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LOGARITHMIC HARNACK INEQUALITIES

F. R. K. CHUNG AND S.-T. YAUu

1. Introduction

We consider the relationship between eigenvalues and the log-Sobolev
constant for the Laplace operator on smooth compact Riemannian mani-
folds and for finite graphs. We will establish Logarithmic Harnack inequal-
ities which can be used to derive lower bounds for log-Sobolev constants.

Logarithmic Sobolev inequalities first arose in the analysis of elliptic
differential operators in infinite dimensions. Many developments and ap-
plications can be found in several survey papers [1, 9, 12]. Recently, Di-
aconis and Saloff-Coste [8] considered logarithmic Sobolev inequalities for
Markov chains. The lower bounds for log-Sobolev constants can be used to
improve convergence bounds for random walks on graphs [4, 8]. The prob-
lem of bounding log-Sobolev constants tends to be harder than estimating
eigenvalues. Logarithmic Harnack inequalities provide a direct approach
for estimating the log-Sobolev constant. We will derive lower bounds for
log-Sobolev constants for Riemannian manifolds and for large classes of
graphs.

The continuous and discrete cases have a very similar flavor but they
also have their natural differences. In this section, we will describe a unified
approach and leave the detailed descriptions and definitions in Sections 2
and 3. We will give self-contained proofs for both manifolds and graphs.

For a smooth, compact, connected Riemannian manifold M, we let V
denote the gradient with the associated Laplace-Beltrami operator A. The
logarithmic Sobolev inequality is of the following form:

(1) /M £2(2)log f(z) < a /M V()2

for a function f : M — R satisfying /\f\2 = vol M. The log-Sobolev

constant is the smallest «v satisfying (1) for any function f defined on M.
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794 F. R. K. CHUNG AND S.-T. YAU

We will show that the function f on M achieving the log-Sobolev con-
stant « satisfies the following logarithmic Harnack inequality:

(2) IVFI? + af?log f* < asup(f?log f?)

provided that M has non-negative Ricci curvature. The inequality in (2)
is similar to the Harnack inequality except for a logarithmic factor. It can
be used to derive the following lower bound for log-Sobolev constants for
d-dimensional compact Riemannian manifold M (A similar inequality was
proved by Deuschel and Stroock [7] by a different method):

A1 1 )

8¢’ d D?(M)

where D(M) denotes the diameter of M and \; is the first eigenvalue of
the Laplacian.

For a graph G = (V, E) with Laplacian £, the log-Sobolev constant «
can be expressed as follows:

(3) a > min{

> (fl@) = fw)?
(4) . {z,y}€E

— inf
TR Payd, os ()

zeV

where f ranges over all nontrivial functions f : V — R satisfying
Z f?(x)d, = vol G and d, denotes the degree of z. The function f

x
achieving the log-Sobolev constant « satisfies:

(5) > (f(x) = £(4)) = ads f(x) log f*(x)
Yy~ T
where y ranges over all y adjacent to x, denoted by y ~ .
For the discrete case, we can only establish the logarithmic Harnack
inequality for Ricci flat graphs (which are defined later in Section 3).

@
(6) Y _(F(x) = f()* < Bady sup f>(2) log f2()(1 + 7 log f*(2)).
y~z N
For a graph G with isoperimetric dimension § and isoperimetric constant
¢s (see the definition in Section 5) and with the assumption that G is a
k-regular Ricci flat graph, we can use (6) to show that

C/

C
kD2§1ogd’ k(vol G)2/5}

where D denotes the diameter of G, ¢ denotes an absolute constant, and
¢’ depends on the isoperimetric constant.

(7) a > min{
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The above results on logarithmic Harnack inequalities and can be ex-
tended to manifolds with convex boundary and for strongly convex graphs
with Neumann and Dirichlet boundary conditions. This will be described
in Section 6.

Since a random walk on a graph G on n vertices approaches station-
arity after order loglogn/a steps, the above lower bounds for the log-
Sobolev constant a immediately implies a convergence bound of order
(loglog n)kD? if the isoperimetric dimension is bounded.

2. On a compact Riemannian manifold

Let M be a smooth connected compact Riemannian manifold and A be
a Laplace operator associated with the Riemannian metric, i.e., in coordi-

nates z1, T2, ...Ty
. Ou
g 7
<\/§g 8%_)

where g%/ are contra-variant components of the metric tensor, g = det Il gl
and u is a smooth function on M. The Laplace operator with the boundary
condition is self-adjoint and has a discrete spectrum in L?(M, p1), where
is the Riemannian measure;

If the manifold M has a boundary M, we consider either Dirichlet or

Neumann boundary conditions. The boundary condition implies u% <0

where v is the outer normal field on M.

1 < 0
A=—
\/gi,jzzlaxi

We also consider a distance function dist(x,y) on M x M which may be
equal to the geodesic distance, but in general does not have to be. Other
than being a distance function, the function dist(z,y) must be Lipschitz
and, moreover, for all z,y € M, |Vdist(z,y)] < 1. Suppose f satisfies

/ ] f]z =vol M and f achieves the log-Sobolev constant. That is,
M

/ V5P / Vgl?
/leong 7 /ngogg2
M M

We may assume that the function f achieving « is non-negative (since we
can use |f| and the ratio above is not increased.)
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By Lagrange’s method, we have

ony  Alss+2p) [ 1AL

(8) - M +af=0
| s (] frogsy
M M
for some constant c¢;. After substituting for o and simplifying, we get
(9) — Af —a(flog f>+2f) +caf =0.

After multiplying (9) by f and integrating over M, we have

[ wit-a[ puossso e[ o

This implies ca = 2a. Therefore we obtain from (9) that Af = —af log f2
which was also proved in [10].

Theorem 1. If f achieves log-Sobolev constant « cmd/ f? = vol M,
M
then f satisfies

(10) Af = —aflog f2

One of the consequences of (10) is f(x) # 0 for all z. To see this, we note

that f € L? for any p > 1 since /|Vf|2 < o0 and /f2 = volM. Hence,

Af € LP for any p > 1 and z 1-2]» € L? for any p > 0. By a standard
bootstrap argument, one can then prove that f is smooth everywhere. If
f(z) = 0 and vanishes only up to finite order at x, (10) shows that f
cannot be smooth. On the other hand, if f vanishes up to infinite order
at x, the unique continuity argument shows that f = 0. Hence, we may
assume f(x) > 0 for all .

Theorem 2. Suppose M is a d-dimensional connected compact Rieman-
nian manifold with non-negative Ricci curvature.. If f > 0 solves (10),
then we have

sup f < e¥/?

and

VS +20f2log f < adf?.



LOGARITHMIC HARNACK INEQUALITIES 797

Proof. Let ¢ =log f. Then we have

A
Ap = Tf — |Vlog f|* = —alog f* — |Vo|* = =20 — |Vy|?

by using Theorem 1. We consider ¢ = |[Vp|? + 2ayp. Let x¢ denote a
maximum point of ¢. Then the derivatives ¢; satisfy ¢;(xg) = 0 and

(11) ¢ =2 0jpji + 20p;.
J

Also,
Ap =23 05 +20;(A¢); +2 ) Rijpip; + 2000,
Using Theorem 1 and substituting for Ay = —¢, we have
Ap=2> 2 —2> 0idi +2>  Rijpip; — 200
Z%(ASD)Z —2) wigi +2)_ Rijpip; — 204
25223 pioi 423 Rijpgp; — 200,

Since 0 > A¢(zg) at a maximum point oy and R;; > 0, we have ¢(z¢) <
ad. This implies ¢(z) < ¢(zg) < ad. Hence, we have

IVel® + 2000 < ad
which is equivalent to
VIP+2aflog f < ad f2.
Suppose o is a maximum point of f. Then we have V f(yo) = 0 and
U = sup f(y) < e¥/2,
y
Theorems 1 and 2 will be repeatedly used for establishing the following
logarithmic Harnack inequality:

Theorem 3. Suppose M is a compact Riemannian manifold with non-
negative Ricci curvature and the function f solves (10). Then we have

IVfI? + af?log f? < asup(f?log f?).
In particular, we have
V> < aU?logU? + /e

where U = sup f > 1 and e is the base of the natural logarithm.
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Proof. We consider
F=|Vf[’+af?log f?
Let zg denote a maximum point of F. Then the derivatives F; satisfies

(12) Fy =2 fifyi +2af filog f*+2af f;.
J

AF =2 " f2 42> fi(Af); +2) Rijfif; + 20|V f|*log £
J

+ 4a|Vf|? 4+ 2af Aflog f2 + 2a|Af|> + 2af Af.
Using Theorem 1 to substitute for A f, we have

AF =2 f} —2a|Vf[log f> — 40|V > + 2 Ri;fif;
+ 20|V f |2 log 2 + 4a|V |2 — 202 f? log? f?
+ 20|V f]2 — 202 f21og f2.
After cancellations, we have
AF :22 1-2]- +2 Z wazfj — 2a2f2 10g2 f2
(13) ij
+ 20|V f|* — 2% f? log f2.

We may choose a frame such that f; = 0 for ¢« > 1. Since Fj(z¢) = 0, we
conclude from (12) that if f; # 0,

2f11 + 2af log f2 + 2af = 0.
This implies
f = a®f*(log” f? + 21og 2 +1).
Substituting into (13), we obtain
AF>2Y " f2+42> Rififj+20°f*log f* + 2a|Af]?
4,J7#1
When R;; > 0, this inequality cannot hold at zy. Hence Vf = 0 at x¢ and
we conclude that

F(z) < F(x0) = asup(f*log f2).
In particular, we have

IVf? < ozU210gU2+a0suglelog22gaU2logU2+oz/e.
<z<

This completes the proof for Theorem 3. O
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Theorem 4. The log-Sobolev constant o of a smooth connected compact
manifold with non-negative Ricci curvature in d-dimensions satisfies

a> min{ﬁ #}

8¢’ d D2(M)

where D(M) denotes the diameter of M and A\ is the first eigenvalue of
the Laplacian.

Proof. Let f denote the function achieving o and / f? = vol M. We
M

consider two possibilities:
Case 1: sup|f — 1| < 3. We consider f =1+ g. By Theorem 1, we have
Af = —aflog f2. We consider

—gAg = ag(1+ g)log(1 + g)°.

This implies

/ Vg|* = a/ g(1+ g)log(1 + g)?
M M
(14) <201+ Ba /M 9/ log(1 + [g])

§2(1+ﬁ)a/ g°.

M

On the other hand, from the definition of eigenvalues we have

[ 1val =] o </Mg)2>

vol M

Since / f? = / (14 g)? = vol M, and sup|g| < 3, we have
M M

1/ 2P
— g== g° < —vol M.
/M 2J/m 2

This implies

/M Vol 2 )\(/M g - (x{]\fj;) Z Al - %2)/1\4 v

Together with (14), we have

a>¥(1_ﬂ2

—2(14p)
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Using known eigenvalue lower bounds on d-dimensional smooth compact
Riemannian manifold, we have

const.
o> ——.

D2(M)
Case 2: sup |f —1| > (. From Theorem 2, we have
Vlog fI2 < a(d - 2log f).

There is a path v so that f(y(0)) = 1 and either f(y(1)) = 1 — (3 or
f(v(1)) =1+ 3. In both cases, we can assume that the length of v is no
more than the diameter D(M) of M. In the former case, we have

—log(l1—p) < /|V10gf|
8!

[Vlog f|
~ Vd—2log

—Vd++/d=2log(1 - B) < aD(M).

In the latter case, we have

Vd —\/d—2log(1 + 8) < VaD(M).

Hence,

, —2log(1 — ) 2log(1 + )
VaD(M) Zmln<\/a+\/d_2log(1_lg)’\/a+ \/d—210g(1+5)>‘

If we choose 8 = 1, then in Case 1, we have o > 31 /16 and in case 2,

JaD(M) > 2log 2 S log 2
T Vd+Jd—2log2 ~ Vd

Note that we can choose any 0 < 8 < 2. In particular, § = e — 1 will give

« > min ﬁ ;
- 86’6[1)(]\4)2 '

O
We remark that we can consider log-Sobolev constants and logarithmic
Harnack inequalities for manifolds with convex boundary. In fact, the
proofs in Theorems 1-4 can be carried out in the same way for Laplace
operators with Dirichlet and Neumann boundary conditions as long as the
maximum points are interior points of the manifolds. This is indeed the
case when we have convex boundary (or even weaker conditions). We also
remark that the factor of d in Theorem 4 is necessary as shown by examples
such as d-dimensional balls (see [12]).
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3. Log-Sobolev constants for graphs

Let G denote a graph with vertex set V' and edge set E. For a function
f:V(G) — R, we define

(15) Li(z) =) (f(z) = f(»)).
It is easy to see that

(16) (fLf) =) (fl@) = f(y)?

T~y

where Z denotes the sum over all (unordered) adjacent pairs. Here
Ty

(f.g) = Z f(z)g(z) denotes the standard inner product in R™.

For a graph G, the log-Sobolev constant « of G is defined as:

(17) a = inf

where the infimum ranges over all nonzero functions g satisfying

ZgQ(x)dgC = Zdw =vol G

x

and d, denotes the degree of = in G.

Theorem 5. For a graph G, suppose f :V — R achieves the log-Sobolev
constant and Z f*(x)d, = vol G. Then f satisfies, for any vertex x,
xX

Lf(z) = af(x)dslog f*(x).

Proof. The proof is basically the same as in Theorem 1. We also use
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Lagrange’s method, by taking the derivative with respect to f(z):

2Lf(x)
Zﬂ )log f*()
(18) 2(f(z)da log f2(x) + 2f (@)ds) D (f(x) = f())?
B Zf )d, logfx(;y»
+euf(r) =

for some constant ¢;. After substituting for «, the above expression can
be simplified:

(19) Lf(x) = a(f(z)log f*(x) + 2f (x)) + co f(x) =
After multiplying (19) by f(z) and summing over all z in V', we have

> (flw) - —a2f2 (log f2(z) +2) + 2 Y f2(x) =

r~y

This implies co = 2. Therefore we obtain from (19) that
Lf(x) = af(x)d,log f*(x).

4. Logarithmic Harnack inequalities for graphs

Let G = (V, E) denote a graph with vertex set V' = V(G) and edge
set £ = E(G). For a vertex v, the neighborhood N (v) of v consists of v
and vertices adjacent to v. We say G has a local k-frame at v if there are
mappings 11, -+ , Nk N(v) — V satisfying

(1) G is k-regular;
(2) w is adjacent to n;u for every uw € V and 1 <i < k;
(3) mu £ nju if i #
A graph G is said to be Ricci flat if G has a local k-frame and

U nimsv = U njmiv
; ;

for any 4 and v.

For example, a homogeneous graph associated with an abelian group is
Ricci flat [6].

We will prove the following logarithmic Harnack inequality for Ricci flat
graphs.
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Theorem 6. In a Ricci flat G, suppose a function f : V(G) — R satisfies

Lf(z) =) [f(z) = f(y)] = akf(z)log f*(w).

y~w

Then the following inequality holds for x € V(G), and for U =
sup, | f(y)| > 1:

Z[f(m) — f()]? < 6kamax{U?log U*(1 + %log2 U?),1}.

Yy~

Proof. We define p(x) = Z[f(:v) — f(y)]? and we consider

= 30 Y@ ~ S~ L) — S

== Z Z[f(sv) = flnjz) = f (i) + f(njmix)]”
+23 0> (@) = flngw) = fOme) + foma) [ (2) = f(nyo)]

Let X denote the second term above. Then we have
X =2 Z D_lf(@) = fos) = flniz) + foimi)) [ () = fn;e)]
=2 Z{é:[f(w) = fnj@) = fni) + f (mmy) Y1 (2) = £ ()]
+ ; S D (Fmymz) — fimz))][f () = f ()]

J A

=20k Z[f(:c) log f2(x) — f(n;x)log fQ(njm)](f(w) — f(n;z))

251 (Fmymea) — Fmga))][f () — F(nja)]

7 A

Since G is Ricci flat, Z(f(njmzv) — f(minjz)) = 0 and therefore

7

Lp(z) < X = 2akz z)log f*(x) — f(n;x)log f*(n;x)](f(z) — f(n;z)).
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Now we consider
Lf?(x)log f*(z) = Y _[f*(x)log f*(z) — f*(n;x)log f*(n;)]
J

=2 Z f(@)[f(z) = f(n;z)]log f*(x) — Z[f(ﬂ?) log f?(x)

— f(n )log fz(m I(f (@) — f(n;z))
+ Z (@) f (njz)log f*(z) —log f*(n;)]

=2kaf2( )log f2(x) = 3 _[f(x)log f*(x)
— f(njx )log fz(m (f(x) — f(njz))
+ Z f (@) f(njz)llog f2(x) —log f?(n;z)).

We will need to upper bound

Zf z)[log f?(x) — log f*(n;)].

k k
This can be done by maximizing Z ab;(log a? —log b?) subject to Z b; =
i=1 =1
ka — akaloga®. We can then use Lagrange’s method. The maximum is
achieved when all b’s are equal. Thus

Zf z)[log f?(z) — log f?(n;z)]

< () (F(2) — xf ) o () o £(2) — log(F(2) — uf ) log £2(0)?)
< 2kaf?(z)log f(x).

Also, we consider a lower bound for

Z[f(ﬂf) log f*(x) — f(njx)log f*(n;x)](f (x) — f(n;x)).
k

We can use the Lagrange method again for minimizing Z{(a loga? —

i=1
k

bilog b?)(a —b;) —2(a —b;)*} subject to Z b; = ka — akalog a®. Therefore

=1
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we have
> [f(z)log f*(x) — f(nyz) log f*(n;a)] (f(x) — f(n))

=23 (f(@) = f(;2))* = ke f*(x)|log” f*(x)|

Combining the above arguments, we have, for any positive o, the fol-
lowing;:

L_[f(@) = fio)]* + oakf?(x)
<doa® f*(z)log f*(x)
= (0= 1) Y _[f (@) log f(x) = f(ny) log [ ()} (f (=) = F(n;))
<doa® f*(2)log f*(2) + (0 — 1)a” *(2)|log® f*(2)|
=200 = 1) Y (f(a) = fm))*.

J

Now we consider a vertex v which achieves the maximum value over all
x € S, for

>_lf (@) = foy)]* + oakf?(x) log f2(x).
We have
0 SL(Z[f(v) — f(v)]* + oaf?(v))
<400 f*(z)log f*(x) + (o — 1)a f*(z)[ log® f*(x)]
—2(0c—1) Z(f(x) — f(njz))?

This implies

S~ fo)l? < 27 ) tog 201 + L log? £2(0)

J
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for ¢ > 1. Therefore for every x € V', we have

> [f(@) = f(n;z)]* + oakf?(x)log f2(x)

J

204 0) 7 (0) log f(0)(1 +  log (1)

2
T sup £ (0)log () (1 + T log £2(v)

<ka(

<ko
o —

for any o > 1. For U = sup|f(x)| > 1, we have

> lf @) = fn2)]? < ko

J

2
z +01 max{U?log U*(1 + % log® U?), 1}.

The proof of Theorem 6 is complete.
By taking 0 = 2 in Theorem 6 we have

Corollary 1. In a Ricci flat graph G, suppose a function f : V(G) — R
satisfies

Lf(x) = Z[f(x) — f(n;z)] = akf(z)log f*(z).
Then for all z € V(Q)
Z[f(a:) — f(njz))* < 6akmax{U?log U?(1 + %log U?),1}
provided sup,, f(y) > 1.

5. Consequences of logarithmic Harnack inequalities for graphs

Theorem 7. In a connected Ricci flat graph G = (V, E), suppose a func-
tion f V. — R satisfies the logarithmic Harnack inequality and

Z f2(x)d, = vol G. Then the log-Sobolev constant a of G satisfies

1 1
32kD?’ 24kD? log U?

a > min( )
where U = sup, | f(2)|, k denotes the degree and D denotes the diameter of
G.

Proof. We consider the following two cases:
Case 1: sup|f — 1| < 1/2. The proof for this case is almost identical to
that of Case 1 of the proof of Theorem 4. We omit the proof here and we

have
A
o> —.
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The following eigenvalue lower bound for a Ricci flat graph is given in [6]:

1
> ——
(20) M2 g2
Therefore we have .
> .
“ = 3okD2

Case 2: sup|f—1| > 1/2. We consider vertices xq, yo satisfying f(zg) = ¢
and f(yo) = 1. The existence of yq is guaranteed by the fact that

Z]"Q(v)algC =vol G.

Let P = (zg = vg,v1, -+ ,Us = yo) denote a shortest path joining xg
and yg. Clearly, s < D. We consider the case that f(xy) = sup f and
U?logU? > 1. The other case can be dealt with in a similar way. Using
the logarithmic Harnack inequality, we have

(f(vs) — f(Ui+1))2 <6akU? log U?
s—1
Z(f(vl) — f(vi+1))2 <6aksU?logU? < 6akDU?log U?.
i=0
On the other hand, we have

s—1 s—1
S (W) — Fe)? 2 {3 (Fw) — o))y
i=0 =0
>—(f(z0) — f(y0))?
-1
- D
U2
~4D
Together we have
1

>
& = 94kD21og U2

For the case of f(xg) < 1 or U?logU? < 1, the proof for @ > A D? is
quite similar and we can and will be omitted. This completes the proof of
Theorem 7. O

The eigenvalue lower bound given in (20) is sharp and the factor of k
is necessary for some homogeneous graphs [6, 3| ( for example, the graph
with vertex set Z, x Zy and edge generators (a,b),a € Z,,b € Z,.) It is

not difficult to show that the log-Sobolev constant is bounded above by
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A1 (see [8]). As a consequence of Theorem 6, for a homogeneous graph the
lower bounds for the log-Sobolev constant and the eigenvalue A\; can differ
by at most a factor of log? U.

The factor of logU can be bounded for certain graphs in terms of an
isoperimetric invariant for graphs. We say a graph G = (V, E') has isoperi-
metric dimension ¢ with isoperimetric constant ¢y if for any subset X of
V with vol X < vol G/2, the number of edges leaving X satisfies

|E(X, X)| > es(vol X))/,

For a vertex v in a graph G and an integer r, the r- neighborhood of v,
denoted by N,(v) is defined by N,(v) = {u € V : d(u,v) < r} where
d(u,v) denotes the distance between u and v. A graph with isoperimetric
dimension 0 has growth-rate (¢, d) in the following sense [3]:

vol N,.(v) > er®

where » < D and D denotes the diameter of GG. It is not hard to show
that a graph with isoperimetric dimension ¢ has growth-rate (c,d) where
c depends only on the isoperimetric constant cs. However, graphs with
growth-rate (c,d) do not necessarily have isoperimetric dimension ¢ (see
[3]) and do not in general have good eigenvalue lower bounds. For graphs
with isoperimetric dimension §, we will show that log U is bounded above
by dlogd.

Theorem 8. For a Ricci flat graph with isoperimetric dimension 9§, let f
denote a function achieving the log-Sobolev constant o with sup,, f(x) =U.

Then we have either c
1

>_ =t
~ k(vol G)2/9

or
logU < codlogd

where k denotes the degeree and constants c1,co depend only on the isoperi-
metric constant.

Proof. Let P denote a shortest path with vertices xg, - , x5 where f(zg) =
U and f(zs) < 1. To upper bound U, we consider the ball B, = {y :
d(xo,y) <r}. And we consider

1
s=|————].
L2\/60</’<:logU2J

Using Corollary 1, for y € B,., we have

U—fly) = Z[f(l"i—1) — f(z:)] < sU\/6aklogU? < %

%
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Therefore we have

2
vol G > ) f2(x)dy > Uz vol B,.
(EGBS

This implies

U? vol G vol G
— < < .
4 ~vol B, — «cs°

Substituting for s, we have

U2

21 320l G > :
(21) VO = Y6k log U2)37

We consider two subcases:
Subcase (a):

Then (21) implies

where ¢/ = (4¢)2/967 1.
Subcase (b):
U2
Tog 077 <1

This is equivalent to
1)
logU < 3 log log U2.

Thus
logU < § logd.

O
Combining Theorems 7 and 8, we have

Theorem 9. In a Ricci flat graph G with isoperimetric dimension &, the
log-Sobolev constant o satisfies

C/

c
(vol G)2/8” k:DQ(Slogé}7

a > min{

where k denotes the degree of G, ¢ depends only on the isoperimetric con-
stant, and ¢’ is an absolute constant.
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6. Logarithmic Harnack inequalities for subgraphs

The definition for the log-Sobolev constant for a graph G can be easily
generalized to induced subgraphs with boundary conditions. Let S denote
a subset of vertices in a graph G and let S* denote the set of edges with at
least one endpoint in S. Let 6S denote the vertex boundary of S. The log-
Sobolev constant ag for the induced subgraph S with Dirichlet boundary
condition can be defined as follows:

D (f@) = () way

(22) a = inf W . :
f 2 f2(x)vol S

F2(2)dy log 220" 2

P YA

zeS

where f ranges over all nontrivial functions f : S U §S — R satisfying
f(y) =0 for y € 6S.

Also, the log-Sobolev constant ag for the induced subgraph S with
Neumann boundary condition can be defined as follows:

> (F@) = f) way

Y}ES*

. {z
23 = inf
( ) @ }171&6 Z f2(x)dw 10g fQ(.fL')VOI S ’
zeV Z fz(z)dz

zeS

where f ranges over all non-constant functions f : S UJS — R. Many
methods for bounding log-Sobolev constants for graphs can be extended
to the log-Sobolev constant for certain subgraphs as well.

Here we state the corresponding theorems on logarithmic Harnack in-
equalities for certain subgraphs. The proofs are quite similar to the bound-
aryless case and will be omitted.

Theorem 10. In a k-regular Ricci flat graph G, consider a strongly con-
vex subgraph S of G. Suppose a function f : S UGS — R satisfies the
Dirichlet or Neumann boundary condition and achieves the log-Sobolev
constant. Also, assume Z f2(x)d, = volS. Then the following inequality

€S
holds for all x € S:

D1 (@) — F@)]* < Gkasup () log £(2)(1 +  log f(2)).

y~x
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Theorem 11. Let S denote a strongly convexr subgraph of a connected
Ricci flat graph. Suppose a function f : V. — R satisfies the Dirichlet
or Neumann boundary condition and achieves the log-Sobolev constant «.
Also, assume Z f*(z)d, = vol S. Then the log-Sobolev constant o of G

€S
satisfies

1 1 )
32kD?’ 24kD? log U2’
where U = sup, | f(z)|,, k is the degree, and D denotes the diameter of S.

« > min(

Here we used the fact that a k-regular Ricci flat graph or a strongly

convex subgraph has the eigenvalue bound A\ > and this lower

8k D2
bound is sharp up to a constant factor (the factor of k is necessary for

some homogeneous graphs) [6]. Based on the fact of @ < A\;/2 and as
a consequence of Theorems 6 and 10, the log-Sobolev constant and the
eigenvalue \; can differ by at most a factor of log U.

For graphs with isoperimetric dimension §, similar to Theorem 10 the
following lower bound for « holds in terms of 9.

Theorem 12. Let S denote a strongly convexr subgraph of a Ricci flat
graph with isoperimetric dimension 6. Suppose a function f : V — R
satisfies the Dirichlet or Neumann boundary condition and achieves the
log-Sobolev constant. Then the log-Sobolev constant o of G satisfies

c c

k(vol S)9/2’ kD2610g6)’

where k is the degree, and D denotes the diameter of S, and c is a constant
depending only on the isoperimetric constant and ¢’ denotes some absolute
constant.

a > min(
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