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INFINITELY MANY SYNCHRONIZED SOLUTIONS TO A
NONLINEARLY COUPLED SCHRODINGER EQUATIONS WITH
NON-SYMMETRIC POTENTIALS*

CHUNHUA WANG! AND JING ZHOU*

Abstract. We study a nonlinearly coupled Schrédinger equations in RV (2 < N < 6). Assume
that the potentials in the system are continuous functions satisfying some suitable decay assumptions
but without any symmetric properties, and the parameters in the system satisfy some restrictions.
Applying the Liapunov-Schmidt reduction methods twice and combining localized energy method,
we prove that the problem has infinitely many positive synchronized solutions.
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1. Introduction and the main result. We consider the following nonlinearly
coupled Schrédinger equations in RY (2 < N < 6),

—Au+ (14 eP(z))u = puv, r € RV, @)

—Av+ (1+eQ(z))v = Eu? + 0%, z € RV,

where the potentials P(z),Q(x) are continuous functions satisfying suitable decay
assumptions, but without any symmetry properties, € is a positive constant, 4 and ~
are some parameters.

These types of systems arise when one considers standing wave solutions to the
following problem

i% = —Ay + P(z)1 — aa|tn e — Bilvn v,  (z,t) € RN x (0, +00),

iaawf = —Atpy + Q)2 — B 1|1 — Balta|ta,  (x,1) € RN X (0, +00),
(1.2)
where 9; are the complex wave functions which for solitary waves, i.e., localized
solutions, must also decay at infinity.

Nonlinear Schrodinger equations appear in many contexts, for example, in pho-
tonics, plasmas, foundation of quantum mechanics, optics in nonlinear media or in
mean-filed theory of Bose-Einstein condensates. In particular, in nonlinear media op-
tic theory, the nonlinear Schrédinger equation appears as an asymptotic limit for a
slowly varying dispersive wave envelope propagating in nonlinear medium. In nonlin-
ear optic theory, the cubic nonlinear Schrédinger equation

O
i—
0z

+rV2 + x|yl =0, (1.3)

is the basic equation describing the formation and propagation of optical solitons in
Kerr-type material [28, 8]. Here 1 is a slowly varying envelope of electric filed, the
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real-valued parameters rand x represent the relative strength and sign of dispersion/

diffraction and nonlinearity respectively, and z is the propagation distance coordi-
2

nate. The Laplacian operator V2 can either be % for temporal solitons, where

v is the normalized retarded time, or V? = Zil 68—; for spatial solitons, where
x = (x1,x2,...,xy) is the spatial coordinate with the sﬁatial dimension N > 1. Here
x is the direction orthogonal to z. Solitary wave solutions to (1.3) and its generation
have been in, such as [5, 27].

The invention of lasers in 1960s enabled experimental physical scientists to ob-
tain a powerful source of coherent light so nonlinear optical effects such as Second
Harmonic Generation(SHG) were discovered when the optical material has a x() (i.e.
quatratic) nonlinear optical nonlinear response instead of conventional kerry®) ma-
terial for which (1.3) is based on(see [6, 7]). Supposing that we consider a strong
parametric interaction of three stationary quasi-plane monochromatic waves with fre-
quencies w; (i = 1,2,3), the harmonic waves, the frequencies of interacting waves are
matched exactly (w; +ws = ws), then with some conventional normalizations and the

assumption that w; = ws = ¥, we can obtain the simplest case of type-I SHG (see
(6], p. 104])
_ N
zaerraxQ u+vu20, x e RY, (1.4)
ZUaZ+5 —av+ %5 =0, r e RN,

where u is a senormalized slowly varying complex envelope of wave with frequency
w1, v is the one with frequency ws, o, > 0 and r, s = +1. In the spatial soliton case
r = s = 1, while the temporal case all four combinations for r, s = +1 are possible.
The physically realistic spatial dimensions are N =1 or N = 2. Then the chirp-free
two-wave (symbiotic) solitons can be found as real-valued solutions of the steady state
(Z = 0) equation:

Au—u+vu =0, x e RN,
Av—av—l—%zO, z € RN, (1.5)

In the case N = 1, the existence of a non-trivial ground state solution of (1.5)
was shown in [33] by using a variational approach. Multi-pulse solutions of (1.5) for
N = 1 were first observed in numerical simulations (see [33]), and the existence of
multi-pulse solutions was rigorously proved using singular perturbation theory in [32].

Similar to (1.4) and (1.5), the propagation of solitons in x®) nonlinear fiber
couplers can be described by a set of coupled nonlinear Schrodinger equations:

wj +rv2¢J+X(Z\¢Z ) =0 (1.6)

for j = 1,2,..., K. Here the complex-valued v; denotes the j-th component of the
light beam, and W)j|2 is the change in refractive index profile created by all the
incoherent components in the light beam. The solitary waves of (1.6) satisfies
V;(t, x) = u;(z)eit, and u;(x) satisfies

K

rAu; — i+ X(Z \ui\Q)uj =0, (1.7)

i=1
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for j =1,2,..., K(see [17]). The existence of solitary wave solutions to (1.7) has been
studied extensively in recent years, for example, [1, 13, 17, 19, 25, 26, 29] and the
references therein, and the same system in a bounded domain was also considered in
[11, 12, 22, 31].

In the mean-filed approximation, the system described by the Gross-Pitaevskii
equations

{ 2‘5{;#; :(L1+U11|7/11|2+U12|1/)2‘2)1/)1+/\¢2, SCERN, (1 8)

i% = (La + Ua1|a]? + Usa|th1 [*)tpe + Apy,  x € RN,

where L; = —V?+V; with j = 1,2. The model which the propagation of solitons y(*)
in nonlinear fiber couples based on is equivalent to (1.8). Here ¢;(j = 1,2) denotes
the j-th component of the light beam. This system has received a lot of attention both
experimentally and theoretically. The standing-wave solutions v;(j = 1,2), which are
those of the form v; = u;eF!(j = 1,2) with u; a real-valued function, satisfy

{ — Ay + Vi(x)pr = [ 22 + Ae]?,  z € RN, 19)

— Aty + Va()o = |[o]?r + Ajtn >, z e RY.

The existence of solitary waves to (1.9) is well-studied and has been explored by many
authors in recent years, for example,[1, 4, 13, 17, 18, 20, 21, 26, 29)].

Compared with the well-studied x®) nonlinear Schrédinger system, little atten-
tion is given to the x(?) SHG system. When oy = 1, a5 > 0,3, = 2 = 0, (1.2) is just
the case considered by [34]. Very recently, Wang and Zhou in[24] using the finitely
dimensional reduction method obtained infinitely many non-radial positive synchro-
nized solutions of the system (1.1) under radial potentials satisfying some algebraic
decay. In this paper, we consider the case when $; =0 and a;(j =1,2) > 0,5, € R.

Inspired by [2, 24, 30], we want to investigate the existence of infinitely many
positive synchronized solutions of the system (1.1). In order to state our main result,
now we give the assumptions imposed on P(z), Q(x) which are similar to those in [2],
(H,) P(x),Q(x) are positive and continuous functions in RY;

(Hz) lim P(z)= lim Q(z) =0 as |z] = oo;
| oo |z|—o00

z|—

(Hs) 30<7<1, | llim (a®P(z) + B2Q(z))e™"! = +oo,

where a, § are defined in (1.12) below.
The energy functional associated with problem (1.1) is

1
J(u,v) = B / [[Vul® + (1 + eP(z))u? + |Vv]* + (1 + eQ(z))v?]
N

N (1.10)

—ﬁ/ UQU—Z/ v v e HY(RY).

2 RN 3 RN
We will study J(u,v) in Section 4. Let w be the unique solution of

Aw—w+w? =0, w>0, in RV,

(1.11)

w(0) = max (z), w(zr) = 0, as|zr| — oc.
z€RN

By the well-known result of Gidas, Ni and Nirenberg in [15], w is radially symmetric
and strictly decreasing, w’(r) < 0 for r > 0. Moreover, from [15] we know the following
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asymptotic behavior of w:
_N-—1 1
{ w(r) = AN?" 2 e 70(1 + O(;)),
w'(r) = —Anxr="7 e (14 0(L)),

for r > 0, where Ay is a positive constant.
If £ > 0 and p > v, taking

1 /2(p— 1
o= M, e (1.12)
K H 2
then
(U, V) = (aw(z), Bw(z)) (1.13)
solves the following problem
—Au+ u = puw, in RV,
(1.14)
—Av+v = Eu? + 702, in RV,

We will use (U, V) as the building blocks for the solutions of (1.1). Let o > 0
be a real number such that w(z) < ce™!*! for |z > p and some positive constant ¢
independent of g large. Denote O,, = (O, -+, O,,). Now we define the configuration
space

— N — mN : L >
0 =RY, Q, {OmeR | min|0, Ok|7g}7Vm>1.
For O,, € Q,,, we define
(Uo,,Vo,) = (U(z — 0;),V(z - 0y)) (1.15)

and the approximate solutions to be
m m
Uo,, :ZUOJ" Vo,, :ZVOj. (1.16)
j=1 j=1

Denote

u Au — (1 + eP(x))u + puv
G( v ) = ( Av— (1 —|—62_2(x))v—|— g—;zﬂ_i_ yv? ) (1.17)

and for f = ( h ), g= ( 91 ), we denote (f, g) z/ (f191 + f292)-
f2 92 RN
Now we state our main result as follows:
THEOREM 1.1. Assume that (Hy),(Hsz) and (Hs) hold and 2 < N < 6. Then

there ewists eg such that for 0 < € < €, if u > 0 and p > ~, problem (1.1) has
infinitely many positive synchronized solutions.

REMARK 1.2. From the first equation of the system (1.1), it is easy to see that
the system (1.1) has no segregated solutions.
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REMARK 1.3. The system (1.1) possesses the symmetry that if (u(z),v(x)) is a
solution of (1.1), so is (—u(zx),v(x)).

In order to prove Theorem 1.1, we mainly use the Liapunov-Schmidt reduction
method as in [2, 3, 16]. There are two main difficulties. Firstly, we need to show that
the maximum points will not go to infinity (see Section 4). This is guaranteed by the
slow decay assumption (Hs). Secondly, we have to detect the difference in the energy
when the spikes move to the boundary of the configuration space. A crucial estimate
is Lemma 3.1, in which we prove that the accumulated error can be controlled from
step m to step (m + 1).

Our paper is organized as follows. In section 2, we perform the first finitely
dimensional reduction. In Section 3, we show a key estimate which can recognize the
differences between the m-th step and the (m + 1)-th step which involves a secondary
Liapunov-Schmidt reduction. We prove Theorem 1.1 in Section 4. Throughout this
paper, denote H = H'(RY) x H'(RY) and ||(u,v)||f = ||lull?: 1ryy Hv||H1 ®~y- 6 C
will always denote various generic constants that are independent of ¢ for p large.

2. The first Liapunov-Schmidt reduction. In this section, we perform a

finite-dimensional reduction.
For O,, € Q,,, we define the following functions:

D 1 ()
; xr
D= ( ")y =| 2= ,forj=1,--,m k=1,--- N, (2.1)
J D. 8VO
k2 2z Gi(

where (;(z) = C(%) and ((t) is a cut-off function such that ((¢t) = 1 for [t| <

1 and ¢(t) = 0 for |t| > ngil. So we know that the support of D, belongs to
B, (0)).

2(e+1)

Consider the following linear problem: given h = ( Zl ), we find a function
2
0] ) e
satisfyin
(¢ satistying

¢\ [ Ap—(1+eP@)p+uVo,d+mlo, ¥ \ = 4
L( G ) - ( A = (1+€Q(@)Y + plo,, ¢ + 29Vo,, ¥ ) B g; it Dik;

(( Z ) ( gzz; ))=0forj =1, m k=1 N

(2.2)
Letting 0 < 0 < 1 and
E = Z 670"703",
Om 69771
we define the norm
[hll = sup |E(z)""hi(z)| + sup |E(x) " ha(z)]. (2.3)
TeRN zERN

From [14], there holds the following relation

l[ull oo mvy < Cllulls, (2.4)
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where C' > 0 independent of o, m and O,,.
Firstly we give the following non-degeneracy result which will be used later.

LEMMA 2.1 (Proposition 3.3, [24]). If u > 0 and p > ~, then (U,V) is non-
degenerate for the system (1.14) in H in the sense that the kernel is given by

Span{(gg,g;z)‘jl,~u ,N}.

In the following, 6 will denote a positive constant depending on ¢ and o but
independent of o, m, O,, and may vary from line to line.
PROPOSITION  2.2. Let h with ||h||. norm bounded and assume that

(( z ),{cjk}) is a solution to problem (2.2). Then there exist positive numbers
€0, 0o such that for all 0 < € < €y, 0 > 09 and Oy, € Q,,, we have

(@, ¥)[l+ < Cln]l,

where C' is a positive constant independent of o,m and O, € Q.
Proof. Similar to [3], we prove this proposition by contradiction. Assume that

there exists a solution ( Z ), such that |||« — 0, and ||(¢,¥)]. = 1.

Multiplying the frist system (2.2) by Dj; = ( gjk’l ) and integrating in RY, we
k.2

get

D; h D;
Ly = [ e [ o
RN P D2 RN N\ ho Djp o RN
By the definition of Dj;, we deduce

D2 :/ D%, + D? :(a2+52)/ ‘
RN ik RN( gk.1 ﬂm) B, (0) Oy,

oFT)
:(a2+52)/ &U‘2+(a2+52)/ﬂw’gZ’QKJZ(erOj)1]

RN 8$k
w

a 2
_ 2 2 et 2 .
(" 45 )/]RN\B .2 (o)’awk‘ G@+0;)

Ty
ow |2 _
~@+2) [ |5 o,

since

Jolorlgeror-n= [, ol 1eGE) -

2
<C ‘a—w < C/ e 2lel < cete,
RN\B,_, (0) | 0Tk RN\B,_1 (0)
2 2
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On the other hand, from (2.4), we have

’/RN ( Z; )( gjl,:; )‘ < ’/RN thﬂ%l‘ + ‘ /RN hQDjk,Q‘ < C||h]|« (2.5)

9o,
Setting ﬁjk = ( a‘a‘fg_ ), we have
J

Oz

oN 7 Dijp, Dy, 10}

/RNL(¢)(D;Z) :/RNL(D;,}:;)(qp)
:/ ((ADjk,l Dji1 + Vo, Dji1 + pUo, ]k2)<ﬂ)(¢)
(ADjk2 — Djk2 + pUo, Djk + 27Vo,Djk2)¢;/ N

+/ (ACj i1 + 2V Dk - V¢ ) ((/5)
A(iDjro +2VDjgn -V / \U

M(Vo VO ) ik, ICJ + M(UO UO ) Jk, QCJ ¢
+/ (,u(Uo —Uo,) Djr1G +2v(Vo,, —Vo,)D Jk2CJ>(¢>

_ 6/ (P(x) jk,le)(¢)
'Y N Q(2)Dj2C/ N
Now we estimate all the terms in the right side of (2.6). Firstly, since (Uo,, Vo,)

satisfies (1.14), we find that the first term is equal to 0. The second term can be
estimated as follows:

A¢Djra + 2V Dy -V &
’/RN ( chDjZ:HijZ; .ng- )( W )’
Alj(w+ 0)) F2 + 2V LV (i(x+0)) \ [ 6
‘/ O\B i ( o>( ACi( 0j) g +2 vzzkvg( 0;) )( " )‘

2(9+1)

< Ce™2%]|(¢, ) .,

(2.6)

since
0 0
‘/ A¢(z + 0, )—w¢+2v8;” V(@ +0,)9|
o—1(0)
2(9+1)
< C sup |¢pE~ 1“/ D e OO lal
rERN 2 (ON\Bo-1(0) =

2(Q+1)

< C sup \¢E_1\e_%99/ eIl < Cem3% sup |pE
B_,2 (0\B,-1(0)

zERN zeRN

2(o+1)

< Ce™3%|(¢, ).
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and
ow
|/ BG (o + 0)) 5 +2V 5 VG (a+ O,)0
2 (0\By_1(0) Tk
2(e+1)
<Ce 2% sup [YE < Ce 2%||(p, )]s,
RN

for some 6 > 0. Similarly, we can deduce

. 2&3?’“9 )(0)| <t

J’%QCJ
and
’/ —Vo,) JngJru(Uo —Uo,) gszg )((b)‘
RN ~Uo,)Dji1G +2v(Vo,, — Vo,)Djr2¢ ()

<c Do wiT Oz)axkoj)>(¢

o < Cem3%2) (9, ).
B¢ (04) ( Zl;ﬁj w(z — Ol)%ko) ¥ )

for some 0 > 0. So we can conclude that

leji| < C(e™2%)|(¢, )|« + [|l])- (2.7)

Let now ¢ € (0,1). It is easy to check that the function E satisfies

() <50 -0( 5 )

in RV \ U;"B(Oj, 01) if 01 is large enough but independent of o. Hence the function
E can be used as a barrier to prove the pointwise estimate (similar to (3.11) in [3])

e <c([e( 5], sl vlimono,m)E@. @

for all 2 € RN \ U"B(O;, 01).
Now we assume that there exist a sequence {0"} tending to oo and sequences

{h"}, ( z: ), {c}).} such that
[A"™ ]l = 0, and [|(¢",%")]|. = 1.

By (2.7), we can get

|3, o

gk

Then (2.8) implies that there exists {O}} C §,, such that
”((bna"/}n)”Loo(B(O;‘,g"/Q)) >C, (2.9)

for some constant C' > 0. Using elliptic estimates with Ascoli-Arzela’s theorem,
we can find a subsequence of {O7} and we can extract, from the sequence (¢"(- —
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07),¢"(- — OF})) a subsequence which will converge (on compact sets) to (¢oo; Poo) @
solution of

Ao — oo + 11V oo + plUtoe = 0, in RN7 (2.10)
Atog — Yoo + U oo + 27V 1o =0, in RY. '
Moreover, recall that (¢™, ™) satisfies the orthogonal condition in (2.2). So,
ou oV
o — o=— =0 1=1,2,...,N. 2.11
/RN <¢) Bxl +¢ 85&) ! ( )

By the non-degeneracy of (U,V), we have (¢oo, Vo) = (0,0), which contradicts to
(2.9). The proof is complete. O

Applying Proposition 2.2, we get the following result at once.

PROPOSITION 2.3. Given 0 < o < 1, there exist positive numbers €y, 09, C such
that for all 0 < € < €p, 0 > 0o and for any given h with ||h||« norm bounded, there is

a unique solution (( i ),{cjk}> to problem (2.2). Furthermore,
(@, )]« < C|IA]ls (2.12)

Proof. Consider the space

wefworen ()5 )= 0nem)

Since the problem (2.2) can be rewritten as

oy (K Koy
(¢)+(/c K2)(¢>:h1n7-[7 (2.13)

where h is defined by duality and K, K1, Ky : H — H are linear compact operators.
By Fredholm’s alternative theorem, we know that (2.13) has a unique solution for
each h is equivalent to showing that the system has a unique solution for h = 0,
which in turn follows from Proposition 2.2. This concludes the proof of Proposition
2.3.0

In the following, if (¢,) is the unique solution given by Proposition 2.3, we
denote

(¢, 9) = A(h) (2.14)
and (2.12) yields
JAMR)« < C|R]s. (2.15)

Now we reduce (1.1) to a finite-dimensional one. For large ¢ and fixed O,,, € Q,,,,
we are going to find a function (¢o,,,¥0,, ) such that for some {c;x},j =1,--- ,m, k =
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1,---, N, the following nonlinear projected problem holds true

( A(Uo,, + ¢0,,) — (1 + €P(x))(Vo,, + ¢0,,) + n(Uo,, + ¢0,.)(Vo,, +vo,,) )
A(Vo,, +v0,,) = (1 +€Q(x))(Vo,, +vo,,) + 5(Uo,, + ¢0,.)* +7(Vo,. +vo,,)*

B ( ST e Gk Dt

m N
ey 2op=1 CikDjk,2

<( ZZ: )»( g:; )>:0 forj=1,---,m, k=1,---,N.

(2.16)
It is obvious that the first system in (2.16) can be rewritten as

¢o,, Uo,, do., m N D,
L( wzm ) =-¢( vzm ) —u( ¢Zm )+;;qk( Dj:; ) e

where

%o, ):< pbo,.Yo., ) (2.18)

M( Yo, 55, + 7Y%,
Now we come to the main result in this section.
PROPOSITION 2.4. There exist positive numbers oy, C and 0 such that for all

0> 00, and for any O,, € Q,,,, € < e~22, there is a unique solution (( sz ),{cjk})

to problem (2.16). Furthermore, (¢o,,,%0,,) is C* x C* in Q,, and

1(0,..Y0,)lls < Ce™, e i < Cebe. (2.19)

In order to apply the contraction mapping theorem to prove Proposition 2.4,
firstly we have to obtain the following two lemmas.

LEMMA 2.5. For any 0 < o < 1, there exists oo > 0 such that for o > g large,
and for any O,, € Qp,, € < e~22, the following estimate holds

o er )

for some positive constants 8 and C' independent of o, m and O,,.

< Ce % (2.20)

*

Proof. Using the system (1.14) satisfied by (Uo,,Vo,), j = 1,---,m , we have

G( Uo,, ) _ ( AUom — (1 + EP(:C))U()m + wUo, Vo,, )
Vo, AVo,, — (1 +€Q(x))Vo,, + 5U3, +V3,,

m m

( w(Uo,, Vo,, — Z;nzl Uo,Vo,) ) B ( eP(x)Uo,, )
508, — 27 U3,) +v(VS,, — 27, V3,) eQ(z)Vo,,
N ( 1 iz Uo Vo, ) B ( eP(x)Uo,,

5222 UoUo; + 7322 Vo Vo, eQ(x)Vo,,
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Fix j € {1,--- ,m} and consider the region |z — O;| < p/2. In this region, we have

’ZUoiVoj

i#]

< Ce_ge_o-‘x_ojl
P

and similarly,

’ZUO Uo,

i#£]

b

ZVOVO ‘<C€ 2e—0le=0sl,
Consider the region |z — O;| > p/2 for all j € {1,---,m}. We have

‘ Z UO VO m

< C’Ze‘m 0;|
i#]

< Czefcr|x70i|ef(2 )% <C 7092670\1 O; \

i=1

Similarly, we also have

PILRLARD N CATS

i#] i#]

)

—6p E e—o’|£ O,

for a proper choice of § > 0. Now, under the assumption on ¢, it is easy to see that

leP(z)Uo,, | < Ce™ Y Z e~ olz=0il
i=1

and
QYo | < Ce 03 mrle=ol,
i=1
Thus using the above estimates, we have
o vor ). < 0o

for some 6 > 0. O
Define

~ ) e <@l <e e, ((O) (7)) <o),

where ¢ > 0 is small enough.

LEMMA 2.6. For any O, € Q,,, if (¢,9) € B, then we have

()

for some positive constants 8 and C' independent of o, m and O,

< Qe (2.21)

*
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Proof. By the definition of M, we have

[22( 9], <ttt + cloliol + clollel

< Cllgllllv ]l + Cllllz + Cllvllz
<O, )2 < Cem?Ee < Cemfe

for a proper 0 independent of o, m and O,,. O
Now we are in a position to prove Proposition 2.4.

Proof of Proposition 2.4. We will use the contraction mapping theorem to prove
it. Notice that (¢o,,,%0,,) solves (2.16) if and only if

¢, Vo, %o,
oo ) =4=0Chgr ) v (e )

where A is the operator given by (2.14). In other words, (¢o0,,,%0,,) solves (2.16) if
and only if (¢o,,,%0,,) is a fixed point for the operator

() =a(-o(her ) -u( 7))

We will prove that 7 is a contraction mapping from B to itself. On one hand, by
(2.15), Lemmas 2.5 and 2.6, we have for any (¢,v) € B,

IOl <eleCyer )+ (5)

(4
: P1 P2\ .
On the other hand, taking ( ) and ( ) in B, we have
U1 V2

(o) ()

< Ce 2 < (=0-ve,

*

o1 P2
scfa( ) -2( )
H( b ( 1/11 Y2) + pu(d1 — h2)12 )
5(o1+ ¢2)(d1 — d2) + v(¥1 + Y2)(P1 — 4p2) /11«
< Cllgr — ¢2\|*||¢1||* + Cllpr — g2ll«l[t2]]«
JrC(||‘f>1||* +lg2ll)ll¢1 — P2l + Cllvbll« + [[W2]l)l[Y1 — Y2l

§(||¢1 B2l + 191 — t2llx)

=3l(5)-(3)

This means that 7 is a contraction mapping from B to itself. It follows from the

®0,,

O

* *

*

contraction mapping theorem that there exists a unique (

(2.16) holds. So,

) € B such that
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Furthermore, combining (2.7), (2.20) and (2.21), we find
|cj k] < Ce?%.

d

3. A secondary Liapunov-Schmidt reduction. In this section, we prove a
key estimate on the difference between the solutions in the m-th step and the (m+1)-
th step. This second Liapunov-Schmidt reduction has been used in [2, 3, 30]. For
0,, € Q,,, we denote

" Uo,, +¢o,,
oo )= O )

®o0,,

O
We now write

U0, 41 uo,, Uo, i1
G ) =(om )+ (o) +emen = (
VO, 1 v0,, Vo
U U
e (£}~ (20 ) (20 ).
V Uom V()m+1

By Proposition 2.4, we can easily derive that

where ( ) is the unique solution given by Proposition 2.4.

Je () e

Pm+1,2

<

[(@rmt1,15 Pms1,2)||« < Ce . (3.2)

©m+1,1

But the estimate is not sufficient, we need a key estimate for ( ) which will

Pm+1,2
be given later. In the following we will always assume that o > %

LeEMMA 3.1. Letting o and € be as in Proposition 2.4, then it holds

?)
m 2

< Ce Y w(|Omsr — Oy) + O / (P@Uo,., +1Q@)Vo,.1) ) (33)

Jj=1

/N (IVems11l? + [ems11]* + [Vema12)® + [@m+1,2
R

+/RN (|P(x)|2U?)m+1 - |Q(m)l2V3m+1ﬂ

for some positive constants C, 0 independent of o,m and Op11 € Q1.

Proof. In order to prove (3.3), we need to perform a further decomposition. From
the non-degeneracy result of (U, V), we know that there are finitely many positive
eigenvalues to the following linearized operators

( Any =+ pVon + pUn 2 ) _ >\z( .1 ) (3.4)

Amo —m2+ pUna +29Vin2 M2
and the eigenfunctions 7;;(i = 1,2) are exponential decay. Assume that \; > 0 for

l=1,---,K. Let wj; = (;m(z — Oj), where (; is given in Section 2 and n; = ( 1 )
M2
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It follows from (3.1) that

UO 41 Uo,, Uom+1
Pm+1 = - -
VO, 41 vo,, V0m+1
and then
m+1 N
Loy =—-G+ Z chijk for some c;i,
j=1 k=1
where

Apmi11 — (1+ €P(2)Pmi1,1 + 1V Omit1 + pU Pmo1,2

L

(U + Wm+1,1)2 - (72

~ ) lf §0m+1,1 # 07
U = 20my1,1
U, if Prt1,1 =0,
\% . 2 _ 2
~ ( * 4 +1’2) ) if Pm+1,2 # 07
V = 2%077’7,-‘1-1,2
V, lf (,0m+172 = 0,
and
~ ( ,u(UV—uomvom _U0m+1V0m+1) )7 (
802 —ud,, — U3, ) +v(V2=vg V3 )

P(‘T)UOerl
Q(aj)VOerl

L7 ) = ( )
Pm+1,2 Apmiie — (1 +€Q(x))pmi1,2 + mU@ms1,1 + 27V 0mp1 2 7

). (3.6)

We proceed the proof into a few steps. First we estimate the L? norm of G.

Noting that o > %, then we have

a8y 2 2 2 2 2
/]RN ‘M(UV - uo,,v%0,, — UOm+1 Vom+1)| <C v (uOm VOm+1 + Vo,, UOm+1)

S C RN (U%m ng+1 + ¢%)mvgm+l + ngUgm+1 + w%)m U(%-m,+1>

< Cey w(|Omi1 — O5)),
j=1

and similarly

[

It follows from (3.6), (3.7) and (3.8) that

(U* = up,, —UB,.,,) +7(V* =5, = V5.,

RS

)| < Cefe

j=1

Gl s, < Y- w(Onin =0 +¢ [ (P@PETR,., +1QWPYS,..).
j=1

(3.9)
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Now we decompose ¢,,+1 as

m+1 K m+1 N
Pmat =@k Y Y Y Y dikDj
j=1 1=1 j=1 k=1

for some rj;, d;;, such that

(®,wj)) = (@, D) =0, j=1,- ,m+1k=1,-- Nl=1,- K.

Since
oTo Y $o,,
Pm+1 = - )
’(/}077L+1 ’(/)OHL’
we have for j =1, --- ,m,
K

djk = (Pm+1, Dji) + erl (wijt, Dji)
=1

_ ¢0m+1 B 90,. 4 K ' 4 4
= << ) ( Yo ),Djk->+2r]l (wji, D)
=1

Yo mt1 m

where we used the fact that
Wil 1 Dji1
Wi 7D_ — /( Jts ) IR,
(wjt, D) o ( b )
oUo.
:/Cjznm(x*@j) 2 +/C327]z,2(x—0j)

(9$k
U ov
Z/Cjz(x‘i‘oj)??u(l") 815;?) +/C§($+Oj)771,2($)37xk

o,
al‘k

0

e
2
< C/ e 2 rN"ldr = Ce%,
o—1
2

which can be derived from (3.4) and preliminary calculation.
For j = m + 1, there holds

K

dnz+1,k = <§0m+1a Dm+1,k> + Z T'm+1,1 <¢m+1,la Dm+1,k>
=1

257

(3.10)

(3.11)

bo %o K
— m+1 ) o ( m ),Dm+1 k> + Tm+1 1 <wm+1 l7Dm+1 k‘>
<< Y041 Yo,, ’ lz:; ’ : ;
0%e) K
= _<( m ),Dm+l,k> + Zrm+1,l <wm+1,l7Dm+1,k;> ,
Yo,, —

where we used the orthogonality conditions satisfied by (

vo,,

9o, ) and ( PO+ )



258 C. WANG AND J. ZHOU

By the definition of Dj;, we have

9o, s D1 ) = 90,, Cm+1a Om+1 +vo,, Cm+1avom+1
Yo,, RN

m
SC’e_gQ/ Ze—o|x—oj|e—o\z—om+1\e—<1—a>\z—om+1\
RN £

m
Ce % g e~ 10m+1=051
i=1

So we can deduce that

m K
|dms1k] < Ce—be Z e 10m+1=05] | e Z 1.0
% j=1 =1 (3.12)

|djk| < Ce™2y “ryy, forj=1,---,m
=1

It follows from (3.10) that (3.5) can be rewritten as

m+1 K m+1 N m+1 N
Lo+ Z Zrﬂf’wﬂ + Z Zdij’Djk =-G+ Z chijk- (3.13)
j=1I=1 j=1 k=1 j=1 k=1

To estimate the coefficients r;;, I € {1,--- K}, multiplying (3.13) by wj; and integrat-
ing over RY, we have

T3l <LWJl7le Zdjk LDkale> <G ""Jl> ZTJS Lw]vaﬂ>
= s#l (3.14)

+ ank Dk, wit) = (L, wj1)
By the definition of G, it is easy to verify that for j = 1,--- ,m,

| (G, wji) | < Ce 27 10m+1=051 1 ‘<( P )’ ( o )>

6Q(£B)Vom+l Wji,2 ?

since

’ / (UV —uo,,v0,, — UomHVomﬂ)wjl,l‘

]RN
<C (lvo,.[Vo,... + vo,.|Uo,..,) imalz — Oy)
B¢ (0;)

< C€—9Qe—o\om+1—0;‘|,

and

[ B0 =i, ~ U8, ) +9(7 = b, = V3, s
< C’/ (140,, U0, 41 + V0, [Vo,.1) Gmz(z — O;)
B (0O;

< Ce P2 o10m+1-051
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Similarly, one has
g 5 i €P($)UO Wm+1,1,1
o) £ O (P ) (v Y
‘ < ! > ‘ J; EQ(m)VOm,-{-l Wm+1,l,2

Moreover, it follows from (2.7) that
N
’ZCJk Jk,w]l ‘ S C|Cjk| S 06769 + CHGH* S 06709. (315)
k=1

Applying the system (3.4), integration by parts and by direct computation, we have

(B = B e) = [ 22 )( 50

“gt.2 ~
_ / ( Awpr — (1 +eP(x))wi1 + pVwi1 + pUwr 2 )( P, )
Awo — (14 eQ(x))wi 2 + pUwi1 + 27Vwr2) Dy

:/ ( A1 G )( ! )+/ ( Agima + 2V - V¢ )( & )
RN N Nimi2( ) RN N ACM2 + 2V - V( D2
+/ ( p(V = V)G + w0 = U)m.2¢; )( ! )76/ ( P(z)m. G )( ! )
'Y N (U = DGy +29(V = Ve ®2 RN N Q(@)m,2G5 P,
< Ceigqu)HHl(B%(Oj))'
Similarly, we can deduce

(Lwji,wjs) = disAs (m,ms) + O(e™9).

So, from the above estimates, we can infer that

m
rmg1a] < Ce™0¢y " emolOmn=0il 4 06709||@||H1(B§(0m+1))
] 1

(z)Uo,, ., Wm+1,0,1
CK( )VZ ):( ot )l (3.16)

m+1

rig] < Ce™ 00e=010m+1-0;| C€709||(I)HH1(B§(O,-))

eP(x)Uo,,, L
N Cgimor (o

and then
m

|dk+1,5] < Ce_egze_alom“ 0l + 0@ 51 (B, (0nir):

j=1 2 (317)

\d; ;| < Ce 92c=010mt1-0;] 4 06709||(I)||H1(B§(0j))

forj=1,---,mk=1,--- ,N,l=1,--- K.
Finally we need to estimate ®. Multiplying (3.13) by ® and integrating over R,
we have
m+1 K

(LD, @) = — (G, @) — i i djk (LD, @) = > > “rj (Lwj, @) . (3.18)

j=1 1=1
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We claim that
— (L, ®) > co]| @3 (g (3.19)

for some constant ¢y > 0 (independent of Oyp,41).
Indeed, since the approximate solution is exponentially decaying away from the
point O, we have

_ 1
—/ (LO)D > §/ ([V®1]* + @7 + [VEo|* + @3) . (3.20)
R¥\U; B¢ (0;) R¥\U; B¢ (0;)

So we only need to prove (3.20) in the domain U;B¢(0;). Here we prove it by
contradiction. Assume that there exist a sequence g, — 400, and O;’ such that as
n — oo,

[ (Ve jer + [VasP +[aP) <1 (321
By (O7)
]

and

/ (LE™)d"™ — 0. (3.22)
By (O7)

on
2

Then we can extract from the sequence ®"(x — O;‘) a subsequence which will converge
weakly in H to ®°° satisfying

[ (V@ 02 = VO — U ac)
]RN
+ / (IV®oo|® + 2 5 — iU Pu1Poc 2 — 29V P2 ,) =0
RN

and from (3.11), we can find that

ou

(o (0 )) = (2 (52 )) =0

Oz
forl=1,--- ,K,k=1,--- ,N. So we infer that ®,, = 0. Hence

®" — (0 weakly in H.

As a result, as n — oo,
/ [V (®F)? + pU BB} + pUBL O + 29V (95)%] — 0
Bon (OF)
2

and then by (3.22), one has as n — +00,

n
19" s (3, o) O

which contradicts to (3.21). Thus (3.19) holds.
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It follows from (3.18) and (3.19) that

1217 vy < O(Z |djill (LD, @) | + Z il (Lwji, @) |+ [(G, @) \)

ik 1
< C(Z ikl @l (54 0,)) + > ralll @l s 0 (3.23)
Jk 5l

HIG 2@ |19 ) )-
Using (3.23), (3.10), (3.16) and (3.17), we get that

lomeallzn @ < Oe% 3" e7o10s=0mnl 4 / _e(1P@)Uo,.. +1Q@) Vo, )
1

j=1
2

([ 2Pt +ewriE,,)

+(eeeiw(|0j - 0m+1|))%}.
(3.24)

Since we choose o > 1/2, we have

m 2 m
(Ze*“‘oﬂ'*omﬂl) <> w(|0; ~ Opsal). (3.25)
j=1 j=1
From (3.24) and (3.25), we infer that
lomsilir ey < C{ (7S w(|0; = Omsal))
j=1
: (3.26)

([ AP@PU,., + Q@IMVS,..)

+ [ AP@IUo,... + 1Q@)Vo.)

Furthermore, from the estimates (3.12) and (3.16), and taking into consideration that
(j is supposed in Bg (O;), using Holder inequality, we can get an accurate estimate

Ol Pm+1,

loma1 ”Hl(]RN)

< C{ (eeﬁ’jilwﬂOj — Om+1|)>%
+(

J

i (/Buoj) €2|P(x)|2Ugm“)% ’ i (/Buoj) 62|Q(x)|2vozm+l) 2 }

[N

E(P@)PUB, ., +1Q@)1VS,.,))

K
-

+

j=1 Jj=1
(3.27)

This concludes the proof of Lemma 3.1. O
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4. Proof of our main result. In this section, first we study a maximization
problem, then we prove our main result.
Fixing O,, € Q,,,, we define a new functional

N(Om) = J(uom,vom) Q=R (4.1)
and
R = sup N(Op). (4.2)
0,.€Q,

Observe that N'(O,,) is continuous in O,,. We will prove below that the maximization

problem has a solution. Let N(O,,) be the maximum, where O,, = (O1,---,0,,) €
Q,,, that is

and we denote the corresponding solution by ug .
First we give a result which follows from Lemma 2.4 in [2] and will be used later.

LEMMA 4.1. For |O; — O] > ¢ large, we have

/R (o= 0)ule — 04) = (n +o()u(10; ~ i),
where

" :/ w?(z)e” " > 0.
RN

Now we prove that the maximum can be attained at finite points for each R,,.

LEMMA 4.2. Assume that (Hy),(Hz), (Hs) and the assumptions in Proposition
2.4 hold. Then for all m:
(i) There exists Oy, € Q, such that

R =N(Op);
(i) There holds
Rmt1 > R + 1(U, V),
where I(U, V') is the energy of (U, V),

1
I(U,V)zi/RN (|VU|2—|—U2+|VV|2+V2)—%/RNUQV—%/RNV3.

Proof. Here we follow the proofs in [2, 9] and we need to use the estimate in
Lemma 4.1. To prove this lemma, we divide the proof into the following two steps.

Step 1: We first show that Ry > I(U, V) and R can be attained at finite points.
Similar to the proof of Lemma 3.1, we have

6o volmes < el [ (P@PUE+RWPVE))T @)
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for some C' > 0 independent of O.

Assuming that |O| large enough, we have

Huoro) = 5 [ V(o +00) + (1 +¢P(a))(Uo + ¢o)?
) / [9(Vo + o) + (1+ €Q(@)) (Vo + ¥o)*
g/ (Uo + ¢0)? Vo+¢o)—%/RN(Vo+¢o)3

IWo.Vo) + 5 | (P@U3+QIVE) = ClleP(@)Uo. cQ@)Vo) e
IWo. Vo) + 5 | (P@U3+Q@VE)
WoVo)+5 [ (PaU +Q)3)

(0)

NS

. sup (U,
43\0\ (0)

wjw

+V3) (IP@)|UE + |Q@)|VE)

/supp(QQP(w)-i-WQ(w))‘

Q

IWoVo) +5 [ (PWU3+QuVE) - 0ecH)

By the slow decay assumption (Hjz), we have

=

/ (P(2)U3 + Q(z)VZ) — O(ee~519l) > 0.
B (0)

So we can deduce that
Ry > J(Uo, Vo) > I(U,V). (4.4)

Let us prove now that Rq can be attained at finite points. Let {O;} be a sequence
such that lim A(O;) = Ry, and assume that |O;| — oo as j — oo. Then from the
J—0o0

system satisfied by (Uo,,Vo,), (3.3), Holder inequality and the Sobolev embedding
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theorem, we have

J(UOjvaj) = %/ (IV(UO + %o, )‘2 + (1 +€P(x))(UOj + ¢Oj)2)

/ (IV(Vo, +0,) + (1 +Q(@)) (Vo, +o,)?)

RN

l\D\‘: l\.’)\»—t

/ (Uo, + ¢0,)*(Vo, + vo,) — %/ (Vo, +vo,)?
RN RN

D45 [ (P@UE, +Q@VE) +5 [ (Voo +3)

(Vo +4,) +¢ [ (P@)Uo,60, + Qa)Vo,vo,)

= I

S
S

+

+
W2 NI N =
i~
Z

(Pla)ob, +Qa)id,) =5 [ (6b,Vo, + 6,00, + 203, vo,

(03, +3Vo,vd,)
IWo, Vo) +5 [ (P@U3, +Qa)V3)
+o(e / (P()UB, + Q*(2)V3)).

By the decay assumptions on P(z) and Q(z), we have as |O;]| — oo,

€

5 [ (P@UB, +QVE) +0(¢ [(P@U3,+@@VE)) -0,

So it follows that

Ry = lim N(0;) < I(U,V), (4.5)

]—>OO

which yields a contradiction to (4.4). Then R4 can be attained at finite points.

Step 2: Assume that there exists 0,, = (01, ,0,,) € Q,, such that R,, =
N(O,,). Next, we prove that there exists O,,11 € Q41 such that R,, 41 can be

attained. Let (O7,---,0) ) be a sequence such that
Rmt1 = nlLII;ON(O?, AR :ln+1)' (46)
We claim that (O7,---,0}, ) is bounded. Here we prove it by an indirect method.

Without loss of generality, we assume that |0}, || — 00 as n — oco. In the following,
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we omit the index n for simplicity. By Lemma 3.1, we have

uo,, Uo,, Pm41,1
J(uo‘ln+l7vo'rn+l) = J(( ) + ( +1) + ( " ))
v0,, Pm+1,2
N

- J((ZZ:) * ({[izmﬂ )) + izcﬂc /RN Dirpms1 — (G, @m1)
(@ ey

(o) (o)
+O{39@§:1w(|0m+1 - 04]) + €2 /RN(|p(w)|2U(2)m+1 i |Q(35)|2V3m+1)

/RN (IP@)o,.. + Q@Yo )) )

U U
Om ) + ( Omt1 ) By direct computation, we can

Next we estimate J ((
V0m+1

find

’Uom

m U m+1
(o) + (o))

m41

u07YL
= J( ) + I(U0m+17VOm+1) + / (vuOmVUOm+1 + VUOWVVO’"Jrl)
uQ,, RN

+ / [(1+ eP(@))uo, Uo, ., + (1 +€Q(x))vo, Vo,..]
RN

_% /]RN (u?)m Vo,,41 +v0,, Ug;m+1 + 2uo,,v0,,.Uo,.., +2uo0,,Uo,, .. Vo, .1)

_1/ (3’020 VOm+1 + 3’Uom‘/02 1)
3 RN m m+

:J(UO”)+I(UOM+U Ot +Zm:zN:C < J’“’(Vom+l)>

uom j:l k=1 m+1
s [ (P@UE 4+ Q@VE ) -E [ (wo,U3 . +2uo,Uo,., Vo)
2 RN O'm+1 O"L+1 2 RN Om O-, Om Om+1 Ovn+1

2
— /RN ’UOmVOerf

By (3.15) and the definition of Djj, we have

(4.8)

Sy (D (000 )) < Cete SO -0 (19)

7j=1k=1 m+1 j=1
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Moreover, by Lemma 4.1, we find

K 2 2
5 /RN (v0,,U5,,,, +2u0,,U0,,:,V0,.,1) +7/RN 00, V0,11

5 [ (Vo,U3,.., +0,U3,,, +20,U0,. Vo, +260,U0,.,Vo,..)
R

e /]RN (Vo,, V02m+1 +vo,, V02m+1)
3 m
= ('yﬂ3 + #Cﬁﬁ) / szOm-quj + N/ U0,,41 V0,41 90.,
RN ST7 RN
+/ (Bvg, . +V3.. )vo
v 2 Omt1 met1 m

3 m
= (8 + EMQQﬁ)% > w(|Omi1 — O5]) + M/RN U0,,41 V0,41 90.,
=1

M B m
+/RN (508,00 +7V8,.1) 00, +0(™%) le Ons1 — 041).
=

Therefore it follows from (4.8) that
m U m
() ()

uom

€
<I(10 )+ IWo Vo) + 5 [ (P@UB,,, +QWIVE,.)

YOm (4.10)

i
_'u/ UOerlVOerl ¢Om _/ (7Ué7n+l + 7V02m+1)1/}0m
RN RN 2
k

3 k
~(08 4+ 0B Y w(Omia = 041) + 07 Y w(|Onmir = O))))-

i=1 1=1

By the systems (1.14) and (2.16), we see that

1
HJ\/RN UOm+1 VOm+1¢0m + /]RN (§U(2)m+1 +7V0m+1)w O,
= / (7AUOm+1 + UOm+1)¢O'm, +/ ( AVOm+1 + VO'm+1)'l/} O
RN RN

:/ (—Ad¢o,, + 90,.)U0,,.: +/ (—Avo,, +v0,,)Vom
RN

RN

m N m
Z Z cikDijk1 — u(Z Uo,Vo, — uomvom)

_/ j=1k=1 j=1 ( U0, i1 )
- m N m m
RN u Vo
S enbin B (Y08, —ud,) (2, ~vb..)
=1 j=1

j=1k=1

eP(z)uo,, Uo,,is
_/RN ( eQ(x)va )( V(O) )

m+1
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Using (2.19), we have
Vo] =| U Ju
’/RN z)uo,,Uo,, ., /]RN ]z; o, + 9o, )Uo,. .,
< Ce /RN |P(x)| Y e "%, ., +Cll¢omll*/RN |P(x)| Y e 9%l
=1 j=1

<oy [ Pwle oo, .
i=1

and similarly

’ / 2)v0,, V0,11
RN

m
<Oty / Q@) 1%V, ..
j=17RY

Moreover, applying (2.9) and by direct computations we can check that

m
‘/RN ZUO Vo, —uo,, Uom>Uom+1 < Ce™"Y w(|Opmt1 — O4)
Jj=1 j=1

m

‘/RN ZUO ZVO }Vomﬂ <Ce Y w(|Omi1 — O51),

Jj=1 Jj=1

since o > %

So from (4.9), (4.10) and the above estimates, one has

o)+ ()
SR+ IOV +5 [ (PO, +Q@)V,..)
—(v8° + M o’ B)m iw (|IOm+1 — O51)
j=1
o 9@2 / [0l (|P@) Vo, +1Q@)Vo,.,.) + (0 — O,])]}

(4.11)
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As a result, we have

J(uo’““

VO 41

<Ry + I(U, V) + (P@)UB, ., +Q@)V3, )

N

N
T

Ms

—(v8° + “ 281 Y w(|Omi1 — Oy))

Il
_

J

+C —992/ ool O\ (|1P(x )IUomH+|Q($)|Vom+1)+w(|Om+1—Oj|)}

+ / IP@Uo,,, +1Q@)Vo,,.))

b 7 (1P@PTE,,, +1Q@IVE,.) )
(4.12)
Since we assume that |0}, ;| = oo, we deduce that

e[ P, +QuE, )+ c{e [ (P@PUE,., +1Q@)VE, )
RN RN
ey / (1P(@)e=""= U0, ., + Q)™= Vo, )
j=17RY

+(c [ (1P@IUo,... +1Q@)Vo,..)) } =0, asn— o0

and
3 m B m
~(08 + S’ Y w(Onsr = O4l) + 0(") Y w(|Osr = Oy) <0
j=1 j=1

Thus we can deduce

Rons1 < Rom + I(U, V). (4.13)

On the other hand, by the assumption R,, can be attained at (Oy,---,0,,). So
there exists other point O,,41 which is far away from the m points and determined
later. Let us consider the solution concentrating at the point (O1,-- -, Oum, Omat)-

We denote the solution by (ug,, 0,.,,sv0,.,0,.,)- By similar argument as above,
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using the estimate (3.27) instead of (3.26), we have

J < u()nL y07n+1 )
V0., 0m 41
2

= J(ug, ,vo, )+ I(U, V) + %
RN

+C *092 / P(x)|e =%y,

m
— —0; —0 Z
O‘z 7|‘/Om+1 +e ¢ w(|0m+1 -

—0o ;
te g | e@le >

1
+(€Z (/Buoj) ‘P(x”QUgm“) %)2 + (E; (/Buoj) ‘Q(x)FU‘Q’m“) %>2
$ ,. 9= $

j=1
(e [ 0PI, + 10IVo,.0) )
i (4.14)

ax” , |0;|—Ine
i=119 , We can

0;l)

o—T

By (Hs), choosing o > 7 and Oy,41 such that |Op, 41| >>

get that
m

3 —_
% /]RN (P(x)U(%m“ * Q(x)Vémﬂ) - ('Vﬁ?) + #0‘25)71 Z W(|Oms1 — Oj])
j=1

+ C *"QZ/
2> " w(|Omi1 — O5))

+ (EZ; (/Bg(oj) ‘P(I)‘QUgm“)éy * (E; (/Bg(oj) ‘Q(mMQUgmH)E)z}

j=

m
> Cee TIOm+l _ CZe*alOm“*Oj| > 0.
i=1

| —ol2=0; ‘UOm+1 + ‘Q( )| 7U|mio'7‘VOm+1)

As s consequence,
U0,.,0m
) >R+ LUV,

Rm-i—l > J(
Uom7o7n+1

which contradicts to (4.13). Then R,,4+1 can be attained at finite points in €211
Moreover, from the proof above, we can infer that
(4.15)

Rm+1 > Rm + I(U7 V)
]

Next we have the following proposition:
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PRrROPOSITION 4.3. The mazimization problem

max N(O) (4.16)

o€,

has a solution O € Q0 | i.e., the interior of Qy,

Proof. We prove it by contradiction. If O, = (O1,- -+, Op) € 9y, then there
exists (j,k) such that |O; — Og| = o. Without loss of generality, we assume that
(j, k) = (j,m). It follows from (4.12) that

. u()nL
Rm‘*J(vom)
€
SRua HIUV) 45 | (P@US,,, +Q@V5,,.)
m—1
—(48° + 0283, 3 w([0y — Oi])

2
m—1
+C (6709 Z
i=1
2
ve [ (P@PU3, +10@PVE,) + ([ IP@Us, +1Q@IVo,)) ).
RN RN
(4.17)
By the definition of the configuration set, we observe that given a ball of size p,

there are at most Cy := 6~ number of non-overlapping balls of size ¢ surrounding
this ball. Using |O; — O,,,| = ¢, we have

[0 1(1P@)|Uo,, +1Q() Vo, ) + (10 — Oi])]

m

RN

m—1
w( w(|0m = Oj) + > w(|0m = Oil) < w(e) + Ce™,

i=1 i#]
since
> w(|0m — Oi]) < Ce™@ + Cne @728+ 4 (On)'e? 50+
ij
< C’e*’Ze“nCN*%Q <Ce™ ¢,
i=0
if Oy < e? and p large enough.
So,
_ (3 4 2 B 4 2By e
R £ Rin—1 + I(U, V) + Ce = (v + ~a”Bimw(e) — (78" + - B)me
+0(e™")w(e) + O(e~1+7%)
< Rm—1+I1(U,V),
which yields a contradiction to Lemma 4.2. Then the proof is complete. O
Now we apply all the results obtained before to prove Theorem 1.1.

Proof of Theorem 1.1. By Proposition 2.4, there exists gy such that for g > g,
we have a C' x C' map (¢go, 1pgo) for any O° € Q,,, such that
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G( [xiz:j:zz: ) - fﬁchzDsz, <( ZZ: )7Dsl> =0, (4.18)

s=11=1

for some constants {cy} € R™*N,
From Proposition 4.3, there is O € Q0 that achieves the maximum of AN (O)
UuUQo ) ( Uoo + (]500

_ Voo + s ), we have

given by Lemma 4.2. Letting (
Voo

DOjk|O]‘:O?N(OO):O7 J=1-- amak:]-a"’ 7N~

Hence we have

d(Uo + ¢0) d(Uo + ¢0)
/RN (VUOV 905 lo,=or + (1 4 eP(x))uo 20, oj:og)
9(Vo + o) (Vo + vo)
2O T RO 1 A= LR )
+ /}R (vvov 50 ooy * (1T Q@0 =55- OJ:OJO_)
i [ uovo 22t 00)
RN 905, lo;=09
o / .2 9o + o) _ / ,29Vo +vo) _
2 Jan © 00, 0,=09 7 Ry O 00, 0,=09
which yields that
m N
OUo + ¢0) 0(Vo +vo)
s Dg1——— Dgyo—F—"— =0. (4.1
;;c Z/RN( P00, oj:og+ Y2700, oj:og) 0. (419)

We claim that (4.19) is a diagonally dominant system. Indeed, since

/ (poDsi1 + YoDsi2)|o,~00 =0,
RN /

we have
/RN (Dsl,lggzc or—o0n sz,ggg; OFO;_)) — 0, if s # j.
For s = j, we can get that
‘/RN (Dsmggﬂc; 0,05 " sm@ag?k oj=09)‘
-|- / (90 %%l 0,200 T V0 %%l o0,-00)| = CliGo,v0)l. < Cee

For s # j, we have

‘ /RN (DsmaLc; + Dsi 2 Vo )‘

00; 00y,
SC‘/ (8U(a:—05) oU(x — O,) . OV (x — Oy) 8V(x—0j))‘
RN 8561 al'k 8xl al'k
<C e 1P=0sle=le=051 < Ce_‘oros‘ < Ce 5.

RN
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For s = j, letting y = x — O;, we have

9o o
Dg1=——+ Dgyo——
/RN( Y50, “aojk)

:/ (gj Uz o)aU(x—oj)HjaV(x—oj)aV(x—oj))
RN Oz

00, oz, 901
:,/ (C'(y+04)8U(y) OUW) | (i 02V ) OV )> (4.20)
B e O ’ oy Oy / 70y Oy
2(e+1)
ou oV
- —&k/RN ((8741)2“8%) )+o( 2),

Thus, from each (s,1), the off-diagonal term gives

d(Uo + ¢0) d(Vo +vo)
Z_/ Daa——%5— 90y, ‘oj:og + Dotz 90y, ‘oj:of)

d(Uo + ¢o) d(Vo +vo) (4.21)
+ Dyg——Fs— + Dyjo——>—"
_]zl:# / 00, ‘oj:og Y2005, ’oj:og)

= O(e_f) +O0(e%2) = O(e~?2)

for some 6 > 0. So from (4.20) and (4.21), we see that ¢y =0 for s =1,--- ,m,l =

,N. Hence (ugo,vgo) is a solution of (1.1). By our construction and the
maximum principle, it is easy to see that ugo > 0 and vgo > 0. This concludes the
proof of Theorem 1.1. O
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