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A NOTE ON THE TOTAL CURVATURE
OF A KAHLER MANIFOLD

WAN-XIONG SHI AND S.-T. YAU

Given a complete manifold with non-negative Ricci curvature, it is a very
interesting geometric problem of how curvature decays at infinity. While
it is not true that the curvature decays in a strong sense, it is possible
that the average of the scalar curvature decays at least linearly. Such a
statement is certainly consistent with the Cohn-Vossen inequality which
holds for surfaces. The significance of such an inequality is also clear be-
cause of its relevance with the work of the first author [1] on the attempt
to prove the conjecture of the second author that a complete noncompact
Kahler manifold with positive bisectional curvature is biholomorphic to the
complex euclidean space.

The purpose of this note is to prove a weaker version of the conjecture
for Kahler manifolds.

Theorem 1. Suppose M is a complex n-dimensional (n > 3) complete
noncompact Kdhler manifold with bounded and nonnegative holomorphic
bisectional curvature such that

(6707

where 0 < € < +00 s a constant and R s the scalar curvature. Then we
have

(2) / R(z)dz < C(”Q’ ) Vol B(zo,)
B(xo,7) v

for any xg € M and 0 < v < +o0, where B(xg,7y) is the geodesic ball of
radius v centered at xo and the constant C(n,¢€) depends only on n and €.

Since both assumptions and conclusion are scaling invariant, we only
need to prove (2) for v = 1. That is, we only need to prove
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Theorem 2. Suppose M is a complex n-dimensional (n > 3) complete
noncompact Kdhler manifold such that

(3) eR < R 555 < Ko on M,

[e%

where 0 < €, Ko < +00 are constants. Then
(4) / R(z)dx < ¢(n,€) Vol B(xo, 1)
B(mo,l)
for any xog € M, where c(n,€) depends only on n and €, and is independent

Of Ko.

Fix a point xg € M. Suppose ¢(z,t) is the solution of the heat equation
%2 — Ap on M x [0,00)
(5) 1 2n

where y(z, o) denotes the distance between z and xzyg. We have ¢(x,t) €
(M x (0,00)),

Tt < 9@1) < popips on M x [0,1]
(6)
Vip(z,t)] < [H_W(LCW on M x [0,1],
where 0 < C,Cs, C3 < +00 depend only on n.
Lemma 3.
Cy 1
(M) 1VaVpplet)] < o o <z) on M x [0,1],

where 0 < Cy < 400 depends only on n.

Proof. From (5) we have

0
E\VQVE@F =A|VaV50* = [V, Va Vg0l — [V5Va Vel
+ 2RQE,YSVEV3(P : V5V7<P — 2RQBVI@VV(,D : V»YVEQO.

(8)

Choose a coordinate system such that at one point

0 aF P

VaVap =
5¥ {eea a=4
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Then
2R 5,5VaVpp - VsVye — 2R 5VV5p -V, Vap
= 2Ruay5llolly — 2Roall?
9) ==Y R, g5llally — 2R.xLL
a,B
==Y R g5(lla — tlg)* <O0.
a,B
Thus

0
(10) a’vavﬁwﬁ < AVL Vel = [V, VaVael* = [V5Va Vel

Combining (6) and (10) we can establish (7). For the details, one can see
Shi-Yau [2]. O

Remark. If we do not assume the nonnegativity of the holomorphic bisec-
tional curvature, estimate (7) is still true with the constant Cy depends not
only on n but also on K.

Let
(11) P(z) = ¢(x,1) x € M.
Then
(12) Y(x) € CF(M),

Cy Cy
(13) T <0 <
Cs
(1) Vatl)] < S
Cy

(15) Vo Va9 ()| < Ayt

For the remaining part of this note, we always denote

(16) 7:7(‘%) :7(x7x0)7 r e M.
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Suppose U(z) is the function defined by

(17) / G(z,y)Y(y)dy, reM
where G(z,y) > 0 is the Green function on M. Then
(18) AU(z) = 9(x) x € M.

If G(z,y) does not exist on M, we can use elliptic equation theory to solve
(18). Thus (13), (14), and (15) give

< AU <

T T

(19) Va(AU)| < iy on M

VaV5(AU)| < W

Since R;; > 0 on M, we have

—~—

C(n)y(z,y)° C(n)y(z,y)?
Vol B(x,v(z,y)) < Glzy) < Vol B(z,v(z,y))’

(20) Vo,y e M

where 0 < C'(n), C’( ) < 400 depend only on n.
Combining (13), (17), (18), (19) and (20) we can show that
(21)
 Cr(y +1)*Vol B(wo, 1) (@)  Gs(y +1)*Vol B(zo, 1)
Vol B(zg,v+1) — - Vol B(zg,v+ 1)

Ve e M

(22) VU (2)] < Co(y + 1)%Vol B(zg, 1)

eM
~— Vol B(zg,y+1) v

Co(y + 1)2\/01 B(x,1)
2 aVp =

re M,

where 0 < C7, Cg, Cy < +oo depend only on n. The proof of (23) is similar
to the proof of (7). The only difference is to replace %—‘f in (5) by ¢(x) in
(18).
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Using the interchange formula for covariant derivatives, we have (con-
vention: A = %vava + %vava)

1
A(V5V4U) =V5V,(AU) + 5 Ry5 VsV, U

1
+ 5 R5V5VoU = Ro5.5VaVoU

A|V5V,U| = 2Re{V3V5U - V5V, (AU)
+ VoV, U +|VaV3V, U2
+2R5VaV U - VVsU — 2R 5 5VaVeU - VV5U}.
Thus

2 / Re{V3V=U - V5V, (AU)dx
M

2 2
oy /anavﬁmm T Va5V, U2 d

+2 / [Ry5V5VU - VsV5U — R 5 5VsVeU - VsV5Uldx
M
— 0.

Choose a coordinate system such that at one point

0 o
- {0 o
Then
Ry5VgVaU - VVsU — R.5 VeVl - VVsU
(26) =Y R 550 —Xp)? > 0.
Ne)

(24) can be written as
2 /M Re{VV5U - V5V, (AU) bz
@) +/ IVaV3VU P + [VaV3VaU da
M

+ 2/ D Rong5(Aa — Ag)’dz = 0.
M a8
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But from (19) and (23) we have

2| / Re{V;V5U - V5V, (AU)}dz|
M

(28) < 2/M IVsV5U| - V5V, (AU)|dz

</ 20409\/013(330,1)
= Ju T+ )2+ NVolB(xo,  + 1)

dx < Cl()VOl B(JZQ, 1),

where 0 < C19 < 400 depends only on n.
Combining (27) and (28) we get

(29) / (IVaV3VAU P + [VaV5¥, U2 }dz < CioVol B(xo, 1)
M

(30) 2/ 3" R a5 — Ag)?dz < CioVol B(ag,1).
M a7ﬁ

On the other hand, we have

/R(AU)de:/ RAU - AUdx
M M
= / RAU - V,VgUdz
M
:—/ RVQ(AU)-Vade—/ VoR- AU -VaUdx
M M
= —/ RVanVEU-Vade—/ V. Rus - AU - VgUdx
=— / RVV. V35U - VaUdz + / Ro=V4 AU - VaUldx
M M
= /M VaoV35U - Vs [RVgU]dx + /M RV, AU - VgUdx

:/ RVQVBU-VgVaUd:r—i—/ VR -VoVzU - VaUdx
M M

+ / RonV,VaU - AUdz + / RonV4(AU) - VaUda.
M M
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/ VaR -V V35U - VaUdz
M
- / VR - VaVsU - Valda
M
= —/ RzV, Vo V35U - VoUdx —/ RgzVaV3U -V, VgUdx
M M
= —/ RgzVaV, V35U - VaUdzx —/ RgzVaV3U -V, VgUdx
M M
:/ V, V35U - Va|RgzVaU|de —/ RgzVo V35U -V, VgUdzx
M M
(32) = / VQR@ : V’YVBU . VaUdl' + / R/}ﬁvvaU - AUdx
M M
—/ RgzVoV3U -V, VaUdx
M
:/ VsRom - Vo V35U - VaUdz +/ RgzV V35U - AUdx
M M
—/ RgzVo VU -V, VaUdx
M
= —/ R,V (AU) - VgUdz — / RV, V35U - VVaUdz
M M
+/ RgzV, V35U - AUdx —/ RgzVoV3U -V, VzUdz.
M M
Combining (31) and (32) we get
/ R(AU)?dx :/ RV, V35U - VgVgUdzx
M M
(33) + 2/ RO@VWVEU . AUdI‘
M
— 2/ RV, V35U - VVzUdz.
M

If we define a function
F(x) =R(AU)? —= RV, V3U - VaV3U
(34) + 2Ro75V, V35U - VVgU
—2RxV,VgU - AU.
Then

(35) /M Pla)dz = 0.
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With the coordinate (25) we know that

(36) VoYUl = > X2

Define €2 C M such that
(37)
Q= {z e M|\ Vs VUl

2n 4+ 10)°

_ IVsV5U]
7

It is easy to see that for any x € M\ €2, there exist a« and 5 (say a = 1,3 =
2) such that

fora=1,2,--- n}.

| =<

Dy — Ao| > VsV5U|
~ (2n+10)%°
Thus
(38)
|VaVEU‘2 €

g — 2> R - > 7712
azﬁ:Raa,Bﬁ()\a AB) fll Rl 2 (2n+ 10)10 - (2’)’L+ 10)10R‘Vo¢vﬁU|

Ve e M\

2 10)10
R|VQVEU|2d:U < M/ ZR@BE(AQ — \g)?dx
€ M\Q ;3

(2n + 10)1° 0
< /M ;Rawﬂua — \g)?da.

M\Q
(39)

Combining (30) and (39) we know that

10
(40) RV, VU Pde < 22t 100
M\Q 2

Clovol B(.T(), 1).

It is easy to see that
(41) |F(z)| <Cu(n)RIVaV3zU?  Vze M.
Thus

[ Pl < / |F(2)|dz <
M\Q M\Q

(42)
< CH/ R|V V35U [dx < Ciz(n, €)Vol B(xo, 1).
M\Q
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From (35) we get

/Q F(x)dz = — /M\Q F(z)dz.

Thus from (42)
(43) | / F(x)dz| < Cha(n, ¢) Vol B(xp, 1).
Q
Since on 2 we have
N VYU s,
& \/ﬁ ) 4y y 0.

From (34) we have
F(z) ~ R-n|VsV5U|? — RIV5V5U >+

1
) +22Ra5-g\v5wm? —2) " Rua|VsV5U|%,

2
F(z) ~ Y Raa(n =3+ 2)|VsV5UP,  VreQ.

Since n > 3, we have n — 3 + % > % (44) is not precise. Precisely we have

(45) F(z) > %RWQWUP x € Q.
(43), (45) =
(46) / R|V3V=U|?dx < Ci3(n,€) Vol B(zo,1).
Q
(40), (46) =
(47) / R|VV=U|*dx < C14(n,€) Vol B(zg, 1).
M
(19) =
2 Ct
(48) |V5V7U| > W, r € M.
(47), (48) =
R(x)dx
(49) /M [1—}—7(1),1’0)]4" < 015(TL, 6) Vol B([I}o,l)

Thus finally we have
(50) / R(z)dzr < Cy6(n,€) Vol B(xo,1).
B(.CC(),].)

Theorem 2 is proved.
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