given by
the blow—up X % P2 at the origin O = {Z; = Z, = 0} in {Zy # 0}. Notice that
pu=multo H—codimO = N —2. Let E =0"1(0) and D = 0~ '(H). We apply
the analysis of Section 4 to this single blow—up: writing g = H?’;lz (z1+crz2) and

wp = é (gdz—zll),wz = % (—dz—zll —|—%>,one sees that uy = 0and pus = =N —2.

Thus the decomposition of Theorem 1.5 has the form

Q% (log D) =2 Ox @ ((N —2)0*H — (N — 2)E).

(N-2)H
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Notice that, for any divisor £ on P?, 0*L = ﬁN—i—(multo L)E where L is the proper
transform of £. Since the multiplicity of the trivial line bundle is obviously
zero and that of the hyperplane section is equal to 1, then ¢*Op2 = Ox and
c*H=H+E.

Since in this case only one of the splitting line bundles is non—trivial, Theorem
1.1 is in effect a mere immediate consequence of Esnault—Schechtman—Viehweg
vanishing:

HY(Y,C) =T(X,0x) @ T(X,(N -2)H) =CaT'(X,(N - 2)H),
H*(Y,C) 2T(X,0x) @ T'(X, (N - 2)H) = T'(X, (N — 2)H).

We now show that the Euler characteristics of the splitting line bundles coin-
cide with the exponents of the arrangement. The first equality x(Ox) =1=ay
is clear. From the Riemann—Roch formula

(N = 2)70) = [ todd(X) b (¥ — 2)7)
:/X(%(al(X)QJch(X))qL@ﬂ%rN;201(X)ﬂ>
~ N -—-2 -

—X(Ox)—FM?:Z-H—i— 5 a(X)-H

But x(Ox) =1 and H - H = 0. Moreover ¢;(X) = —c1(Q%) = —Q%, the dual
to the canonical bundle, and

0% = 0" Qp> + (codim O — 1)E = 30" H + E = —3H — 2E.

Therefore ¢1(X)-H = 2E-H =2 and x((N —2)H) = x(Ox) + X2 c1(X) - H =
N — 1 = ay, as claimed.
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