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HARNACK INEQUALITY FOR
NON-SELF-ADJOINT EVOLUTION EQUATIONS

SHING-TUNG YAU

Many years ago, S. Y. Cheng, P. Li and myself [1] gave an estimate of
the heat kernel for the Laplacian. This was later improved by P. Li and
myself in [2]. The key point of this later paper was a parabolic Harnack
inequality that generalized an elliptic Harnack inequality that I developed
more than twenty years ago.

Since many evolution equations in applied mathematics are not self-
adjoint and have a convection term, I propose here to generalize the par-
abolic Harnack inequality that Li and I developed to cover the non-self-
adjoint case. The Harnack inequality is considerably stronger than the
estimates of the heat kernel. I hope that it will be useful for questions in
control theory and fluid dynamics. The applications will be studied on a
later occasion.

1. Harnack inequality for non-self-adjoint equation

Let u be a positive solution of the equation

ou
(1.1) o =Au+> fiu; + Vu

where f; and V may depend on ¢.
Let ¢ = —logu. Then

(1.2) or = Ap — ‘VSO|2+ZfiSOi+V~
Let
(1.3) Y=o+ |Vel? =) fipi =V —a(t)V/|Ve + B(t) —
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where «, 3, ¢ are to be chosen later.
Then

Ve =ou+2Y 0ioi— Y (i =Y fivri — Vi

N ey B DL L S
VIVeE+8  /IVeP + 5

A= (Ap) +2> 0% +2) 0i(Ap);
(1.4) +2) Rijpip; — > Rijfie;
=23 figpii — Y fi(Ap)i = Y (Afi)es
adl el N ad (32, pivi)?
VIVePP+8 - (IVel* + )32
_aXvilA9)i L,

VIVe2 + 6

where R;; is the Ricci curvature of the manifold (which is zero if defined

— AV —

on Euclidean space).

Hence
=AY =—(IVol> = fipi = V)i
- 2290?]' - QZ%HV@P - Zfi%‘ - Vl;
+2)  fijei + Z FlVelP =) fies =V
+ Z[—(fi)t +Afilei =2 Rijpip;
(1.5) +ZRz‘jfi<Pj+AV—Vt
. ad eillVel* =3 fie = Vi

VIVe|2+ 6
n 042%2]‘ B aEi(Zj SOjSDjz‘)Z
VIVeR+38  (IVel? + )32

,8/
VP + - — ¢+ Ac
2\/|Vpl]2+ B
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= _22901¢1 —20524,01 |V(,O‘2 —2Z@i0i
+Y St a) VIV +B)i+ ) fic
—2) @ +2) figeu+ ) Afips
i eillVel? =X fies — Vi
LAV +
N/
QZRHSD@SD] +ZRz]fzSDJ + \/W
azi(zj' SOjSOji)Q , - af’
- - e A
(V|2 + B)3/2 o VIVel?+ NOCLES: ct + Ac
==2) o+ ) fibi—2) @ +2) figei+ ) (Afiei+ AV
(@) fijeip; +ad Vi)
B/ re B PR
eyl ey eie)’
+ ZRl]leOJ + \/W (‘VSOP _’_ﬁ)3/2

—o'\/|Vo? + 8 - \/%—CHFAC—?Z%CWme

Suppose ¥ < 0 when t = 0. Assume that at ¢ty > 0, 1 becomes zero
at some point in the interior of the manifold and ¢ < 0 for t < tg. Then
Y >0, Vip = 0 and Ay < 0 at this point. Hence

(1.6)

« 1 o -1 ,
<2 B \/W) 2 v =3 (2 - \/W) (fig + f3.)

17_7

-1
1 o
Ay ————— o . 2
§4( W) ;Uﬁfﬂ
YA 20+ AV -~ %wm)

(ad2,(32; pivii)?
RECRT

/
—a ’vw‘2+ﬂ_ﬂ€&7ﬁ|2+ﬁ_0t+Ac+ZﬂCi.
14
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By the arithmetic-geometric inequality, the lefthand side is greater than

1
o o
(1.7) 2— — nfl[A(p — |2 — — f”]Q
VIVel?+ 5 VIVel? + 8 2
Note that at ¥ = 0, Ap = a\/|Ve|? + 5+ c.
If we assume that for some a, the following inequality holds:
(18) 2ZR”$V’E] — Z Rijfixj — Z Afz Z f] 7

for all x, then we can take o = 0 in the above inequalities and take

n 1
:2—t+§ij7j+b

to conclude

s éZ(fquf”) tat AV
(19 "

2t
2t2_ met‘i‘A Zf“ +Zf, Zfﬂﬂ)’

This inequality is violated if

2b 2
= —b2 Z(fwjuf]l) +a+ AV

(i) t .
- 5(2 fig)e + A(g DRSS fi(5 > fidde

On a noncompact manifold, ) may not achieve its maximum in the
interior of the manifold. In that case, we choose a nonnegative function
p which tends to infinity when r tends to infinity. If v is bounded, the
function 1 — ep then attains a maximum somewhere for ¢ < ty. At such a
point, Ay < eAp and Vi) = eVp. Hence

—eAp < —QEZ%‘M - €Zfz’pi - 22%2]' + QZfz}j‘Pij
(@D fizpips + 2 0iVi)
+ Afi)pi + AV —
> (Af)e N
ayey X (X, eivi)?
VIVeZ+3 (Vo2 +B)3/2

!
—o/\/|V<p|2—|—ﬂ—L—ct+Ac
2/ |Vl + 3

- 22 pic; + Z fici.

(1.11) —2)  Rijpip; +
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In this case we can take ¢ = %4— Z fj,j+b. Then under the assumption
that

(1.12) 2) " Rymja; — Y Rijfiry — Y (Afi = (O fi4)i — 2epi)wi > —a
for all ;. We find
—eAp+ (3 < —ey fini+ Z (fig + f5.0)> +a+ AV
@ - 5(2 fii)e + A(§ Do fi)+ Y fi(% D fig)i
We can choose p to be of the form log(d? + 1) where d is the distance

function. Hence if we assume that (d? + 1)7!(>" f?) is bounded for all ¢,
we can let € — 0 in (1.13) and obtain

(1.13)

2. n 1

2 2
(1.14) ntae T ng(fiﬁfj,i) +a+ AV

- %(Z fii)e + A(% Z fii) + Zfi(% Z fig)i

If we also assume that (d? + 1)71|Vy|? is bounded (in space) for all
t > 0, then we can let ¢ — 0.

By a parametrix argument, if both (d? + 1)7* " f? and (d* + 1)~ }|V|
in (1.12) are bounded, then both (d? + 1)~!|V¢|? and v are bounded for
small time. Hence we have proved the following

Theorem 1. Let u be a positive solution of (1.1) so that (d* +1)71 3" f?
and (d* +1)71V are bounded. Suppose there is a constant a so that

(115) 22Rijaciwj—ZRijfi:rj—Z Afz_ Zfz] - =

for all x;. Suppose that for some constant b

(116 Eb2+2—b lz:(fi,j~|—fj,i)2-i-a—i-AV
1.16

- 5(2 fii)e + A(% d o fii)+ > fi(% > fidi
Then —(log u)+|V log u?+3" fi(log u)i—V—%— ~3 > fii is nonpositive

for allt > 0 if it is nonpositive for 0 <t < e for some € > 0.
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Note that the last assumption can be checked by the parametrix argu-
ment.

Let us now consider the case when the manifold is compact with bound-
0
ary. In this case, we shall assume that the vector field F' = > fi% is

K3
tangential to the boundary. We require that u is constant on the bound-

ary.

0
If ¢ achieves its maximum on the boundary, then a—w > 0 at that point.
v
On the other hand, u is constant implies that d—f = 0 on the boundary.

d o
Hence 2% _ 0 and

dt v
M dop 0O 9 0 0 0
<o, = way "o, IVel) -5 Fle) = 5o (V) = 5-(c)
(1.17) o 9 1

Let us now assume the boundary of the manifold has positive mean
curvature. Then 2 (|Vp|?) < 0. Hence if we assume 2 (V+3 3, fi;) >0,

we can prove the following

Theorem 2. Let u be a positive solution of (1.1) which satisfies the con-

dition that uw = constant on the boundary. Assume that the boundary has
0

positive mean curvature and a—(V+% > fii) > 0. Assume that (1.15) and
v

(1.16) hold for some constants a and b. Then

9 n 1
(1.18) —(logu)s +|Vlogul® + 3 _ fillogu)i =V = o —b—5 > fi: <0.

Let us now explain (1.15) and (1.16). If f; is a gradient vector field and
R;; = 0 (as in Euclidean space, (1.15) automatically holds. It is remarkable
that in (1.16), only AV appears. In particular, if V' is linear for each time
and AV = 0, the theorem applies.

Let us now consider the case when (1.15) does not hold for any choice of
a. We shall take ¢ = 22 + b where b is a positive constant to be determined.

We shall choose f = d + { where d and e are positive constants to be

chosen. Choose d > a? so that a(/|Vp|]2 +5)71 < 1.
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The previous argument requires that the following inequality be violated:

(1.19) (2— ﬁ) [ VIVeE+ B+ o +b

-1
(- ) T

-1
.« - 2 Ao+ A
(2 (IVe|? +ﬂ> ;j(fm + 1507+ ) (Af)pi + AV

(X figjpips + 2 0iVi)
— : -2 R;ipip: + 2 R;ifip;
Ve 2 fuen R b

<

I

ae n
+ .
2\/|Vel2+5 2t

The righthand side is not greater than
1 1
1 Z(fi,j + fi.0)? + AV — a|VV | + €| Vp|* + _e z:(Af,»)2
,J

2
(1.20) +de2+——§jum+f”)+de2 }j}ijﬁ

7.7

- QZRij@i@j + o + %
20\ [VplP + 5 2t

where € > 0 is arbitrary. If b > |Xf; ;|, the lefthand side is not less than

042 n an
Z (IVol? - _
(1.21) w VO g e Ve
YV ol?
ﬂ;%i&%_zhy

By choosing e > 4, we can arrange

(192) a/[Ve?+8 an < ae
' t 42\/IVelP+ 8~ 262/ VP + 8

Hence we simply choose o and b so that

2
[0
(1.23) ;th!z > 3¢|Vo” =23 Rijoip;
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2
(b=>_ fii)*> (i + f—GE) ;(fi,j + f10)2 + AV — a|VV|
(1.24) !
+ 4% Z:(Afz‘)2 + % Z(Z Rijfi)?
(1.25) b> |me-\.

Theorem 3. Let u be a positive solution of (1.1) so that (d* + 1)_1Zfi2

7
and (d>4+1)7V are bounded. Suppose that we can choose constants o and

b so that (1.23) and (1.24) hold. Then

— (logu)s + [Vlogul® + 3 filogu); =V

(1.26) -
< oz\/|V(logu)|2 +d+ " + % +5b

where d > a2 and e > %

2. Estimate on the time derivative

In this section, we shall make use of the estimate of the previous section.
Let

(2.1) Y =p+tps + F,
where F' is a function to be determined.
Then
oY
5 " Av= (ot — Ap) + @1 +t(pr — Ap) + Fy — AF

= (=|Vel* + Zfi%’ +V)+ o
+H(=IVel* + ) fipi + V)i + F, — AF
(2:2) = —2pi(tet + ¢ + F);
+Zfi(t§0t+90+F)i+<Pt
FIVelP+ 3 fipi + VAtV +23 " Fig;
+t> (fi)epi — Y fiFi+ F, — AF.
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The first simple case is to assume f; is a gradient vector field and R;; = 0.
In this case we choose F' so that t(f;): + fi = —2F;, a can be chosen to be
zero in (1.8) and b > 0 can be chosen so that

%b2 = é Z(fi,j + fi)? AV
i,
+ %A(Z fii) — %(Z fii)e + Zfi(% > fidi

Then by Theorem 1,

(2.3)

n 1
(2.4) 90t+|V<P|2—Zfi<Pi—V—2—t—5—52fmSU-

Hence
(2.5)
o+ Vo> + V4 tVi+ Y @F +t(fi)e + fi)pi = D iy + Fy — AF

n 1 9 1 9
Sttt ) fii Vit Qe+ 5 ) R+ F

If we replace F' by —% logt + F', we obtain the following:

Theorem 4. Assume that in Theorem 1, R;; = 0 and (f;) is a gradient
vector field. Then if u is a positive solution of (1.1) and b > 0 is defined
by (2.3), then

—t(lnu); — logu — %lnt —ct+F <0

such that t(f;): + fi = —2F;, where
1 lm,, 1 )
(2.6) c=sup(2V +b+ ng TVt 5 D S+ O D+ R,

and

(2.7) lim (—¢(Inw), — logu - g Int+ F) < 0.

Note that when f; = 0, we need only make the assumption R;; > 0 instead
Of Rij =0.
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Corollary. Under the assumption of Theorem 4,

t2 t
(2.8) tlogu — lim 7 logu(7) > —Etlogt—i—ﬁt— S 4| F
720 2 2" "2 T,

and

1 [t 1 t
(29  uzt el /0 Fot 5+ lim(rlogu(r) - 5

!

When f; is not a gradient vector field, the estimate is more complicated.
However, the opposite case when f; j+ f;; = 0 is quite simple. (This corre-
sponds to the vector field defined by a one-parameter family of orthogonal

matrices.)
In this case, let
n
(2.10) wzgo—l—tgot—tz:figoi— o Int+ F(t).
7
Then

Vi =AY =01 — Ao+ o1 +t(or — Ap)e — Y figi —t > _(fi)epi

+tY> Rijfips =ty filor — Ap)i
263" figpis +t > Afigi — % +F

= (—IVelP + ) fivi + V) + @1
HH(=IVel? + D fipi + V)= > fipi

(2.11) —tY (fiepi +t ) Rijfip;

—t> fi(=IVeP+ > fipi + V)i
+2Y fispi +tY Afigi— 5+ F

=0t — 2> ithi + Vo> =2t Y fijpi;
=D fipi VAtV + > fitki +t Y Rijfip
+2 Y fispu Tt (Af)pi— 5+ F

Note that fij = *fj,i 1mphes Zfi’j@i@j =0= Zf@j@n‘. If Rij = O,
Af; = 0 also. Theorem 1 says that

9 n n
(2.12) or Vo> =D oifi -V - 5 S\ (AV)+
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Hence when 9; =0 (2.11) is less than

2V + 1V, +,/§(AV)+ +F

397

Theorem 5. Assume that in Theorem 1, R;; =0 and f; j = —f;:. Let u
be a positive solution of (1.1). Let F be a function of t so that

(2.13)

2V + 1V, + g(m/)+ +F <.

and 7}in(l][—t(log u)y —logu+ > fi(logu); — n logt 4+ F] < 0. Then

(2.14)

2
—t(logu); — logu + Z fi(logu); — glogt +F<0 for all

t.

If f; is neither a gradient vector field nor a Killing field (i.e., fi ; = —f;.),
we proceed as follows. Let

(2.15)

Then
(2.16)
(o

@b:gp+tg0tf’y(t),/\Vgo|2+d+§fglnt+F(t).

—AY =y — Ap + @ +t(pr — Ap)y

e €,_1
=\ IVeP +d+ <+ F' =5 Rijpi))([Vel* +d+ 5) 7

e e
- ’Y[Z%‘(% —Ap); — t—z](|v¢|2 +d+ ;) 1z

2 2 €i_1/2
*V(E i) IVl +d + z) /
n

e, _
+7§ (§ ©ipij)*[|Veol* +d+ ﬂ 3/2_2_15
7 7

= —|Vol> + > figi +V + ¢y

IV + D fipi + V) =7\ [IVol2 +d+ =+ F'

— D @iVl + 3 fupi + V)i = IVl +d+ 77

€\ _
= 1) Rigesos) Vel +d+ 5)71/2
€\ _
— (Ve +d+ 57
n

e,
+7§ (E ©iij) (Vo> +d + ;) 3/2—§
7 7
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=0t —2) b + [Vl + V4 tVi+ ) b + F'
— A Fugeres + Y eiVi = )Vl +d+ )7
— /IR +d+
— " Rigesos + Y1Vl +d+ )77

T D0 eIVl +d 1) 403 (fpi -

J (2

n

2t

§—2290i1/1i+2fi¢i+2v+ﬂ/t

+ % Z fii+ Z(t(fi)t + fi)pi + QW

=b+F + ’7(%\/2(]}7] + f5.0)%| Vel + |[VV] + ?)

&
—7'\/IVel? +d+ i Y(Rij) -Vl

where (R;;)_ is the smallest eigenvalue of the Ricci curvature R;;.

Theorem 6. Using the notation of Theorem 3, we choose a function (t)
so that

(217) (= +a)y/IVel2 +d+ 7+ (e + i)

9y Y e + 31Vl +19V]+ )~ 2(By) 196l <0,

We also choose F(t) so that
(2.18) 2V +tV,+b+ F' <0.

Then under the same assumption as in Theorem 3,

. —logu —t(logu) — ©|e + +E—ﬁnt—|— t) <O0.
2.19 1 1 Vo|? +d ; 21 F(t) <0



NON-SELF-ADJOINT EVOLUTION EQUATIONS 399

References

1. S. Y. Cheng, P. Li and S.-T. Yau, On the upper estimate of the heat kernel of a
complete Riemannian manifold, Amer. J. Math. 10-3, 1021-1063.

2. P. Li and S.-T. Yau, On the parabolic kernel of the Schrédinger operator, Acta Math.
156, 153-201.

DEPARTMENT OF M ATHEMATICS, HARVARD UNIVERSITY, CAMBRIDGE, M A 02138
E-mail address: yau@math.harvard.edu



