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of the moduli spaces or the mapping class groups, which can also be written
as limg→∞ H∗(Mg,1; Q). We have similar stable cohomology algebra for
the moduli space Cg = Tg,∗/Mg,∗ of genus g curves with one distinguished
point and Mg,∗.

In the following, we formulate our results in the context of group coho-
mology of the mapping class groups rather than the rational cohomology of
the moduli spaces. In particular, we denote ei ∈ H2i(Mg; Z) (i = 1, 2, . . . )
for the Mumford-Morita-Miller classes introduced in [Mu][Mo1]. Also we
write e ∈ H2(Mg,∗; Z) for the Euler class of the central extension Mg,1 →
Mg,∗. These characteristic classes induce the following commutative dia-
gram

Q[e, e1, e2, . . . ] −−−−→ lim
g→∞H∗(Mg,∗; Q)�⏐⏐ �⏐⏐

Q[e1, e2, . . . ] −−−−→ lim
g→∞H∗(Mg; Q)

where the two horizontal homomorphisms are known to be injective by
Miller [Mi] and Morita [Mo1], independently, for the lower one and by
Morita [Mo1] for the upper one. It is a basic problem to determine whether
these homomorphisms are surjective (and hence bijective) or not.

We write simply H for the first integral homology group H1(Σg; Z) of
the surface Σg. The mapping class group Mg acts on H naturally and if we
fix a symplectic basis of H, then we obtain the classical representation ρ0 :
Mg → Sp(2g; Z). By making use of natural actions of the mapping class
groups on the lower central series of the fundamental groups of surfaces,
in [Mo4][Mo5] the second author constructed a series of representations
of the mapping class groups. The first one is nothing but the classical
representation ρ0 above and the second one can be expressed as

Mg,∗
ρ1−−−−→ 1

2Λ3H � Sp(2g; Z)⏐⏐� ⏐⏐�
Mg −−−−→

ρ1

1
2Λ3H/H � Sp(2g; Z).

Here Λ3H denotes the third exterior power of H which admits a natural
action of Sp(2g; Z) and H is considered as a submodule of 1

2Λ3H by the
embedding H � x �→ x∧ω0 ∈ Λ3H where ω0 ∈ Λ2H is the symplectic class.
The representation ρ1 is explicitly given by ρ1(ϕ) = (k̃(ϕ), ρ0(ϕ)) (ϕ ∈
Mg,∗), where k̃ : Mg,∗ → 1

2Λ3H is a crossed homomorphism which extends
Johnson’s homomorphism of the Torelli group τ : Ig,∗ → Λ3H given in [J1].
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Now let Hom(Λ∗( 1
2Λ3H), Q)Sp be the set of all Sp(2g; Z)-invariant ho-

momorphisms from the exterior power of the abelian group 1
2Λ3H to Q. It

is easy to see that any element of this module can be naturally considered
as cocycles of the semi-direct product 1

2Λ3H � Sp(2g; Z) (see §4) so that
we obtain the following commutative diagram

Hom(Λ∗( 1
2Λ3H), Q)Sp ρ∗

1−−−−→ Z∗(Mg,∗; Q) −−−−→ H∗(Mg,∗; Q)�⏐⏐ �⏐⏐ �⏐⏐
Hom(Λ∗( 1

2Λ3H/H), Q)Sp −−−−→
ρ∗
1

Z∗(Mg; Q) −−−−→ H∗(Mg; Q).

Here and throughout this note we denote by C∗(G;M) the normalized
standard cochain complex of a group G with coefficients in a G-module M
and by Z∗(G;M) the set of cocycles in C∗(G;M).

As was already shown in [Mo8], the images of the homomorphisms ρ∗1
contain the Euler class e and the characteristic classes ei for all i ≥ 1. Our
main result is

Theorem 1. The homomorphisms ρ∗1 factor through the subalgebras gen-
erated by the characteristic classes e, ei(i = 1, 2, . . . ). More precisely, we
have the following commutative diagram

Hom(Λ∗( 1
2Λ3H), Q)Sp ρ∗

1−−−−→ Q[e, e1, e2, . . . ] −−−−→ H∗(Mg,∗; Q)�⏐⏐ �⏐⏐ �⏐⏐
Hom(Λ∗( 1

2Λ3H/H), Q)Sp −−−−→
ρ∗
1

Q[e1, e2, . . . ] −−−−→ H∗(Mg; Q)

so that the images of the homomorphisms ρ∗1 are exactly equal to the subal-
gebras generated by the Euler class and the Mumford-Morita-Miller classes.
Moreover we have explicit formulae for ρ∗1.

2. The generalized Mumford-Morita-Miller classes

Let Mg,∗ be the fiber product Mg,∗×Mg
Mg,∗ induced from the forgetful

homomorphism Mg,∗ → Mg. It is easy to see that the correspondence
Mg,∗ � (ϕ, ψ) �→ (ψϕ−1, ϕ) ∈ π1Σg � Mg,∗ defines an isomorphism. As in
[Mo3], let us consider a mapping

k0 : Mg,∗ −→ H

defined by k0((ϕ, ψ)) = [ψϕ−1] ∈ H. Since ψφ−1 is contained in the kernel
of the forgetful homomorphism Mg,∗ → Mg, which is naturally isomorphic
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to π1Σg, we may consider its abelianization [ψφ−1] ∈ H. Then it is easy
to see that k0 satisfies the cocycle condition

k0

(
(ϕ1, ψ1)(ϕ2, ψ2)

)
= k0

(
(ϕ1, ψ1)

)
+ (ϕ1)∗k0

(
(ϕ2, ψ2)

)
.

Hence it can be considered as an element of Z1(Mg,∗; H). Let π : Mg,∗ →
Mg,∗ and π̄ : Mg,∗ → Mg,∗, respectively, be the first (resp. the second)
projections so that we have the fibre square

Mg,∗
π̄−−−−→ Mg,∗

π

⏐⏐� ⏐⏐�
Mg,∗ −−−−→ Mg.

Now we write simply ē for (π̄)∗(e) ∈ H2(Mg,∗; Z) and we consider the
cohomology class ēik0

j ∈ H2i+j(Mg,∗; ΛjH). We define

mi,j = π!(ēik0
j) ∈ H2i+j−2(Mg,∗; ΛjH)

for i, j ≥ 0 and i + j ≥ 2, where π! : Hk(Mg,∗; M) → Hk−2(Mg,∗; M) is
the Gysin homomorphism (or the integral along the fibers of the map π).
We call them the generalized Mumford-Morita-Miller classes. In fact, when
j = 0 and i ≥ 1, we have mi+1,0 = ei. On the mapping class group Mg,1

these classes are nothing but the cohomology classes (−1)jmi,j introduced
by the first author in [Ka1] (see also [Ka3]).

Recently Looijenga [L1] obtained a remarkable result that the rational
stable cohomology of Mg with coefficients in any finite dimensional irre-
ducible representation M of the algebraic group Sp(2g; Q) is isomorphic
to a free module over the stable rational cohomology of Mg together with
a description of its free basis. His proof and construction of cohomology
classes are based on geometric considerations on the moduli orbifold of
complex algebraic curves including, in particular, a theorem in Hodge the-
ory. As for Mg, this result cannot be generalized to integral symplectic
coefficients. In fact, for example, the second integral cohomology of Mg

with coefficients in H does not admit the stability [Mo2].
On the basis of Looijenga’s noteworthy idea [L1] that the stable coho-

mology with symplectic coefficients is derived only from the Harer stability
theorem [Ha] with trivial coefficients, the first author has deduced the fol-
lowing result: the stable integral cohomology of Mg,1 with coefficients in
H⊗n is a free module over the stable integral cohomology of Mg,1, and cer-
tain algebraic combinations of the (modified) generalized Mumford-Morita-
Miller classes can serve as its (topologically constructed and new) free basis
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[Ka2]. Here the Lyndon-Hochschild-Serre spectral sequence for a pair of
groups introduced in [Ka1] is used instead of geometric considerations in-
cluding Hodge theory.

Since it has been found out that the generalized Mumford-Morita-Miller
classes can be defined also on Mg,∗, all the results obtained in [Ka2] hold
for the mapping class group Mg,∗. For example, we have

Theorem 2. If the total degree is smaller than g/2, then we have

H∗(Mg,∗; Λ∗H ⊗ Q) = H∗(Mg,∗; Q) ⊗
(⊗

i,j

Q[mi,j ]
)

where the indices (i, j) run over the set {i ≥ 0, j ≥ 1 and i + j ≥ 2}.

The above results show that we have obtained explicit basis for these free
modules in terms of the generalized Mumford-Morita-Miller classes defined
above.

3. Description of the Sp-invariant cocycles

In this section, we describe the spaces of Sp-invariant alternating cocy-
cles

Hom(Λ∗(
1
2
Λ3H), Q)Sp, Hom(Λ∗(

1
2
Λ3H/H), Q)Sp

of the abelian groups 1
2Λ3H, 1

2Λ3H/H. For any positive integer r, let G2r

denote the set of isomorphism classes of connected trivalent graphs with 2r
vertices and let G0

2r be the subset of G2r consisiting of those graphs without
loops. Here a loop means an edge whose two endpoints are attached to the
same vertex. We set G (resp. G0) to be the disjoint union of G2r (resp.
G0

2r) for all r ≥ 1

G =
∐
r≥1

G2r, G0 =
∐
r≥1

G0
2r.

Now let
Q[αΓ ; Γ ∈ G]

be the polynomial algebra over Q generated by αΓ for each element Γ ∈ G.
We define the degree of αΓ (Γ ∈ G2r) to be equal to 2r. We also consider a
similar polynomial algebra Q[βΓ ;Γ ∈ G0].

Let Γ be a graph belonging to G2r. We put a vector of the module Λ3H
on each vertex of Γ . Each edge indicates that two vectors on its terminal
vertices should be contracted by the intersection pairing μ : H ⊗ H → Z.
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This means that each homogeneous element of degree 2r in Q[αΓ ; Γ ∈ G]
defines a way of contraction

αΓ : Λ2r(Λ3H) −→ Q

which is a linear combination of the restrictions of various iterated contrac-
tions on H⊗6r induced from the intersection pairing μ. Thus we obtain a
natural homomorphism

Q[αΓ ;Γ ∈ G] −→ Hom(Λ∗(
1
2
Λ3H), Q)Sp.

A result of Weyl in the classical representation theory implies that the
above homomorphism is surjective and is an isomorphism for degrees ≤ 2

3g.
Also let q : Λ3HQ → Λ3HQ be the homomorphism defined by q(ξ) =
ξ − 1

2g−2Cξ ∧ ω0 (ξ ∈ Λ3H), where HQ = H ⊗ Q and C : Λ3H → H is the
contraction. It is easy to see that q is Sp-equivariant and that q(H) = 0
so that it induces a homomorphism Λ3HQ/HQ → Λ3HQ. Now we define a
homomorphism

Q[βΓ ;Γ ∈ G0] −→ Hom(Λ∗(
1
2
Λ3H/H), Q)Sp

by setting βΓ : Λ2r( 1
2Λ3H/H) → Q to be equal to the composition αΓ ◦ q :

Λ2r(Λ3HQ/HQ) → Λ2r(Λ3HQ) → Q. Weyl’s result again implies that this
homomorphism is also surjective and bijective in the same range as above.
Moreover we can define a twisted inclusion Q[βΓ ; Γ ∈ G0] → Q[αΓ ; Γ ∈ G]
so that all the above constructions are compatible with each other. In view
of the above description, Theorem 1 follows from

Theorem 3. For any Γ ∈ G or Γ ∈ G0, we have

ρ1
∗(αΓ ) ∈ Q[e, e1, e2, . . . ], ρ1

∗(βΓ ) ∈ Q[e1, e2, . . . ]

which gives explicit group cocycles for any of the Mumford-Morita-Miller
classes ei.

Similar result holds for Mg,1 and it is remarkably simple. Namely we
have

Theorem 4. Let Γ ∈ G2i be any element. Then the cocycle
αΓ ∈ Z2i(Mg,1; Q) represents the i-th Mumford-Morita-Miller class ei (up
to signs).
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4. Outline of the proof of the main result

As was stated at the end of the previous section, Theorem 1 follows from
Theorem 3. Here we give an outline of the proof of Theorem 3.

In general, let Q be a group, N a Q-module and M an N � Q-module.
For an r-cochain c ∈ Cr(N ;M) of N , we define its (natural) extension
c̃ ∈ Cr(N � Q; M) by setting

c̃
(
(n1, q1), (n2, q2), . . . , (nr, qr)

)
=

c
(
n1, q1(n2), q1q2(n3), . . . , q1q2 · · · qr−1(nr)

)
for ni ∈ N, qi ∈ Q. It turns out that the restriction of this extending
operation to the invariants C∗(N ;M)Q � c �→ c̃ ∈ C∗(N � Q; M) is a
cochain map. Suppose that there is given a homomorphism ρ : G → N �Q
from a group G to the semi-direct product N �Q. Then ρ can be expressed
as ρ = (f, ρ̄). Here f : G → N is a 1-cocycle of G with values in the G-
module N where the action is given through the homomorphism ρ̄ : G → Q.
For the trivial module Q, we have a linear map

ρ∗ : Hom(Λ∗N, Q)Q ↪→ Z∗(N ; Q)Q → Z∗(N � Q; Q) → Z∗(G; Q).

The cocycle ρ∗c ∈ Zr(G; Q) induced from c ∈ Hom(ΛrN, Q)Q is explicitly
given by

(ρ∗c)(g1, g2, . . . , gr) = c
(
f(g1), ρ̄(g1)f(g2), . . . , ρ̄(g1 · · · gr−1)f(gr)

)
= (c∗fr)(g1, g2, . . . , gr) (gi ∈ G),

where fr ∈ Zr(G; ΛrN) means the r-th power of the 1-cocycle f , with
respect to the Alexander-Whitney cup-product, and c∗ : C∗(G; ΛrN) →
C∗(G; Q) denotes the cochain map induced from the G-homomorphism
c : ΛrN → Q. Consequently we obtain

[ρ∗c] = c∗[f ]r ∈ Hr(G; Q).

Now we apply the above procedure to the homomorphism ρ1 given in
§1. As was stated in §3, any connected trivalent graph Γ ∈ G2r de-
fines an element αΓ ∈ Hom(Λ2r( 1

2Λ3H), Q)Sp. Hence the cohomology
class ρ∗1αΓ ∈ H2r(Mg,∗; Q) is obtained from the cohomology class k̃2r ∈
H2r(Mg,∗; Λ2r( 1

2Λ3H)) by applying the contraction, associated with the
graph Γ , on the coefficients.

Besides the introduction of the generalized Mumford-Morita-Miller
classes mi,j described in §2, the key to the proof of Theorem 3 is
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Lemma. m0,3 = π!(k0
3) = −6k̃ ∈ H1(Mg,∗; Λ3H).

In view of the above Lemma, it suffices to show that the generalized
Mumford-Morita-Miller classes of surface bundles mi,j are stable under any
contractions of coefficients which are derived from the intersection pairing
μ : H ⊗ H → Z.

As was shown in [Mo2] Theorem 1.3, we have

μ∗(k0
2) = 2ν − π∗e − π∗e ∈ H2(Mg,∗; Z).

Here π (resp. π): Mg,∗ → Mg,∗ denotes the first (resp. the second)
projection as before. The class ν is the “Poincaré dual” of the image
of the diagonal map s : Mg,∗ → Mg,∗ [Mo2]. Thus any contraction of a
single generalized Mumford-Morita-Miller class is expressed by an algebraic
combination of other such classes. On the other hand, let M1 and M2 be
two Mg,∗-modules. Then we consider the contraction map C : (M1⊗H)⊗
(H ⊗ M2) → M1 ⊗ M2 which is given by ξ ⊗ x ⊗ y ⊗ η �→ μ(x ⊗ y)ξ ⊗ η.

Contraction formula. For any two elements ui ∈ H∗(Mg,∗;Mi) (i =
1, 2), we have the equality

C∗(π!(u1 ⊗ k0)π!(k0 ⊗ u2)) =

− π!(u1u2) + s∗(u1)π!(u2) + π!(u1)s∗(u2) − eπ!(u1)π!(u2)

as an element of H∗(Mg,∗;M1 ⊗ M2).

This implies that any contraction of two generalized Mumford-Morita-
Miller classes can be expressed by an algebraic combination of other gener-
alized Mumford-Morita-Miller classes. Consequently the cohomology class
ρ∗1αΓ ∈ H∗(Mg,∗; Q) is an algebraic combination of the classes mi+1,0 = ei

and e.

5. Further implications of the main results

Here we mention further results which can be obtained by combining
our main theorem with Hain’s fundamental results in [H1][H2]. We have a
natural filtration {Mg,1(k)}k≥0 on the mapping class group Mg,1, which
is induced from the lower central series of the fundamental group of Σg \
D2. Namely Mg,1(k) is defined to be the subgroup of Mg,1 consisiting
of elements which act on the (k − 1)-st nilpotent quotient of π1(Σg \ D2)
trivially (see [Mo4][Mo5][Mo6] for details). We can also consider another
filtration {M′

g,1(k)}k≥0 where M′
g,1(1) = Mg,1(1) is the Torelli group Ig,1

and {M′
g,1(k)}k≥1 is the lower central series of Ig,1 = Mg,1(1). Johnson
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[J2] proved that M′
g,1(k) ⊂ Mg,1(k) for all k. Now let us consider the

direct limits

H∗
c (Mg,1; Q) = lim

k→∞
H∗(Mg,1/Mg,1(k); Q)

H∗
c′(Mg,1; Q) = lim

k→∞
H∗(Mg,1/M′

g,1(k); Q)

of the cohomology of the successive quotients and, following Hain, we call
them the continuous cohomology of the mapping class group. We have a
natural forgetful homomorphism from the continuous cohomology of Mg,1

to the usual cohomology and its image may be called the continuous part
of H∗(Mg,1; Q). In these constructions, we may further pass to the limit
as g → ∞.

We have extensions

1 −→ Ig,1/Mg,1(k) −→ Mg,1/Mg,1(k) −→ Sp(2g; Z) −→ 1

where Ig,1/Mg,1(k) turn out to be nilpotent groups. If we use here the af-
firmative solution by Hain [H2], to a conjecture made by the second author
in [Mo5], which claims that the above extension splits over the rationals,
then we can conclude that there exists a natural isomorphism

lim
g→∞H∗

c (Mg,1; Q) ∼=

lim
g→∞

(
H∗(Sp(2g; Z); Q) ⊗ lim

k→∞
H∗(Ig,1/Mg,1(k); Q)Sp

)
.

Borel [B1][B2] proved limg→∞ H∗(Sp(2g; Z); Q) = Q[c1, c3, . . . ]. Moreover,
in view of a result of [Mu][Mo1][Mi], we may choose c2i−1 so that it pulls
back to e2i−1 under the natural homomorphism Mg,1 → Sp(2g; Z). On
the other hand, Theorem 4 defines an element bi ∈ limk→∞ H2i(Ig,1/
Mg,1(k); Q)Sp for all i such that bi pulls back to ei on the mapping class
group. With these terminologies, we have

Theorem 5. The stable continuous cohomology limg→∞ H∗
c (Mg,1; Q) of

Mg,1 contains the polynomial algebra Q[c1, c3, . . . , b1, b2, . . . ]. It follows
that the natural homomorphism

ρ∗∞ : lim
g→∞H∗

c (Mg,1; Q) −→ lim
g→∞H∗(Mg,1; Q)

from the continuous cohomology to the usual cohomology has a big kernel
because it contains the ideal of this polynomial algebra generated by the
elements bi − ci for all odd i.

It seems to be reasonable to conjecture that the stable continuous coho-
mology of Mg,1, with respect to the filtration {Mg,1(k)}k≥0, is isomorphic
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to the polynomial algebra given above. This theorem also shows that, for all
odd i, the two canonical cocycles for ei, namely one coming from Sp(2g; Z)
and the other expressed as an Sp-invariant cocycle on the Torelli group,
are never cohomologous to each other at any finite level Mg,1/Mg,1(k).
This fact is closely related to the secondary characteristic classes of surface
bundles which were introduced by the second author in [Mo7].

Now in a recent paper [H2], Hain proved the following remarkable re-
sult. Namely if we fix a complex structure on the reference topological
surface, then it induces a mixed Hodge structure (MHS for short) on
limk→∞ H∗(Ig,1/Mg,1(k); Q)Sp and moreover the natural homomorphism

lim
k→∞

H∗(Ig,1/Mg,1(k); Q)Sp −→ H∗(Mg,1; Q)

is a MHS morphism. It follows that, the induced homomorphism over
C between their associated gradeds preserves the gradings and also that
limk→∞ H∗(Ig,1/Mg,1(k); C)Sp is canonically isomorphic to the continuous
cohomology of the graded Lie algebra

⊕
k>0

Mg,1(k)/Mg,1(k + 1).

This graded Lie algebra can be described as follows. Let L = ⊕∞
k=1Lk

be the free graded Lie algebra generated by H and let H = ⊕∞
k=0Hk be the

graded Lie algebra consisting of derivations of L which kill the symplectic
class ω0 ∈ Λ2H = L2. H0 is nothing but the Lie algebra of Sp(2g; Q) and
Hk for k > 0 can be explicitly written as

Hk = Ker(H ⊗ Lk+1 → Lk+2)

where the mapping H ⊗ Lk+1 → Lk+2 is given by the bracket operation
of the Lie algebra L (see [Mo6] for details). Now, for all k ≥ 1, we have
injective homomorphisms

τk : Mg,1(k)/Mg,1(k + 1) −→ Hk

which are called Johnson homomorphisms (see [J2][Mo5][Mo6] for details).
The direct sum Im τ = ⊕k Im τk can be naturally considered as a Lie sub-
algebra of H+ = ⊕k>0Hk. Hain’s result above can now be stated as an
isomorphism

lim
k→∞

H∗(Ig,1/Mg,1(k); C)Sp ∼= H∗
c (Im τ ; C)Sp
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where the right hand side denotes the Sp-invariant part of the continuous
cohomology of the Lie algebra Im τ .

Now Im τ is contained in H+ by the definition and it is known that
Im τ1 = H1 = Λ3H. Hence we have a series of homomorphisms each of
which preserves the weight gradings

H∗(Λ3H; C)Sp −→ H∗
c (H+; C)Sp −→ H∗

c (Im τ ; C)Sp −→ H∗(Mg,1; C).

Kontsevich [Ko] described limg→∞ H∗
c (H+)Sp in terms of the cohomology

of the outer automorphism groups OutFn of free groups Fn of rank n > 1.
In particular he constructed homomorphisms

Hk(OutFn; Q) −→ lim
g→∞H2n−2−k(Mg; Q)

for all k and n > 1 and asked the geometrical or “physical” meaning of these
maps. Looijenga [L2] (see also [HL]) informed us the following argument
which answers this question completely. He first applies the purity theorem
of Pikaart [P], which says that the MHS of Hk(Mg; C) is pure of weight
k for 2k + 1 ≤ g, to conclude that the above map is the zero-map for
all k > 0. This is because the weight of any element of Hk(OutFn; Q) ⊂
limg→∞ H2n−2−k

c (H+; Q) is strictly bigger than the degree 2n−2−k. Then
our main theorem, which determines the homomorphism H∗(Λ3H; Q)Sp →
H∗(Mg,1; Q) completely, implies that it sends 1 ∈ H0(OutFn; Q) to the
class en−1 ∈ H2n−2(Mg; Q). Thus the homology of various OutFn does
not contribute to the stable cohomology of the mapping class group except
for the degree zero parts where they correspond to the stable classes ei.

The results of [Mo6] and [N] already show that the quotient H+/ Im τ is
very big. In particular, the continuous cohomology of the Lie algebra Im τ
should be much closer to the cohomology of the moduli space than that of
H+ which was described by Kontsevich.

Now if we combine our main theorem with Hain’s result [H2] together
with Looijenga’s argument as above, but applied to Im τ rather than H+,
then we can conclude

Theorem 6. The continuous part of the stable cohomology of the mapping
class group, namely the image of the homomorphism
ρ∗∞ : limg→∞ H∗

c (Mg,1; Q) −→ limg→∞ H∗(Mg,1; Q), is exactly equal to
the subalgebra generated by the Mumford-Morita-Miller classes.

In the above discussions, we can also consider another filtration
{M′

g,1(k)}k on the mapping class group which is induced from the lower
central series of the Torelli group. Using another fundamental result of
Hain in [H1], we can obtain similar statements to Theorem 5 and Theorem
6 for the continuous cohomology associated with this filtration. However
here we omit the details.
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