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THE EULER CHARACTERISTICS OF SU(3)-INSTANTON
AND MODULI SPACES OVER FOUR SPHERE

YOULIANG TIAN

Moduli spaces of instantons have been proven to possess many remark-
able properties. Apart from the celebrated Donaldson theory, there has
been successful work done along the line of the Atiyah-Jones Conjecture.
Notable results are those obtained by Taubes [T], and by Boyer, Hurtubise,
Mann and Milgram [BHMM]. Some interesting phenomena. like Bott peri-
odicity [Ti] have also been observed by studying the moduli spaces over the
round four sphere. Yet, a more subtle property is perhaps the modularity
of partition functions which can be constructed from Euler characteris-
tics of these moduli spaces (or more precisely, N = 4 topologically twisted
supersymmetric Yang-Mills in general) and which was studied and verified
in some cases by Vafa and Witten [VW]. Partially motivated by this recent
work of Vafa and Witten we will compute the Euler characteristics of My(2)
and My(3) in this short note. Here My(n) denotes the moduli space of
SU (n)-instantons over S* with second Chern class k. Since M (2) is of
odd dimension, calculation of the Euler characteristics of M (3) is more
desirable for all of these moduli spaces (with k£ > 1) are of even dimension.
Unfortunately, due to the fact that the moduli spaces considered here are
not compact (and the compactifications used here are not smooth), our
calculations may not be directly used to check the modularity property
mentioned above. However, we hope that the present calculation may still
be useful. The main results proved in this note are

Theorem [A] (Furuta). x(My(2)) = E(k).
Theorem [B]. x(M(3)) =2E(k+1)+ 2k =3)E(k) — 4 for k > 1.

In the above theorems, x(M) denotes the Euler characteristic of M
and E(k) denotes the number of divisors of k. The situation for general
M (n) is more involved, and we hope to return to this and the related
problems (e.g. compactifications) in a future paper. Our strategy to prove
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the theorems is very simple: we study a circle action on the moduli spaces
and derive concrete description of the fixed point set. The proofs are quite
elementary.

Remark. From the two theorems above one can check that the partition
functions appeared in [VW] fail to be modular which resembles in some
sense the holomorphy anomaly discussed in [VW] when the base manifold
is CP2.

To begin the proof we recall a theorem of Donaldson [D].

Theorem [D]. The moduli space My(n) can be defined as the quotient

of the set of matrices (a1, az,a,b) € Myxr(C) X My (C) x My« (C) x
My (C) satisfying:

(1.1) [a1, as] + ba = 0,
a1+ A ar + A
(1.2) Forall\,peC,| ag+pn |and| —as — p | have maximal rank k,
a b

by the natural action of (A,g) € SU(n) xz, GL(k,C) :
a; — goig L a— Aagt, b gbA™L

In the theorem above, Z,, the center of SU(n) acts diagonally on
SU(n) x GL(k,C). Although Donaldson [D] only gave the description for
based moduli spaces M?, the results immediately yield the above descrip-
tion for My (n). An important fact to keep in mind is that M (n) is
smooth and complex algebraic and that M} is obtained as the quotient of
M? by the action of SU(n) as in the theorem. The center Z, of SU(n)
acts trivially and SU(n)/Z,, acts freely on the subspace of M? where gauge
equivalent connections are all irreducible. As a result, My(2) are smooth,
whereas My (n) are all singular for £ > n > 2. Now let the circle group T
act on My(n) by

[(a1, a9,a,b)] — [t(aq, az,a,b)],

where t = ¢ € T, [(a1,az,a,b)] € M;,. Here the bracket stands for the
equivalence classes under the action of SU(n) xz, GL(k,C). Now we shall
study the fixed point set of this action.
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1. The SU(2) case

Since M (2) is a five ball, we shall only discuss M (2) for £ > 1. Assume
[(a1, a9,a,b)] is a fixed point of the circle action. Then there exists one
parameter subgroup (A¢, g¢) € SU(2) xz, GL(k,C) and a representative
(a1, a9,a,b) of [(a1, a9, a,b)] such that

(1.3) tgi(ongy ' angr h) = (a1, a2), (tArag; ' tgbA7 ) = (a,b),

for all t = €. (The circle action naturally lifts up to the Zy factor.) By
appropriate conjugation (or equivalently by choosing appropriate represen-
tative (a1, as,a,b)) we can assume

gr = diag(t¥, ... ,tY%).

Where each y; is an integer multiple of % Assume there are r distinct
weights z; among these y;’s. We shall denote the multiplicity of z; by m;.
Without loss of generality we can also assume A; = diag(¢®,¢~°) for s being
a nonnegative integer multiple of % since these are the only one parameter
subgroups of SU(2)/Zs up to conjugation. Write all the matrices in block
forms accordingly, i.e. let «y(ij) denote the (i,j) block of «; and let a(7)
and b(7) be the ith column-wise block of a and the ith row-wise block of b
respectively, we have from (1.3) that

(142 — z;)eu(ij) =0,

s+1—2 0 N
(1.4) < 0 —s+1—zi>a(l) =0

. —1—2z 0
O G

which clearly yields

ai(ij) =0 if (142 —z;) #0.
(1.5) a(i)=0 if (s+1—2z)(—s+1—2)#0,

Define z,,;, to be the minimum of z;’s and that z,,,2 be to the maximum
of z;’s. For convenience, put the z; in descending order. we then have

Case 1. zmin < =8+ 1 0r Zpmae > s — 1. If z; = zpin, then a(i) = 0 and
ay(ij) = 0 for all j and I = 1,2. Thus the rank condition (1.2) fails. The
same argument applies to the other case. So there is no fixed point in this
case.
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Case 2. zpmin = 1 and 24, = 1. From (1.5) we see that a1 = ay = 0,
and hence ba = 0. If k£ > 1, the rank condition can’t be satisfied. So there
is no fixed point in this case either. This leaves us with

Case 3. Zmin > —S+1,2mar < s—1and s > 1 (or s > 3/2). Once again
from 1.5 we know that the first row and the last column of both a1 and as
are zeros. So in order to fulfil the rank condition the last column a; of a
and the first row b; of b can’t be zeros. This implies that z,,;, = —s+1 and
z1 = s — 1. Moreover, we see from (1.4) that there is exactly one linearly
independent solution for each a; and by respectively, and that ith column
a; of a is zero if i # k and that ith row b; of b is zero if i # 1. The rank
condition then implies that the multiplicities my = m, = 1. Now from 1.5
and the rank condition again we obtain (by bootstrapping) z;41 = z; — 1,
ie. Zmar =21 =8— 1,20 =8—2,... ,295_1 = Zmin = —S + 1. Thus the
only possible nonzero blocks of «;(ij) are a;(i + 1,7), the ones just below
the diagonal blocks. They satisfy the following equations

(1.6) ar(i+1,0)an(iyi — 1) = ag(i + 1,)aq (3,0 — 1),

fori =2,...,25—2. Note also that the number of distinct z; are r = 2s—1
which can realize any integer greater than one. Hence s > 1. Now let’s
study the last case more closely. From now on, we take s = p/2 for p being
an natural numbers greater than two.

As we have just seen that the fixed point set is the union of a finite num-
ber of subsets indexed by the sequences (m1 = 1,ma,... ,Mas_2,Mas_1 =
1), here m; are natural numbers. We shall denote them by
F(mq,... ,mas—1). The first observation is that any two of them if not
empty are disconnected. One can see this as follows. First of all these sets
are closed. To see that they are disjoint, consider the sets F'(my,... ,mas_1)
and F'(mfy,...,mb,_4). Let 5 > 1 be the smallest integer such that
m; # mi, and let’s assume that m; < m’. If there is a point in the
intersection of the two sets, then the row (>7_, m;) + 1 of both «; are
identically zeros by just comparing the block shapes of the two matrices.
This contradicts (1.2). To summarize, we have

Lemma 1.7. The fized point set of My(2) can be written as a finite
number of disconnected union of smooth manifolds F(my,... ,mos_1) with
Zfi;l m; = k. I is either empty or is the quotient of the set of matrices
{(a1(i+1,0), (i +1,4), 2,w) € My, xm; (C) X My, xm, (C) x C* x C*;
i=1,...,2s — 2} satisfying:

(1.8) ar(i+1,1)an(iyi— 1) = ag(i + 1,4)ay (3,0 — 1),
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rank(al(i+1,i) ()ég(i—i-l,i)) = Mi+1 ,

(1.9) ok <a1(z‘ + 1,i)> —

aQ(i + 17 7’)

by the action of (GL(my,C) X -+ x GL(mgs—1,C)) xz, T':

(i 41,4) — g(i + Dy (i 4+ 1,4)g(i) 1, (2) >t (2) g(2s — 1)1
(w 0)—g(1)(w 0)¢,

for (g(1),...,9(2s —1)) € GL(m1,C) x --- x GL(mgs_1,C), and t € T

Proof. (1.8) and (1.9) trivially follow from (1.1) and (1.2) respectively.
(1.5) implies that the only nonzero blocks in a and b are a(2s — 1) = <2>

and b(1) = (w 0) respectively. It is simple to check that the subgroup
of SU(2) that acts on the set is the diagonal circle action described in
the lemma. If F'(mq,...,mas_1) is nonempty, then (1.9) implies that the
subgroup of GL(k,C) that preserves the shapes of a,b and «; is precisely
the diagonal block matrix. Since the circle action is smooth (on a smooth
manifold), each connected component of fixed point set F' is smooth. An
easy alternative way to see this is to solve the equations (1.8) inductively
(i.e. using inductive fibrations). If we start with the first set of equations,
i.e. when ¢ = 2, thinking of «;(3, 2) as unknowns, then there is no restriction
on (2, 1) other than the rank constraints. Thus the set of the pair o;(2,1)

forms a smooth affine variety. Moreover, since the rank ( gzg’ B > =my =
1\4,

1, the solution set {( 0501[ (?{)’2%) )} is a space V5 of mg linearly independent
—G2(9,
az(2,1) as(2,1)

frames in Ker< ), the kernel of the map < ) Here the

a1(2, 1) a1(2, 1)
matrix acts on the vectors from the right. The correct solutions for a;(3, 2)
are obtained from V5 by removing some low dimensional varieties that
violate the the other half of the rank condition. Again it is clear that the
resulting set is a smooth complex affine variety. We do this inductively to
the end in finite steps.

O

Now once again we take a circle action on F' and study its fixed point set.

This time we let T act “only” on oy of F as follows: o — taq, as — t ™t as.

Fact: If there is a m;, other than m; and mo,_1, that equals 1, then all
m; = 1. Consequently, F((my,... ,mas_1) = F(1,...,1) = CP* x RT.
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The argument for this is very simple. Suppose that m; = 1, m;y1 > 1
(The argument for m;_; > 1 is paralell.) for some i # 1,2s — 1. Then
(1.6) implies that the column vectors a;(i+1,4) and ag(i+1,4) are linearly
dependent and thus (1.2) is not satisfied. Thus all m; = 1. Moreover, either
all aq(i+ 1,7) # 0 or all as(i+ 1,7) # 0. Using the diagonal group action
we can reduce it to the form that «; = d;D, with the remaining action
H =diag(v,vu,vu?. ... ,vp*=1). Where dy,ds,v,u € C*, (dy,ds) # (0,0),
and that D is the matrix with 1’s below the diagonal and 0’s elsewhere.
We can then use H to put z and w in the lemma to be 1, and there remains
only Zo x T action with Zs factor acting trivially (as is the case that center
of SU(2) acts trivially on My). It is straight forward to check that it acts
as (di,ds) — (dyp, dop) for € T. This finishes the argument.

As a result, the fixed point set of F'(1,...,1) under the new circle action
is the disjoint union of two copies of R*. Actually, above example can be
easily generalized. We can give the following simple pictorial description.
Let G(my,ma,... ,mas—1) denote the graph in the plane by first connect-
ing the points (0,0), (1, m1), (2,m2), ..., (2s—1,mas_1), (2s,0) successively
with the line segments and then closing it by the line segment between (0, 0)
and (2s,0). Then we have

Proposition 1.10. F(mi,ma,... ,mas_1) is nonempty if and only if
G(mi,ma,... ,mas_1) is a trapezoid. In this case, the area of the trape-
zoid is precisely k. Moreover, the part of the fixed point set it represents
is diffeomorphic to the disjoint union of two copies of RT if the graph is a
honest trapezoid; to RT if the graph degenerates to a triangle.

Proof. If mo = 1, then all m; = 1 as we have just seen above. So assume
my > 1. But then mo = 2 from the rank condition (1.2). We can use
the group action (the left part) to put a;(2,1) = <(1)> ,ao(2,1) = <(1]>
Choose a representative of any fixed point of the T action of this form,
there is an one parameter subgroup Gy =diag(g:(1),g+(2),...,g:(2s — 1))
of GL(m1,C) x -+ x GL(mas_1,C) such that

tg(i + Do (i + 1,0)g(8) ™" = ey (i + 1,4),

(1.11) t7rg(i 4+ Do (i + 1,i)g(i) ! = an(i + 1,1),

for all ¢ € T. Using o;(2,1) we have just derived, (1.11) implies that

a2 = (" V)aw,
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Claim A: If m;41 > m; for ¢ <[, then m;y1 =m; +1 =1+ 1 for i <.
Moreover, the representatives of the fixed points can be chosen so that

i+ 1,0) = (6) Lon(i+1,i) = (?)

and that
gi(i+1) = diag(t=%, 72, ... 1) g (1).

The claim is proved for ¢ = 2. Assume it is true for ¢ < [. Then
we shall show the claim for ¢ = [ using induction. Write oy (I + 1,1) =
(1 e -+ ¢)and as(l+1,1) = (dy d2 --- d;), then (1.8) and
the induction hypothesis imply that ao(I+1,1) = (c2 ¢z -+ -1 dp).
Thus the rank of (a1 (1 +1,1) ao(l + 1,1)) is at most [+1. By the assump-
tion that m;y1 > my, it follows that m;; 1 = m;+1. So ¢y, ¢a,... , ¢, d; are
[ + 1 independent vectors. Moreover, (1.11) implies that
g+ (c1 ca - ¢ d)=(t"ley t7H2cy -+ 72 td;) g:(1).

This verifies the claim A.
Since mos_1 = 1, the sequence m; must stop increasing at some stage.
Suppose it first happens at stage j, i.e. m;j_1 < m; > m;11, then we have
Claim B: If j = m; > m,11, then m; 1 = j—1. Moreover, m;1 = m;—1
for i > j.
Following the notation of claim A, we see that exactly two of the vectors
€1,€2,. .. ,¢j,d; have to be zeros since g;(j + 1) can now have at most j —1
distinct eigenvalues and since the rank of (¢1 ¢2 --- ¢; d;) must be
j — 1. So we can choose (¢; ¢2 --- ¢ d;) to be the identity matrix
after deleting the two zero columns. We claim that ¢; = d; = 0. Suppose
the claim is false. We first assume that ¢; # 0. So let the first zero column

in(e¢1 ¢ -+ ¢ dj) tobec, =0 and the other one to be ¢, = 0.
Here we use the notation that c¢; 11 = d;. If ¢ = p + 1, then the matrix

ci Co - Cj

62 C3 .. C]Jr]_

has rank less than j since its pth column is zero. This clearly violates the
condition (1.9). So we must have ¢ > p + 1. Repeat the above argument
for the next level, i.e. for a1(j + 2,5+ 1) and aa(j + 2,5 + 1), we found
that Oél(j + 2,5+ 1) = (01 Cy - Cj—1 dj—l), Oég(j + 2,7+ 1) =
(2 ¢c3 -+ c¢j—1 c¢j). (Here the ¢;’s are different from the previous
ones.) and that ¢, = ¢;—1 = 0. Thus inductively, we get to a situation
where ¢ = p+1 and derive the desired contradiction after g—p steps. The ar-
gument for the other case when c;;1 # 0 is parelell. This proves the claim.
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Thus we can choose a1(j+1,j) = (0 I;—1)and ax(j+1,j) = (I;—1 0).
The trivial induction shows that we can choose a1(j + h,j7 +h — 1) =
(0 Ij—p)and as(j+h,j+h—1) = (Ij—p, 0)for 1 < h < j. More-
over, we also find that g;(j + h)=diag(t 7 +r+1 =i+h+3 = ti=h=1)g,(1)
for 1 < h <j.

Now we come to deal with the other case. First, we introduce a notation.
Let J7 denote the j x j matrix whose only nonzero entries are 1’s at (i,i+1),
and let J; denote the j x j matrix whose only nonzero entries are 1’s at
(i 4+ 1,4). Then we have

Claim C: If j = m; = mj41, then for any p < 1 such that m;,, =
mjt1,01(j+p,j+p—1) and aa(j+p,j+p—1) and ¢:(j +p) can be chosen
to be either

al(]+p7]+p_ 1) = Jj7a2(j +p7.7+p_ 1) = Ijvgt(]+p) = tpgt(j)
or
a(j+pi+r—1)=1,00(G+pj+p—1)=J;,6( +p) =t"Pg().

Here we recall that g;(j) =diag(t 7T, ¢t=7+2 ... #7171 g(1).
From Claim A and its proof we have

ar(f+Lj)=(a c - ¢)a(+1lj)=(c2 ez - ¢j1),
and
g+ (er ca ¢ ) =(tTa 7P o o) g(1).
So exactly one of the ¢; is zero for the same reason that rank
(c1 c2 -+ ¢ c¢jp1) = jandthat g;(j+1) has j eigenvalues. Just as in
the proof of Claim B, we can choose the matrix (¢; ¢z -+ ¢ ¢jy1)to

be the identity after deleting the zero column. It is a simple induction by ap-
pealing to (1.8) to show that as long as m; = m; for some i > j, ay (4,7 —1)
and as(i,7—1) can be chosen to be a1 (j,7—1) and as(j, j — 1) respectively.
Once m; begin to decrease, one more of the corresponding column vectors
in (¢c1 c2 -+ ¢q cqg1) has to be zero. Following the argument in B,
we find that it is either ¢; or c,41 that equals zero, i.e. no interior column
vector can be zero. This proves the two choices for ay(j + p,j +p — 1)
and as(j +p,j +p — 1) in the claim. If a;(j + p,j +p — 1) = I;, then
9e(j+p) = g(G+p)ar(j+p, j+p—1) =t i (j+p, j+p—1)g(j+p—1) =
t7 (i +p—1). fas(j+p,j+p—1) =1I;, then g:(j +p) = tg:(j +p—1).
Inductively, this gives the result for g¢(j + p) in both cases in the claim.
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Suppose j + r is the last step such that m;;, = m;. Then we have
Claim D: If

ar(j+rj+r—1) = a(+rj+r—1)=1I
and ' ' ,
gi(§ +r) =t"diag(t 7T 7912 7 g (1),
then we can choose
al(j+r+i,j+r+i—1) = (0 Ij—i ) ,Oéz(j—l—?"—i—’i,j—l—?“—i—i—l) = (Ij—i 0)
ge(j 4+ 7 i) = t"diag(t I T I T g (1)
for1<i<j—1.1If
ar(j+rj+r—1)=I,a(j+rj+r—1)=J;
and ' 4 ,
gi(§ + 1) =t"diag(t 7T 7912 77 g (1),
then we can also choose
al(j+r+i,j+r+i—1) = (0 Ij—i ) ,Oéz(j—l—?"—i—’i,j—l—?“—i—i—l) = (Ij—i 0)
but now g;(j +r +1i) =t~ " diag(¢ I T It g1,

Once again if we write ay(j + 7+ 1,j+7) = (a1 ¢ -+ ¢;) and
as(j+r+1,j+r)=(cz --- c¢j41) using (1.8), we find that in either
case above both ¢; and c¢;4; have to be zero (Here we use again the crucial
fact that no interior column vector ¢; can be zero as we proved). The rest
of the proof is straightforward.

It is clear that the different representatives of oy and as just described
are in one to one correspondence to the different connected components of
the fixed point set (Firstly, they don’t intersect. Secondly, they are closed
in the appropriate moduli spaces). Denote these connected components
by FF(a1,as). The description of g(¢) implies that the isotropy group
of GL(m1,C) x ---GL(mas-1,C) (as an action on (a1, a3) part) at the
given representatives (aq, ag) above is always isomorphic to C* embedded
diagonally in GL(m1,C) x --- GL(mas_1,C) as ¢g1(1)Ix. Thus, FF(a,a2)
is diffeomorphic to R* since the remaining action in (1.9) is

(z,w0) = (tg(1) "'z, tg(Dw).
This finishes the proof of the proposition. O
From the proposition we see that k = Z?i;l mi=jj—-1)+j(r+1) =
j(r + 7). Hence, the number of the components R* of the fixed point set
in Mj,(2) is the same as the number of the divisors (factors) of the number
k. Apply the Lefschetz fixed point theorem twice (in our application: the
Euler characteristic of M(2) is the same as the Euler characteristic of the

fixed point set of the circle action.) we have recovered a theorem of Furuta
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Theorem 1.12 (Furuta). x(My(2)) = E(k).

2. The SU(3) case

We shall now apply the same scheme to compute the Euler character-
istics of M (3). First of all, we shall give a concrete description of the
singularities of these moduli spaces. Geometrically, they are very easy to
understand in this case. A singularity arises only if the corresponding gauge
equivalent class of connections are reducible. The theorem of Donaldson
tells that for each instanton there is a corresponding holomorphic bundle
over CP? which is trivial when it is restricted to a generic line in CP2. A
connection is reducible if and only if its corresponding holomorphic bundle
splits (holomorphically). Thus, unless the bundle is trivial to begin with it
can not be split into direct sum of line bundles. This also explains why the
moduli spaces My (2) are smooth. So the only singularities arise in Mj/(3)
are where the corresponding bundles over CP? split into the direct sum of
SL(2,C) bundle and a trivial line bundle, i.e. the singularities in My(3) are
precisely My (2). Incidently, it shows that any SU(n)-instanton of charge
one is reduced to a SU(2)-instanton. To put everything concretely in our
setup, we have

Lemma 2.1. The singular set Sk(3) of My(3) is precisely My (2), and
an open neighborhood N (3) of Sk(3) in My(3) is hemoemorphic to a cone
bundle with the fiber being the cone on a weighted projective space CP?+=3
for k> 1.

Proof. Suppose [(a1, as, a,b)] is a singular point of the moduli space M(3),
then the isotropy group of the action SU(3) xz, GL(k,C) contains a finite
abelian subgroup Z,,, the pth root of unity for some prime p. As in previous
section, we can assume that the Z, action is of diagonal form. So write the
first factor of the action as

Where w is a generator of the pth root of the unity and that r, s are positive
integer multiples of % respectively. It is very easy to check using block-form
that the second factor g,, of the action must be of the form

L™ 0
Ju = I2w77"+s )

0 Izw™*
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here I, 15 and I3 are identity matrices of appropriate sizes. Note that
W' ,w™ ™ and w™*® can’t be all distinct for then there would exist a non-
trivial U(1)-instanton over S*. Thus, exactly two of them are the same.
For the same reason, g, must be a scalar multiple of the identity, i.e.,
two of the three I; are of size “zero”. Thus, a row of a and correspond-
ing column of b are zeros, which implies that [(aq, a9, a,b)] is an element
of Mg(2). Under the action of SU(3), all these points are identified to
those of My (2) naturally embedded in My (3). Moreover, the image of the
natural inclusion of Mg(2) into My(3) is singular and isotropy group of
each singular point is isomorphic to U(1). This proves that the singular
set of M(3) is the smooth manifold My (2). To study the structure of the
neighborhood of the singular set, we go to the based moduli space M} (3)
where the inverse image of the (quotient) singular set is the union of the
orbit spaces of SU(3) acting on the image of M?%(2) in M?(3). This set,
denoted by S?(3), is smooth connected manifold with real dimension 8k + 4
since S?(3) is the total space of the fibration over Si(3) with fiber a ho-
mogenous space SU(3)/U(1) x SU(2). Take a SU(3)/Z3 invariant metric
on MY (3) and take a SU(3)/Zs3 invariant tubular neighborhood N?(3) of
M2 (2) in M?(3). Then the isotropy group T, = U(1) of z € M} (2) acts
isometrically in the fiber normal to M&(2) at @ with z as the only fixed
point of the action. Since the fiber is isomorphic to C?*~2, its quotient by
T, is thus a cone over a weighted projective space CP?*~3. The compact-
ness of SU(3)/Zs and smoothness of its action ensures that the quotient
space of Ny (3), quotienting N?(3) by SU(3)/Zs, fibers over My(2) with
fiber CIP?+—3, O
Remark 2.2. One simple but useful fact out of the proof worth mentioning is
that the quotient space of My (3) by SU(3)/Zs has no orbifold singularities.
In other words, the smallest possible isotropy group is U(1). This turns
out to be true in general. Thus the cone bundle structure stated in the
lemma can also be generalized in certain sense although it becomes more
complicated. Once again, this is just a restatement of the discussion made
in the beginning of the section.

Now consider the fixed point set of the circle action to
M (3) = M(3)\Sk(3) as in the introduction. Take k& > 1. The entire
previous section can be adapted to current case with minor changes. So we
shall be very brief. As in last section, the isotropy group of the lifted circle
action of a fixed point takes the following simple form:

ge X Ay =

2.3
(23) diag(t¥, ... ,t%*) x diag(t",t~"*5,t7°) € GL(k,C) xz, SU(3)).

Where 7,5 > 0 and y; are integer multiples of % Again, assume that y;’s
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are in decreasing order, and denote the distinct y;’s by zmee = 21 > 220 >
z3 > -+ > Zmin and associated multiplicities by mq, ms, . ... Thus we have,
(Zmazy 2min) = (r—1,—s+1)ifr+s > 1,or (r—1,—r+s+1) if 2r > s+2,
or (—r+s—1,—-s+ 1) if 2s > r + 2 by rank consideration. Moreover,
z; = zi+1 + 1 in order to satisfy the rank condition. This is very easy to
justify: suppose that z;, is the first z; such that z; +1 # 2;_1, then we must
have a(ip) and b(ig) both have maximal possible ranks (which is impossible
as one of them is zero if applying second circle action), or z;,+1+1 = 2;,—1.
In the latter situation, we have m,s; > 1. So a(last) would have rank at
least two which is again impossible.
Remark 2.4. As we can see by now that the relations among 7, s and z; are
very rigid for SU(2) and SU(3) which enable us to control the size of «;
(i.e. m;) by r and s. However, these relations become loser as n increases
(for SU(n)). For example, the relations z; = z;11 + 1 are no longer valid if
n > 3. Nevertheless, the combinatorics involved is not terribly complicated.
Case I. 25 = r. In this case, (Zmaz, Zmin) = (25 — 1,—s + 1), (r > 2).
all entries of b are zero except its first row which is of the form b(1) =
(¢ 0 0) for c € C*, and all entries of a are zero except the last (block)
two columns. (Since these data “define” SU(3)-irreducible connections.)
Moreover, a(3s — 1), the last block of a, has rank two and is of the form:

0 0
a(3s —1) = | * x| . Similar results hold if 2r = s. Apply second circle
ko

action, we find that the following analogue of (1.10):

Lemma 2.5. Under the above assumption that 2s = r or (2r = s), the

fized point set of the circle actions consists of F1(1 = my,ma,... ,m3s_1 =
2) (or F2(2 = my,ma,...,m3,_1 = 1)) so that G(my,... ,m3s_1,1) (or
G(1,mq,... ,m3s—1) (defined in last section) is a trapezoid. Moreover each

of the F' (or F?) is diffeomorphic to R*.

The only part need to be checked is that each F' (F?) is diffeomor-
phic to R%. As we have seen in last section, the isotropy group of a fixed
representative ay,as of such a fixed point is C* diagonally embedded in
GL(k,C). So each of the F! is diffeomorphic to the quotient C* x GL(2,C)
by C*x U (2) since the set consisting of a(3s—1) is diffeomorphic to GL(2, C)
(for 2s = r). Direct check of the action reveals that the quotient is diffeo-
morphic to (R*)2 x C which is diffeomorphic to R*.

Case II. 2s # r and 2r # s. If (Zmaz, Zmin) = (r — 1, —r + s+ 1), then
rank(a) = rank(b) = 1. Thus the fixed point represents a reducible SU(2)
connection. The same is true when (zmaz, 2min) = (=7 +s—1,—s + 1).
There remains one more case to consider: (Zmaz, Zmin) = (r — 1, —s + 1).
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In this case, the only nonzero blocks of a and b are the last column of a
0

which is of the form a(last) = | 0 |, the first row of b which is of the
*

form b(1) = (x 0 0), and two more possible nonzero blocks: a(iy) =

0

% | (corresponding to z;, = —r + s+ 1) and b(ip +2) = (0 * 0)

0
(corresponding to z;,42 = —r + s — 1). We shall now show that both a;,
and b(ip+2) must be zero blocks. This then implies that the resulting fixed
points if exist must lie in S (3). To this end, we explore the second circle
action in more details. Again we may assume the isotropy group of a fixed
point is of the form 2.3. Then we have: z; =r—1, 2145t = 2p15-1 = —s+ 1.
Suppose a(ig) # 0, or b(ip + 2) # 0, then we must also have z;, = —r + s,
thus also ig = 2r—s. (Implicitly, this implies that 2r > s+1 and 2s > r+1.)
Two simple but useful facts out of the proof of last section worth stating
here:

IT a). Up to the factor g;(1) (which is ¢" in present situation), the weights
of representation of each g;(i) obtained from the isotropy representation g,
described above are of same parities, i.e. either all even or all odd.

II b). After factoring out g;(1), g¢(7) has weights bounded by i — 1 from
above and by —¢ + 1 from below.

We shall assume m; = 1. Start the induction proceedure as in last
section with ¢ = 1,2, ..., the results are identical up to i = ig (the equality
here is important). Since the induced action on a(ig) is t*~"a(ig)g~ (i),
a(ig) has to be zero for it being fixed by the action using II a) and the fact
above that ig = 2r — s. By inspecting the induced action on b(ig + 2) and
using IT b), we find that b(ip +2) = 0. For m; = 2, note that m,st = 1, so
we can use backward induction to obtain the same result. To summarize,
we have following

Theorem 2.6. x(M(3)) =2E(k+ 1)+ (2k —3)E(k) — 4 for k > 1.

The proof is obvious by combining the fixed point theorem and Mayer-
Vietoris principal and by using the results of lemma 2.1 and 2.5 which
yields

X(Mi(3)) = x(ME(3)) + Xx(Nk(3)) = x(Mr(2)) =
20E(k+1)—2)+ (2k—2)E(k) — E(k) =2E(k+1) 4+ (2k — 3)E(k) — 4.
3. Compactifications

Let x.(M) denote the Euler characteristic of M with compact support.
Since x.(R) = —1 and x.(R*) = 1 and since the fuctor x.. is additive on
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disjoint sets, (Author is thankful to M. Goresky for pointing out of this
fact.) we have, for k > 0, (Note that the following formulas are also valid
for k=1.)

Xc(Mk(Q)) = _E(k)a Xc(Mk(3)) =
Xe(ME(3) + xe(Mi(2)) =2E(k + 1) — E(k) — 4.

Denote by Sym”™(S%) the n-fold symmetric product of four sphere. Let
MY (2) = Hf:o M;(2) x Sym*~(S%) be the Uhlenbeck compactification of
My(2). Here Mo(2) and Sym”(S*) are meant to be singleton sets. So we
shall define E(0) = 1. We have

k
X(ME(2)) = xe(M[ (2) = Zxc(Mi(Q))xc(Symk’i(S4)) =

X(Sym"(5%)) + Z(—E(i))x(symk_i(54)) =

(k+1) =Y E@)(k—i+1).

i=1

As the singularity set of My(3) is My(2), we still have the following Uh-
lenbeck compactfications for M (3): MY (3) = Hf:o M (3) x Sym" 7 (S%).
Thus we have

k
XME (3)) = xe(ME (3)) =D Xe(Mi(3))xc(Sym*~*(5%)) =

=0
k
X(Sym" (%)) + Z[2E(i +1) — B(i) — 4]x(Sym"~(5*)) =
k
k+1+Y [2B(i+1)— E(i) — 4](k —i+1),fork > L.

Here we have used the fact that M;(3) = M;(2).

Finally, we shall calculate the Euler characteristics of the moduli spaces
under bubble tree compactifications [PW, Y]. Note the following simple
fact: the Fuler characteristics of the configuration space of three or more
distinct points over four sphere is zero. Thus the bubble trees whose cor-
responding strata give nontrivial contributions to the Euler characteristics
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are of the form 7;(l,m). Here 7;(l, m) stands for the bubble tree with at
most two stacks of four spheres over the base four sphere of length [ and m
respectively. Moreover, the corresponding stratum My, ;) belongs to the
bubble tree compactification MP of M. So I, m are nonnegative integers
whose sum is less than or equal to k. We have

Xe(Mz, 1,m) (2)) =
Xe(Mp—1-m(2) x (§* x RTD x RY™)) = 2x (Mg —1-m(2))

if Il > m, and
Xe(Mz,10)(2)) = Xe(Mi—20(2) x ((S* xR D) x7, R*M)) = yo(My—2(2)).

Thus we have

=[k/2]4+1m=0

(k/2] 1—

./\;lkB ZZQXCMklm Z Z2X0Mklm())
=1 m=
[k/2

]
+ ) Xe(Mi-21(2)).

=0

Entire analogously, we have

[k/2] 1—1 k k—1
X(ME(?’)) = Z E 2Xe(Mp—i1—m(3)) + E Z 2Xe(Mi—1—m(3))
I=1 m=0 I=[k/2]+1m=0
[k/2]

+ Y Xe(Mi—a(3)).

=0

To summarize, we have
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Proposition 3.1.

a) x(Mi"( —k—i—l—ZE k—i+1), fork>0.

k
b) X(ME(3) =k+1+ Y [2E(i+1) — E(i) — 4](k —i + 1), for k> 1.

i=1

k 1-1
1) x(ME5,(2) =2k +1-> Y 2E(2k —1—m)-

=1 m=0
k k—I—-1 k—1

> 2B(k—1-m) —E_:E(Qk—%), for k> 0.
=1 =0

m=0
c2) x(ME.(3)) = —8k? — 2k + 1+

k 1-1

2> ) (2B(2k—1—m+1) — E(2k — 1 —m))+
l:l:l:lol

22 Z 2EB(k—1l—m+1)—E(k—1—m))+
=1 m=0

k—

—_

(2E(2k — 21+ 1) — BE(2k — 21)) for k > 0.
=

d1) x(MZ..1(2) :2k+272i2E(2k+17l—m)—

o

=1 m=0
k+1 k-1 k
S Y 2B(k+1-1-m)—> E@2k+1-2l), for k>0.
=1 m=0

=0
d2) x(MZ._1(3)) = —8k* — 10k — 2+

23 ) (2E(2k—1-m+2) - E(2k+1—1—m))+
i
2> Y (Q2B(k—1l-m+2)—E(k+1-1-m))+
=1 m=0
k

(2E(2k — 21 + 2) — BE(2k + 1 —21)) for k > 0.
=0
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