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ON APPROXIMATION OF A HYPER-SINGULAR TRANSPORT
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Abstract. The paper considers a class of linear Boltzmann transport equations containing
hyper-singular integrals in their collision terms. A partial integro-differential approximation is derived
and the approximation error is analysed. Existence results of solutions for the approximative initial
inflow boundary value problem are shown. The approximative operator of this type may be used as
a refined model for the dose calculation of radiation therapy. The paper continues authors’ recent
analytical results on the approximation of the linear transport equations.
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1. Introduction. The Boltzmann transport equation (BTE) models the flux
of evolving particles emerging from various sources and interactions. The equation
BTE describes the evolution in the number density of particles in full phase space
with position x, velocity direction w and energy F and a detailed introduction as well
as a discussion of many properties can be found e.g. in the recent book [25]. The
equation plays an important role as a mathematical and physical model for a variety
of transport phenomena including e.g. dose calculation models in radiation therapy
[11, 17, 33], modelling of dispersion in clouds [12], solid state physics [22] or cosmic
radiation [41]. The conventional equation has been extensively considered from an
analytical point of view e.g. in [7], Chapter XXI and [1]. We also refer to [3, 9, 27]
for further motivation of the equation from a physical point of view. Some more
recent issues including e.g. spectral and certain inverse problems is exposed in [24]
and general non-linear transport theory e.g. in [39], [2]. A mathematical survey of
non-linear collision theory of particle physics (especially in dilute gases) is found in
[40].

In the case of charged particle transport the linear BTE turns out to be of a type
of a partial hyper-singular integro-differential operator. For theoretical and computa-
tional reasons it has been approximated by more simple models, including e.g. the
Continuous Slowing Down Approximation (CSDA) [41, 11, 33] and a linear Fokker-
Plank approximation e.g. [28, 16]. In those approximations the resulting operator
is a partial integro-differential operator without hyper-singular integrals. In [33, 35]
we provided a (non-conventional) partial integro-pseudo-differential approximation
for certain transport operators related to charged particles. In this paper we further
investigate the approximation of the exact partial hyper-singular integral operator
emerging from the Mgller scattering. The presented analysis can also cover analogous
types of transport operators containing hyper-singularities.

As mentioned in the abstract above the present paper continues authors’ recent
analytical results on the approximation of the linear transport equations for charged
particles. The main novelty of the present manuscript compared to [34], [35] is that
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in the paper we derive and analyse an approximation of the exact hyper-singular
transport operator, for which some error analysis can be carried out. In [34], [35]
the Laplace-Beltrami like term is omitted (because we applied lower order Taylor’s
approximation therein). This is a shortcoming as to error analysis, such as mentioned
at the end of section 3.2 of [35] and in its Conclusion. According to the analysis
of [36] the Laplace-Beltrami term gets a relevant origin. The existence analysis of
[34], [35] based on m-dissipality and the theory of evolution operators. In the present
manuscript we apply Lions-Lax-Milgram Theorem together with generalized inflow
trace results. Both methods need relevant a priori estimates and their proofs are
technically quite a similar kind of. The presence of Laplace-Beltrami like term and
inflow trace theory cause some additional considerations and efforts in this paper.

2. Linear Boltzman transport equation. The approximative BTE equation
considered in this paper is of the form

Ty = a(%E)g%+b($7w7E,5w)1/)+w-Vz¢+21/}—Krw (1)

for (z,w,FE) € G x S x I, where
b(z,w, E,0,)¢Y = c(z, E)Ast) + d(z,w, E) - Vgi.

K, is the so called restricted collision operator of the form

(K) (@, w, E) = / | /O " (2, B By, A(E, By w)(s), B')dsdE’ @)

where v(E’, E,w)(s) is the cosine of the incoming and leaving particles. Here G C R3
is the spatial domain. S = Sy C R? is the unit sphere (scattering angle domain) and
I = [Ey, Ey,] is the energy interval. Consequently, the phase space is GxSxI. Ag and
Vs are the Laplace-Beltrami operator and gradient on S, respectively. In this paper
(W', E’) refers to the angle and energy of the incoming particle whereas (w, E) refers
to the angle and energy of the leaving particle. The solution ¢ = ¢ (z,w, E) is a real
valued function which describes the radiation flux of particles under consideration.
The relevant problem to be solved is an initial inflow boundary value problem of the
form

T’l,[J:f, 1/)|F, =9, 1/)(77Em) =0. (3)

Here f represents possible (internal) sources and ¢ (inflow) boundary sources. The
set I'_ is ”the inflow boundary part of 9G” (see section 3). E,, is the so called cut-off
energy.

The (classical) example of the initial inflow boundary value problems of the form
(3) is the case where a(x,E)% + b(z,w, F,0,) = 0. Existence of solutions of this
transport problem (3) has been studied for single equations e.g. in [10, 7, 1] and
for coupled systems [32]. In the references it is assumed that the restricted collision
operator K, satisfies a (partial) Schur criterion for boundedness, [15]. In [34, 35]
we studied existence of solutions for the case

b(x,w, E,0,)¢ = 0. (4)

In [11] additionally it has been assumed that a = a(F).
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We also discuss related results for (deterministic and linear) Fokker-Planck type
equations. In [8, Appendix A] and [37] existence of solutions for a linear non-stationary
Fokker-Planck equation are given for the case G = R™ and without restricted collision
term. Methods in [8] are closely related to our techniques in section 6 below. In
[20] existence results of solutions are shown for a class of non-stationary Fokker-
Planck equations with irregular (having only Sobolev regularity) coefficients. Results
in [6] consider existence of a special form of stationary Fokker-Planck equation in
appropriate (Maxwellian) weighted Sobolev spaces. Therein G is more general but
the restricted collision term is not included and the spatial average of the solution
is fixed instead of boundary conditions. In [16, 17] existence results are obtained in
the context of dose calculation for optimal radiation treatment planning. In part of
the references the state space is G x V where V is velocity space but they can be
formulated for G x S x I via the (local) diffeomorphism h(w, E) := v/ Ew.

In [36] we derived a refined expression for the exact transport operator T and ad-
ditionally we derived a variational formulation of the associated inflow initial bound-
ary value problem. The analysis was carried out only for the Mgller-type scattering
which is a special prototype of hyper-singular interactions. This interaction models
the electron’s (and positron’s) inelastic collisions and other type of collisions (such as
Bremsstrahlung) could be handeled analogously. In section 3.3 we recall the hyper-
singular partial integral expression of the exact transport operator obtained in [33]
(or concisely in [35]). For a refined pseudo-differential like expression we refer to
[36]. The restricted collision operator K, is roughly speaking the residual when the
singular part is separated from the collision operator. In [35] we showed that K, is a
bounded operator in L%(G x S x I). In addition, we showed that ¥ — K, is coercive
(accretive) operator in L?(G x S x I) under relevant assumptions.

In section 4 we deduce an approximation of the hyper-singular transport op-
erator by decomposing Hadamard finite part hyper-singular integrals of the form

E. u(E,E’ -
pf. [, (E(,_E))jdE’, j=1,2to

E / rE / FE, /
™ w(E,E) |, u(E,E') / ™ u(E,E') .,
£ — 2 JE' =pf. 2 JFE 2 JE
P /E (E' — E)] P /E & B ") BBy

where the ”cutting parameter” x > 1. In the first integral p.f.ng gLE(,]ig;)J dE' we
apply appropriate Taylor’s approximations. This leads to an approximative transport
operator T, of the form (1). In section 5 we verify that T;¢» — T uniformly in
G x S x I ask— 17 when 1 is smooth enough. The analysis yields a foundation for

the CSDA-Fokker-Planck type approximations (1) of transport operators.

Section 6 considers the existence of solutions (in relevant function spaces) of the
initial inflow boundary value problem of the form (3). The problem is analysed in the
variational (weak) form

B, v) = Fv, veH.

Here H is a suitable space of test functions and B (.,.) and F are bilinear and linear
forms, respectively. The variational formulation is an essential step in order to define
generalized solutions and to show existence results e.g. by applying Lax-Milgram
Theorem based methods.
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3. Preliminary Analysis and Notations.

3.1. Basic notations. We assume that G is an open bounded set in R? such that
G is a C'-manifold with boundary [21]. In particular, it follows from this definition
that G lies on one side of its boundary. The unit outward (with respect to G) pointing
normal on dG is denoted by v and the surface measure (induced by the Lebesgue
measure dz) on OG is denoted as do. We let S = Sy be the unit sphere in R?
equipped with the standard surface measure dw. Furthermore, let I = [Ey, Fy,| where
0 < Ey < By, < 0o. We could replace I by I = [Ep, oo[ but we neglect this case here.
We shall denote by I° the interior of I and I is equipped with the Lebesgue measure
dE. All functions considered in this paper are real-valued, and all Hilbert spaces are
real.

For (z,w) € G x S the escape time t(x,w) = t_(r,w) is defined as t(z,w) :=
inf{s>0]|z—sw¢gG}=sup{T >0 |z —sweGforall 0 <s<T} We define

I":=0G) xS, TI':=1"xI,
and their subsets

Iy ={yw) el |w-v(y) =0}, To:=T(x1,
I ={(yw) el |w-v(y) <0}, I'_:=T"x1I,
I ={(y,w) €T |w-v(y) >0}, T'y:=T" x1I.

Note that ' =Ty UT'_ UT,.

In the sequel we denote for k € No, C*(G' x S x I) :={p € CF(Gx S x I°) | ¢ =
fiaxsxre, [ € CE(R? x S x R)}, where for a C*¥-manifold M without boundary, the
set CF(M) denotes the set of all C*-functions on M with compact support. Define
the (Sobolev) space W2(G x S x I) by

WG xSxI):={peL?(GxSxI)|w-VupeL*(GxSxI)}.
The space W?(G x S x I) is a Hilbert space equipped with the standard inner product
<¢=U>W2(stx1) = <¢7“>L2(stx1) + (W Vah,w- va>L2(stxI) :

Moreover, the space C1(G x S x I) is a dense subspace of W2(G x S x I) [13].

Let T?(T') be the weighted Lebesgue space L*(T', |w-v|dodwdE). The trace (1)) :=
Yyr is well-defined for ¢ € W?(G x S x I) and y(¢) € LY (T, lw - v|dodwdE) ([4],
[33, Section 2.2]). The space

W2(G xS x1I):={1pe WG xS x1I)| ) eTI)}
is a Hilbert space equipped with the inner product
<¢7U>17V2(GX5X1) = <¢7U>W2(stx1) + <7(¢)’7(U)>T2(r) ;

(hl,h2>T2(F) = / hi(z,w, E)he(z,w, E)|w - v|dodwdE.
r
We recall the Green’s formula [7, p. 225] for every ¢, v € WQ(G x S x1I)

/ (w- Vz¥)vdedwdE + / Y(w - Vuv) dedwdE
GXSXI GxSXI

= / (w - v)yYvdodwdE. (5)
IGXSXI
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3.2. Definition of Hadamard finite part integrals. We also recall some
standard concepts from analysis. The Taylor’s expansion (of order r € Ny) for suffi-
ciently smooth functions f : U — R on an open set U C R” is given by

a()é
1@ = 2o a0+ Y Ralw)a—w0)° (©

[ <7 ’ |a|=r+1
where the residual term (one of its variant forms) is

le]

Ry (z) := 1(1 t)lel= 1ng(a: + t(x — x0))dt.

For the definitions of Hadamard finite part integrals (for discontinuous functions)
f ¢ [a,b] — R we refer to [23, pp. 5 and 32, Equations (14), (32)] or [31, p. 104], [5],
[18, section 3.2]. Applying these definitions (for a fixed x) to the function F,(t) :=
X[zp)(t) f(t), where f € C([a,b]) and where x|, (t) is the characteristic function of
the interval [z, 0], leads to

b b b
D, fx_(tgzdt:p.f. / tfftldtz iim IO g4 fa)m@) )

a $+5t_x

bRt b
p.f./a (t—(x))th :p.f./m (tf—(;z)2dt

:lim(/b f(t)2dt+f’(x+)ln(e)—%f(m+)). (8)

T+e (t - (E)

and

Analogously we define

/ f = lim (/: %dt - f(x_)ln(e)) 9)

pf. / %dt ~ lim (/_ %dt + £ ) (o))

pf./: 1O = timy (/:_E ) gt = f/(@7) In(e) - %f(x_» 1o

(t — {E)z e—0 (t — ZL’)

or equivalently

and

In particular, these formulas give

b
1
£ —dt=In(b- 11
p /mt_xdt n(b— z), (11)

b
1 1

Note that p.f. f O ~dt is well-defined (at least) for all f € C%([a,b]), o > 0 and (cf
[5])

)t — /f 2 it 4+ f() (b — 2). (13)

= t—x
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3.3. Hyper-singular transport operator for Mgller scattering. The
Mpller collision operator has been introduced e.g. in [33, 35]. It is written explic-
itly for £ > Ej as

Em

() 0. B) = p. | &Q(x,E’,E)ﬁ /0 " (@, (B B,w)(s), B')dsdE

E

E., 1 27
7P£A 5’1(1',E/7E)m/0 ¢($77(E/7an)(5)aE,)deE/
+ (KOw)(wiaE) (14)

where
2m
(Koi)wo.B) = [ [ B Byl B Dy (B Bowo)(s), B)sdE (13

and where x(E', E) := xr, (I’ — E) is the characteristic function on R . Denote as
in [33], [35]

(Kjw)(wi’E)

E,, A 1 27 )
= p.f./E Gj(z, B 7E)m ; Y(x,v(E', E,w)(s), E")dsdE’, j =1,2
(16)
and
2
(Kj¥)(a,w, E',E) := G;(x, E',E) | (x,7(E', B,w)(s), E')ds. (17)
0

Above v = y(F', E,w) : [0,27] — S is a parametrization of the curve

E(E' +2)

! _ ! "y — / = ! = e—
DB, Bw) = €8 | -w—p(E,E) =0}, u(E'B) = | G

‘We choose

Y(E',E,w)(s) = R(w) (/1 — p?cos(s), /1 — p?sin(s), ), s € [0,2x],

where R(w) is a rotation (unitary) matrix mapping the vector e3 = (0,0, 1) onto w.
We see that

(Kj¢)($vw’ E) = /Hj((fjlﬁ)(x,w, 7E))(E)

where H; are the Hadamard finite part singular integral operators ([33], section 3.2).
The corresponding transport operator is

T =— /H2((E2w)(aj7w’ ) E))(E) + Hl((zlw)(l"wv 7E))(E)
Fw- Vath + S — Kb, (18)

A refined pseudo-differential like form of the operator (18) is derived in [36], Theorem
4.17 (together with Theorem 4.9, Lemma 4.10, Remark 4.11 therein).
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4. Asymptotic analysis of the hyper—singular kernels. In this section we
present the truncation of the hyper-singular kernels. The computations will be used
in the forthcoming section to establish existence results on the truncated problem.

4.1. Approximation by truncation. We shall below apply the strongly hyper-
singular form (18) of T. The operator K, given by (15) is an ordinary partial
Schur integral operator and so it suffices only to truncate the first and second terms
(K;v)(x,w, E) of equation (14). In the following we assume that the ‘cut-off energy
for primary particles’ is E = kE where k > 1. We decompose the integration in (16)
as follows for j =1,2:

rE 2w
(Kjd])(xawaE) :pf/E a—j(valaE)ﬁ 0 w($77(E/7an)(s)vEl)deE/
o 71 2‘" E . FE E"dsdE 19
A E E _ / / /
+ [ e By g [ b B, B (19)
= (Kj,l,nw)(xawv E) + (qu,O,n?ﬁ)(a?,Wa E) (20)

where we noticed that the last integral (K %) does not involve a singular kernel.
Then,

Ty =—Koi1u+ K11 +w- Vet + 3¢ — (Ko k) — K100 + Kotp).  (21)

Since
(Kj,O,Hd}) ((E, w, E)

1 27\'
_ / X, (E' — KE)3;(x, E' E)
I/

F— By J, (x,v(E',E,w)(s), E')dsdE' (22)

we find that the operators Kj o, are partial Schur integral operators and hence they
are bounded operators L?(G x S x I) — L?(G x S x I)(section 6.1 below). Hence it
suffices to consider approximations only for the operators Kj 1 .

4.2. Approximation of hyper-singular integrals for primary particles.
Let

2m
fl (x7 w? El7 E) = 6-1 (x7 El7 E) w(x’ /Y(E/’ E7 w)(s)’ E/)ds'
0
For K1, we apply the approximation
f1($7w,El7E)'&1f1(I‘,W,E7E) (23)

on the interval [E, kE] which leads to the approximation
(K1,17N¢)($7w7 E) ~ (K1717Hw)(x7w7 E) =27 hl((li - 1)E)&1(:17, E, E)Q/)(l‘,w, E) (24)

where we recalled that v(E, F,w)(s) = w and by (11)

KE 1
p.f./ i EdE' =In(kE — E).
5 _

To approximate K> 1, we recall the next result
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THEOREM 4.1. Let ¢ € C(G,C*(I,C3(S))). Then for fized z, w, E the mapping

F(E') = i ﬂz/J(xgy(E',E,w)(s),E’)ds

is differentiable and

(1) for E'"+#FE

F(E) = oo / (1, B, w)(s), E')ds)
/ < V) (z,v(E', E,w)(s), E'), aa;,(E’,E,w)(s)>ds
/ % (x,v(E', E,w)(s), E")ds (25)
(2) for E'=F
8 27
F(B) = 55 ([ v BB
= (A(z,w, E,0,)V)(z,w, E) +27ra—w(x w, E) (26)

OF
where A(w, E,0,)1 is the second order partial differential operator
Z\a|§2 ao(w, )05 (here 95 = 051052 where 0, = E)iw]-? Jj = 1,2 are lo-

cal tangent vectors in the tangent space (bundle) T(S) of S). In more detail,
it can be shown that ([36], Remark 4.11)

Aw, E,0,)¢ = —m (0p ) (E, E)Ast) (27)

where Ag is the Laplace-Beltrami operator on S.

The proof follows by Theorem 4.9, Lemma 4.10 and Remark 4.11 given in [36].
Let A*(w, E,d,) be the formal adjoint of A(w, E,d,). Since AS = Ag we see that
A*(w, E,0,) = A(w, E,0,,). We also notice that (0g:u)(E,E) = E+2 -+ <o.

Let

2
f2(z7waE/7E) = &Q(IaElaE) 7/’(337'7(E,7Ea w)(s),E’)ds
0

For K3 1, we apply the approximation

o, B, B) % fola, 0, B, E) + P2 (0,0, B, B)( — E) (28)
on the interval [E, kE]. Since by Theorem 4.1 (recall that v(E, FE,w)(s) = w)

0t o6y
8E/($,W,E,E) =27 @

+69(x, E, E)(A(x,w, E,0,)V)(x,w, E)

9
oE

(a: E EY)(z,w, E)

+ 27 69(x, B, E)—(z,w, E)
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we obtain the approximation
wE 1
Kok ,w, F) =p.tf. —_—
( 2,1, ’L/J)(l‘ w ) p /E (E/iE)Q

~ (Ko1,0) (2,0, E) i= —2

fo(z,w, E', E)dE’

" (e, B, E)Y(,0, B)
+In(kE — E)os(x, E, E)(A(z,w, E, 0,)V)(z,w, E)

+ 27 69(z, E, E) In(kE — E)g%(x,w, E)
069

where we again recalled that v(E, E,w)(s) = w and by (11), (12)

£ / R (kE — E), pf / R S !
L. = 1n — I, B Y = ——_—
P ECE " P (B E)p KE—E

To simplify notation we introduce the following definitions.

+ 27 In(kE — E)

Sk(x, F) := 27 65(z, E, E)In(kE — E),
1

Ye(x,E) = X(x, E) + 27 69(x, E,E) =&

064
OF’
+ 27 In(kE — E)61(z, E, E),
(Qu(z,w, E,0,)¥)(x,w, E) := In(kE — E)és(x, E, E)(A(z,w, E, 0,)V)(x,w, E),
K, =Ko+ Koo, — Ki-

— 27 In(kE — E) (z,E,FE)

Then, the truncated and approximated transport operator, say T}, is given by

an == [?2,1,n¢ + I?l,l,nw +w- V1¢ + E’(/) - Kr,nw

1o}
= 00, ) 5~ Qul 0, B0 4w Va4 B~ Kptr. (30)
The restricted collision operator K, , is

(Krw¥)(2,w, E) = (Ko + K20,k — K1,0,6)¢)(z,w, E)
2T
_ / v, (B — E)oo(a, B E) | (a,(E', E,w)(s), E')dsdE’
I’ 0
1 27‘!‘

- / xi, (E' — kE)81(z, ', E) W, y(E', B,w)(s), E')dsdE'

. 1 27
+/]/ XR+(E/_KE)U2(x7El7E)m 0 '(/J(xaV(Elaan>(S)7E/)d8dE/
2w

[ e B) [ bl (B B ) 0), B s (31)

where

1
&r,n(xaElaE) = XR+(E/ - E)a-O(x,E/>E) - XR+(E/ - HE)C}l(xaE/vE)E/ _E
1

+ )(]RJr (E/ — KE)&Q(.T, E/,E)m
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5. Analysis of the approximation error. In the previous computations the
only approximations used are

Kiiw~Kiisand Koy~ Ko,

where f(j)lﬁ, j = 1,2 are given by (24) and (29), respectively. Hence, the exact
transport operator T is approximated by T, which is recalled here as

T, = —f~(2,1,5 + f(l,m tw - Vy+X—(Ko+ Koorx—Ki0x)

Therefore, the following operator needs to be estimated to control the error in the
approximation.

T—T= (Ko — Ko) + (K110 — Ki1). (32)

We need the following technical lemma that is proven in [36, Corollary 4.14].
LEMMA 5.1. Suppose that ¢ € C(G,C*(S x I)). Let

2w
hi(z,w, E', E) := (@, y(E', E,w)(s), E')ds.
0

Then hy obeys

|h1(x,w,E',E) - h1($7w,E,E)| S Cl HL/)”C(é’Cl(SxI) (E, - E)%v E, Z E (33)

Proof. See [36, Corollary 4.14]. O
For E’ # E we define

2m
ol B,5)i= [ (Va1 (B Bw)o), B gL (B Ew)(s) ) ds.

By the proof of [36, Theorem 4.9] hs is defined also in the limit £/ — FE and
ho(z,w,E, E) := El/iLnE ho(z,w, B' E) = (A(z,w, E,0,)¢)(z,w, E).
Due to [36, Corollary 4.16] we control also hs as
LEMMA 5.2. Suppose that 1 € C(G,C?(I,C3(S))). Then the mapping ho fulifils
|ha(2,w, B, E) — ha(2,w, B, E)| < Ca [l o cair,000s))) (B — E), E'>E. (34)

Proof. See [36, Corollary 4.16]. O

The preliminary discussion allows now to control the error in the approximation
in the following Theorem.

THEOREM 5.3. Suppose that 6, € C(G,C*(I' x I)) and 65 € C(G,C*(I' x I)).
Then for ¢ € C(G,C?*(I,C3(9))

1
ITY = Tl Lo (axsxry < Cll¥le@c2,cosy) (5 —1)2- (35)

Hence Tyap — Ty uniformly in G x S x I as k — 17.
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Proof. Recall that

rkE 1
(K1) (z,w, E) = p-f~/E mfj(x,w,E/,E)dE’

where
27

filw,w, B\ E) = 6;(x, B, E) | ¢(z,7(E",E,w)(s), E').

For Ky 1, we used the approximation

filz,w, B' E) ~ fi(z,w, E, F) (36)
on the interval [E, kE]. Hence the error is
(K1) (0, B) = (Ke) (@, w, B)|
“Ef(x,w, B E )—fl(z,w,E,E)dE, . (37)

f.
b E—E
Using Lemma 5.1 for E/ > E (we omit technical details emerging from the factor
6’1($,E/,E))
|f1(x7w,E',E) - fl(x7w7E?E)| S c ”wHC(a,Cl(SxI)) (E/ - E)%

Hence the p.f.-integral in (37) is an ordinary improper integral and

rE 1
~ z,w, B E) - fi(z,w,E, E
(v, B) — (Rrs) oo, ) < [ [P0 EL )= g
o _
rE
1_ 1,1
< / C H1/’||C(é,cl(5x1)) (E' - E):'dE' =20 ||¢||c(6,cl(5x1)) (k—=1)2E>
1 1
<201ER [¥lle@,crsxn (5= 1) (38)
For K5 1, we used the approximation
0
J2 (1w, B, B)(E — E) (39)

E'E)~ EE
fg(.’l],w, ) ) fQ(LI?,LU, ) )+8E,
on the interval [E, kE]. Due to the formula for the remainder term in Taylor’s expan-

sion

1
fo(z,w, B’ E) = fo(x,w,E,E) + g{; (v,w,E+t(E' — E),E)dt (E' — E)
0

= le,w. B, B) + 92 .0, B, B)(E' ~ B)

1 ) ) 9 /
+/O (ag(xaw7E+t(E _E)7E) — a{;(x,w,E,E))dt (E —E) (40)

Hence the error is

|(K21.0t) (,w, B) = (K2,150) (2,0, E)|
VOS2 (p w, E+t(E —E),E) — g{;’ (2,0, B E)dE’dt (41)

rE g
f. B D%
ﬁ / / E—E
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By Theorem 4.1 for E # E'

a / aA / 2 / /
o (0, B\B) = G2 ELE) [ (e (B Ew) (6. B)
27 8
62($,E’,E)/0 <(V51/J)(x,fy(E',E,w)(s),E’), 3;/(E/7E’w)(5)>ds
21 a
i@ B E) [ TR B (s). s (12)
and for £/ = F

0 96
ag (z,w, B, E) = 27 %(x,E,E)w(x,w,E)
+ 02(z, E,E)(A(x,w, E,0,)¢)(x,w, E) + 21 62(z, E, E) g;@ (z,w, E). (43)

Due to Lemma 5.2 we find by (41), (42) and (43) similarly as before that

(K21.5%) (2,0, E) — (Ko x)(2,w, E)|

/KE/ ‘gg z,w, E+t(E' — E),E) — 32 (z,w, E,E) B ds
E —F
kE 1 -
<G ||¢||C(é,c2(1,c3(5))/E /0 (L(E = E))2"dEdt
1 1
<ACYER Wlle@ cor,cacsy (8= 12 (44)

This completes the proof. O

A similar estimate can be obtained for the formal adjoint operator T*. The op-
erator T can be found e.g. in [36, Section 4.3] and the computation of T is routine
since, as noticed above, Ay = Ag. The adjoint operator is relevant in optimal control
problems e.g. appearing in dose computations for radiative treatment planning. The
computations are similar and therefore omitted here.

REMARK 5.4. The assertion of Theorem 5.3 is valid under weaker assump-
tions. For example, it suffices to assume only that 61 € C(G,C*(I' x I)), 62 €
C(G,C*(I' x I)) and ¢ € CLH(G, CHH(I,C?*t%(8S)) for a > 0.

6. Existence of solutions for the approximation.

6.1. Assumptions for the restricted collision operator. The existence of
solutions for the truncated transport equation (30) that is,

oY

T := =S, (z, E)aE

Qn(xavaaaw)w+w'vxw+zn¢_Kr,n¢ =f (45>
can be studied, by applying e.g. the generalized Lax-Milgram Theorem. Other meth-
ods could be, for example m-dissipativity and evolution operator theory of unbounded

operators and contraction (fixed point) methods. We will use the following statement
that can be found e.g. in [38, p. 403] or [14, p. 234].
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THEOREM 6.1. Let X and Y be Hilbert spaces, with Y continuously embedded
into X. Assume that B(-,-) : X x Y — R is a bilinear form satisfying the following
properties with M >0, ¢ > 0,
|B(u,v)| < M |lul|x |lv]ly YueX, veY (boundedness) (46)
and

B(v,v) > c|v||%x YoeY (coercivity). (47)

Suppose that F: X — R is a bounded linear form. Then there exists u € X (possibly
non-unique) such that

B(u,v) = F(v) YveY. (48)
We assume that the restricted collision operator is of the form

K)o ) = [ [ o0, B B (BB, Basd’ (1)
where 6, : G x I' x I — R is a non-negative measurable function such that
/, o,(z, E', E)dE" < My, ae. (v, E) € G x I,
/ 6o, B, ) < My, ne. (¢,E) € G x . (50)
To obtain the desired coercitivity property of the operator ¥ — K. we assume that

Y(z,w, E) — 27r/ o-(z,E,E")dE" > c, (51)

’

and

’

Y(z,w,E) — 27r/ or(x, E', E)dE" > c. (52)

for a.e. (z,w,FE) € G x S x I where ¢ > 0.

We recall the following results [35].

THEOREM 6.2. Suppose that the assumptions (50) are valid. Then K, is a
bounded operator L*(G x S x I) — L*(G x S x I).

THEOREM 6.3. Suppose that ¥ € L>°(G xS xI), ¥ > 0 and that the assumptions
(50), (51) and (52) are valid. Then

(B =K, ¥) ragsxr = CH’(/}Hi?'(GXSxI) for all ¢ € L*(G x S x I). (53)

REMARK 6.4. Note that the integrals appearing in the conditions (50), (51), (52)
for boundedness and coercitivity (that is, conditions (4.7) and (4.8) imposed in [35])
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for the above approximative operator K, ,; (that is, (31)) become

/ brn(z, B, B)dE'
I/

E.. Em 1
. / / o ’ /
:/E 6o(z, E', E)dE —/KE al(x,E,E)E/_EdE

E
m 1
o B E)———dF’
+ [ B B

and

El E//K 1
= | 6o(z,E',E)dE — 61(z, E',E) dE
/Eo Fo L —-F

_|_

E,/K , 1
Y EFE)———5dL.
Jo, oo

6.2. Existence of weak solutions. Consider the problem

T¢:f7 w\r, =9 w(aaEm):O (54)

where f € L2(G x S x I), g€ T*(T-).

The approximative operators T, are given by the discussion in the previous sec-
tion, by equation (45). However, for the existence result we can slightly generalize
the discussion and assume a more general form for the stopping power S, and for the
operator Q.. Hence, in the following we assume that 7" is of the form mentioned in
the introduction, i.e.,

Ty = a(x, E)%

where b(z,w, E,d,,)v is of the form (here d = (dy,dz) ~ dlaiwl + dga%)2 and d- Vg is
the Riemannian inner product on 7'(5))

b(z,w, E,0,)¢ = c(z, E)Ast) + d(z,w, E) - Vgi. (56)

The operator T}, in (45) is of the form (55). We continue therefore with a discussion
of the general operator T. Further, denote by

d(xaw7Eaaw)w = d(wivE) ! sz (57)

REMARK 6.5. Suppose that a(z,w, E,d,) = Z\al<2 aq(x,w, £)0% is any second
order partial differential operator with L>(G x I, W°1(9))-coefficients such that

| <a(xawvE»auJ)va>L2(G><S><I) | <M ||1/)||L2(Gx1,H1(S)) ”’U”LQ(GxI,Hl(S)) (58)
for all ¥, v € CY(G x I,C?(S)) and

2
(a(z,w, B,0,)0,v) 12 gxsxry 2 € 102 axr,m(s)) (59)
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for all v € CY(G x I,C*(S)) where ¢ > 0. In the subsequent considerations we
could replace c(x, EF)Agt (after minor modifications) with any operator a(z,w, E, d,,)
satisfying (58) and (59). To keep the treatments concise we restrict ourselves to the
case where b(z,w, E,J,,) is of the form (56).

At first we verify formally the corresponding variational equation. Assume that
1 is a solution of (54) in the classical sense. Let v, v € CY(G x I,C?(S)). By the
properties of Laplace-Beltrami operator we have

<As¢($mE)’U(xa ~aE)>L2(S) = _A<(v5w)(wivE)v (VSU)(x’WvE»dw

where (Vgt, Vgv) is the chosen Riemannian inner product on S. Hence,

<C(SL’, E)Asw, U>L2(G><S><I) = - <sza C(LL', E)VSU>L2(G><S><I)
- _/ / /<vs¢(m,w,E),c(x,E),vSv(a:,w,E» dvdwdE (60)
cgJsJr
and
(d(x,w,E,Bw)w,v>L2(GXsX]) = (,d"(z,w, E, 8w)v)L2(GX5X1)
where d*(z,w, E, d,,) is the formal adjoint of d(z,w, E,d,,). Note that
d*(z,w, E,0,)v = —d(z,w, E,0,)v — divg(d) v

where divg is the divergence on S. By integration by parts

<aaw7v> :/ /a(x7Em)w(x,w,Em)v(m,w7Em)dwdx
OE L2(GxSXI) GJS

_/G/Sa(x,Eo)w(x,w,Eo)v(x,w,Eo)dwdx_ <w, d(av)

OE >L2(G><S><I)
ov da
ooy (v
< OF L2(GxSxI) OFE L2(GxSxI)

- (ales Br) s Ban)s 0o En)) 126
— <a(.,E0)¢(.,.,EO),U(.,.,E0)>L2(G><S) . (61)

Using Green’s formula (5) we obtain

(W- Vath,0) p2(gusxry = = (w0 Vo) 2(arsxr) +/ (w - v)pvdodwdE
OGXSXI

=—(,w Vav) 2 gysxn T / (w - v)4ypvdodwdE — / (w-v)_yYvdodwdE (62)
r, r_

where (w - v)4 is the positive/negative part of w - v. Finally,

<K1-¢»U>L2(stxl = <1/’7K:U>L2(stx17 <E¢:”>L2(stx1 = <¢7E*’U>L2(stx1' (63)
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As a conclusion we see that if ¢ is a solution of problem (54) then the following
weak formulation is fulfilled

da
B ) ) - Y A
(7/) ) <¢ aE>L2(G><S><I) <7/) aE'U>L2(G><S><I)
a( ) (7'7E0) U(' o E )>L2(G><S)

—{

<VS1/)7 ($ E)VSU>L2(G><S><I) + <1/}v (wi’Evaw)v>L2(G><S><I)
<w w-V U)LQ(GXSX[) + <7+(¢)77+( )>T2(F+)
(¥,

+ — K70) 2 ausxny = (0 2 axsxn (9 7= () p2r_y - (64)

Define in CY(G x I,C%(S)) inner products

(,v)3 = (¥, 0) 2 axsxny T V@), (V) 12y

+ (005 Eo)y v(s 5 Eo)) 2(axes)y + (00 Em)s 0(s o Bm)) L2 (s

+ (U, 0) L2 (axr, 1 (3)) (65)
and
oY v
8E,8E>L2(G><S><I).

Let H and 7 be the completions of C1(G x I, C2(S)) with respect to inner products
()3 and (.,.) g, respectively.

In the following theorem we yield sufficient criteria under which the bilinear form
B : CHG x I,C%*(S)) x CHG x I,C?%(S)) — R is bounded and coercive. We collect
here all needed assumptions of this section together.

<1/)7U>7q = <¢7U>’H + <w : Vm"/)aw : Vz'U>L2(G><S><I) + < (66)

THEOREM 6.6. We assume for the coefficients that

a € L®(G,W>(I)),c€ L™®(G x I), d; € L™(G x I, W>1(S)) (67)

oa
i > .€.
(GE (z,E) + (divs d)(m,w,E)) >q1 > 0,a.e., (68)
—c(z, E) > q2 > 0,a.e., (69)
—a(z,Fy) > q3 >0, —a(z, Ep) > q3 > 0,a.e.. (70)

Furthermore, we assume that
YeL*(GxSxI), Y(r,w,E) >0 a.e., (71)
and that 6, : G x I' x I — R is a non-negative measurable function such that

/ 60w, B, B)E' < My, ae. (,E) € G x I,

/ 60(w, B, B'YE' < My, ae. (2,E) € G x I, (72)
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Y(z,w, E) — 27r/ o-(z,E,E")dE" > c, (73)

and

’

Y(z,w, E) — 271/ o-(z,E',E)dE" > c, (74)

for a.e. (z,w,E) € G xS x I where c>0. Then there exists a constant M > 0 such
that

IB(¢,0)| < M |[¢lly vl Vo, ve CHG x I,C3(S5)) (75)
and
B(v,v) > ¢ |[v]3, Yve CYG x 1,C2(S)) (76)
where
. 1
= mln{%,%,q2,§7c}. (77)

Proof. A. Noting that

| <VST/)7C(33aE)VSU>L2(stxI) | < Hc||L°°(G><I) ||VS¢HL2(stx1) ||VSU||L2(stx1)
and
| <wvd*(wi7Ea6W)U>L2(G><S><I) ‘
<G ||d||L°°(G><I,W°°’1(S)) ||w||L2(G><S><I) HUHL?(GXI,Hl(S))

the proof of boundedness is analogous to the proof of Theorem 6.4 given in [33].
B. Secondly, we verify the coercitivity (76). Integrating by parts we have

I
" OE L2(GxSxI) " OE L2(GxSxI)

- <U('7 '7Em)7a('7Em)v('7 '7Em)>L2(G><S) + <U('v " O),a(',O)U(', " O)>L2(G><S) (78)

and then noting that agg) =29y + a2 we get

< ov > 1 << da >
—(v,a— = — VvV, =3V
oE L2(GxSxI) 2 OE L2(GxSxI)

— (e Em),a(-, Em)v(-, 'aEm)>L2(G><S)
+ (0( 7, Bo),al, Boo,, ) pagansy ) (79)
Using the Green’s formula we have
— <'U,w . va>L2(G><S><I) = <w . Vz’U, U>L2(G><S><I) - / (w . V)'U2d0'd0.)dE
OGXSxI

(80)
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which implies

1
(W Va0,0) p2ausxr) = 3 / (w - v)v?dodwdE
OGXSXI

1

=3 /anst((w V) — (w-v)_)vidodwdE

1
= s (I @y = =@ Fe))- (81)
Furthermore, we have
<d(a:,w, E78W)U7U>L2(G><S><I) = <’U7d*($7w’E’ 8M)U>L2(GXSXI)

which implies (by recalling (57) that

<”»d*($»waEvaw)U>L2(stx1) = —% ((divg d)vvv>L2(G><S><I) : (82)
Finally, we have
—(Vsv, C(x’E)v5v>L2(G><S><I)
= —/ c(z, B) ((Vsv)(z,w, E), (Vsv)(z,w, E)) drdwdE. (83)
GxSxI

Inserting (79), (81), (82) and (83) in the expression of B(.,.) (with ¢ = v) we get
in virtue of the assumptions (68), (69), (70) and by Theorem 6.3 the estimate

1 oa
B(v,v)=—= (v, =—v
(v:0) 2< OE >L2(G><S><I)

+ %( — <’U(~7 Y Em)7 a(-7 Em)v(-, °y Em)>L2(G><S) + <U('7 K EU)va('v Eo)’l)(-7 El E0)>L2(G><S) )
— <a(., E())U(A, . E()),U(-7 . E0)>L2(G><S

1 .
_/ c(z, E) ((Vsv)(z,w, E), (Vsv)(z,w, E)) dedwd 2 — b} ((divs d)vvv>L2(G><S><I)
GxSxI

1
(@ @D ragr sy = =09 @) g ) + G 07 @) g,
+ (v, B0 — KJ0) 12 (g sxr

Q@ 1
2 5 ‘|U||i2(G><S><I) + 5‘]3 <U('a -7Em),11(~, '7Em)>L2(G><S)

1 2
+ 5‘13 <’U(', "y EO)? 1}('7 Bl E0)>L2(G><S) + g2 ||V5UHL2(G><S><I)

1
+ 5 ||’Y(U)||2TZ(F) +c HU”i?(stw) : (84)
This completes the proof. O

REMARK 6.7. A. Consider the conditions

Sz, w, B) — 1(@(90,13) + (divg d)(x,w,E)) —27r/ &,(z, B, E')dE' > ¢, (85)
2\9F ,
and
1/ 0a . - / /
5o, B) — 5 (5o ) + (divs d)(z,, E)) —27r/ b0(@ B E)E > ¢ (86)
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a.e. (z,w,F) € G xS x I. In the above and subsequent results we could replace the
conditions (73), (74), (68) with the weaker assumptions (85), (86). This can be seen
by tracking the proofs of Theorem 4.2, [35] and the above Theorem 6.6 (Part B of the
proof).

B. Suppose that —a(z, F) > ¢3. Applying the exponential shift ¢ = e=Fq) as
e.g. in [34], [8] we may replace more generally the conditions (73), (74), (68) by

1/ 0a .
S(z,w, B) — Calz, E) — 5(@(17,5;) + (divs d)(:z:,w,E))
— o7 / eCF' =B (x,E,E')E > c, (87)
and

(2w, E) — Ca(z, E) — %(%(m,m + (divs d)(x,w, E))

— 27r/ CFE-ENG (x,E' E)E'. > ¢ (88)

a.e. (z,w,E)eGx8xI.

Because C'(G x I,C?(S)) x C*(G x I,C?(S)) is dense in H x # and since (75)
holds, the bilinear form B(-,) : CHG x I,C?%(S)) x CH(G x I,C?(S)) — R has a
unique extension B(-,-) : H x H — R which satisfies

B, 0)| < M|[¢l llvlly Yo eH, veH (89)
and
B(v,v) > ¢ [|v|l3, Vo e H. (90)

We see that actually

B, v) = <w, > <w, >
OE L2(GxSxI) OE L2(GxSxI)
— a(.,Eo)po,U(., "E0)>L2(G><S)

(
- <Vs¢,C(I7E)VSU>L2(Gsz1) + <w7d*(mvw>Ea8w)U>L2(G><S><I)
— (Y, w - Vo) ragusxn) + <q|F+”Y+(”)>T2(F+)

+ (¥, X% — K:U>L2(G><S><[) ) (91)

where ¢ € T?(T') and pg € L*(G x S) are explained in [33], p. 14 (here we have E,
instead of 0 therein). B
In addition, since for ¢ € C1(G x I,C?(S))

|[F(W)| < [{f, ¢>L2(G><S><I) |+ <g,7—(1/))>:pz(p,) |
< I lzz@xsxny 1Wlcz@xsxn +lalrzey Ve _y. (92)

the linear form F : C*(G x I,C?(S)) — R has a unique bounded extension, which we
still denote by F'

F:iH R FW) = (0 2 iansxn - (9@ - (93)
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Note also that the embedding H C H is continuous.
Let

P(z,w, E,D) := a(z, E)g% +b(z,w,E,0,)¢ +w- V1.

The space

Hp(Gx SxI°):={eL*(GxSxI) |
P(z,w, E,D) € L*(G x S x I) in the weak sense} (94)

is a Hilbert space when equipped with the inner product

(V)30 Gxsxe) = (V) 2axsxr) T (P(@,w, B, D)¢, P(x,w, E, D)v) 2y sx1) -
With this notation, the equation (54) can be written as
P(z,w,E, D)+ ¥X¢p — K.9p = f.
We show the existence of weak solutions without boundary and initial conditions
THEOREM 6.8. Suppose that the assumptions of Theorem 6.6 are valid. Let
f € L?(G xS xI). Then the variational equation
B(y,v)=F(v) YveH (95)

has a solution ¢ € H. Furthermore, ¢ € Hp(G x S x I°) and it is a weak (distribu-
tional) solution of the equation (55) that is,

Ty ;:a(x,E)g%+b(xw E,0,)¢+w Vo + 5¢ — Kpp = f. (96)

Proof. We apply Theorem 6.1 with X = #, Y = H, and with B(., ) and F
given by (91) and (93), respectively. As explained above B(-,-) satisfies (46) and (47),
while F': X — R is a bounded linear functional, hence Theorem 6.1 guarantees the
existence of a solution ¢ € H such that (95) holds.

We verify that ¢ € L?(G x S x I) is a weak solution of the equation (96). From
(95) it follows that

B(,v) = F(v), YveC(G xS xI°). (97)

Since for v € C§°(G x S x I°) we have v(-,-, Ey) = 0 and vjp_ = vjp, = 0, we see
from (91) that

B(,v) = <w, > <¢, >
0E L2(GxSxI) OFE L2(GxSxI)
- <v5wvc($aE)vS/U>L2(G><S><I) + <wad*(zawaEvaw)v>L2(G><S><I) (98)

— (s V) paqesn + 6550 = K1) pagasn
= F( ) <f> >L2 (GxSxI) * (99)

Moreover,

<V51/)7 c(z, E)VSU>L2(G><S><I <1/)7 c(z, E)ASU>L2(G><S><I)
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The formal adjoint 7™ of T is

v Oa . ¥
T v = — 8—E—8—Ev+c(x EYAgv+d*(z,w, E,0,)v —w - Vv + X0 — Kl v.

Hence by (98)

<1/}7T*U>L2(G><S><I) = <f7v>L2(G><S><I)’ V NS CSO(G X S X IO)
which completes the proof. O
REMARK 6.9. Since for f € L?(G x I, H1(S)), v € L*(G x I, H'(9))

(o) < Wl e2exr, -1y 10l L2axr m sy

we find that we are able to replace the assumption f € L?(G x S x I) in the above
Theorem 6.8 with f € L?(G x I, H~*(S)). Here {(.,.,) is the canonical duality.

6.3. Existence of solutions of the initial and boundary value problem.
Let

Qr., B, DY = alz, B) 5+ - Vit

Define the space Hg(G x S x I°)
Hq(G x S x I°) := {¢ € L*(G x I, H(S))| Q(z,w, E, D)y € L*(G x I, H '(S))}
equipped with the inner product

(th,v >HQ (GxSxI°) = <1/’vU>L2(GxI,H1(S))
+ <Q(az,w,E, D)1/)7Q(xawaEaD)v>L2(G><[,H*1(S)) .
Define the traces ’Yi(d}) = ¢\Fi and ’Ym(d’) = w(a 'aEm)v 70(1/’) = 1/)('7'7E0)'

The traces v+ : W2(G x S x I) — L2 (', |w - v|dodwdE) can be shown to be
continuous ([4, 33]). Moreover, we have

THEOREM 6.10. Suppose that a € W1 (G x I°) such that
la(x,E)| > ¢ >0 ae. in G x 1. (100)
Then the trace operators
v+ Hg(G x S xI°) = L (T4, |w - v|dodwdE),

Ym : Ho(G x S x I°) — LY (G x S),
70 : Hg(G x S xI°) = L (G x S),

are well-defined and continuous.

Proof. In virtue of density results like Friedrich [13], [29] the space C*(G x S x I)
is dense in Hg (G x S x I°) and so it suffices to show the below boundedness estimate
for ¢ € C1(G x S x I).

Let ¢ € CY(G x S x I). We have

Aay) _ 5 o
oE oB' T %F
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and so by partial integration for 1 € C1(G x S x I)

Em
) / 0% drddis = - / 00 2 drdudE + / (2w, ) dwduw.
axsxi OF axsx1 OF GxS 'Eo

(101)
Similarly by the Green’s formula for ¢ € C1(G x S x I)
2/ 1(o.) - V) dedwdE
GxSxI @
Iy o L5
=— w-Vy (*)1# drdwdE + | —v*(w - v)dodwdE (102)
GxSxI a ra

where we used that
w-VgC(%w) = éw-vwﬂj-vx(%) .

Note that

9
OF

A. Consider the operator 7y,. Let n € C5°(G x S x R) such that n(.,., Ey) = 0.
Then we get by (102)

+ w V) = 1Q(a@w,E,D)z/n

||(n1/))(~7~7Em)|\i2(st) - /G 02, B

/st/ (‘T7waE)>dEdwd;p

o(ny)
_./stxf () (z,w, E) 5E (z,w, E)dEdwdx

= (m))

— Q/GXSXI(WP)(x,w,E)(aT +—w- Va(n)) (2, w, B)dEdwdz

+/stx1“ Vi ( )(nw) (z,w, E)dzdwdE

-9 / (mﬂ)(fmmE)f(Q(x,mE,D)(n¢))(x,w,E)dEdwdx
GxSxI a

+ / w-Vy (1) (n)?(z,w, E)drdwdE
GxSxI a

QG B D))

<200l p2axr i (s)
1
- H“’ V:(3)
2
< (Il zeonramrs) +

e

L2(GxI,H-1(S))

2
||771/J\|L2(Gx3x1)
L= (GxSxI)

2

~Q(e,w, B D))

L2(GXI,H=1(S)) )

2
Il L2(xsxr - (103)
L (GxSxI)
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Since

Q(z,w, E, D)) = nQ(z,w, E, D) + (Q(z,w, E, D)n)t
and for ¢ € L>(G x I, W>1(9))

gl L2oxr mrsy < Nallpo@xr,wen(sy Ul L2(exrmr(s)

and

”qU”L?(GxI,H*ll(S) < ||q||L°°(G><I,W°°)1(S)) ||UHL2(G><I,H*1(S)

we conclude by (103)

1010) s B [72 (o)
2
< CH( ||¢H22(G’><I}H1(S)) + ||Q($,W,EvD)¢HL2(GX1,H71(S))) (104)

and so the assertion holds for ~,,. The assertion for 7 is similarly proved.
B. Consider the operator y_. Let 6 € C§°(R3 x S x I°) such that supp(f) NIy is
empty. Since (6¢)(x,w,.) € C§(I°) we have by the Green’s formula (5) and by (101)

/ (w-v)(0Y)*dodwdE = 2/ w - Vg (0v) (0¢)dEdwdz

- GxSxI

= w GM wWax
2 S( V.(00) (0) + 020 <ew>)dEd d

Oa
—I—/ ——(0Y)?dzdwdE
GxSxI 8E( w)

= 2/ (Q(z,w, E, D)(0v))(0¢)dEdwdx
GxSxI

Oa

+ / —(0Y)?dxdwdE 105
GxSxI 8E( ) ( )

and so as in (103) we obtain

/ (w - v)|(0¥)*dodwd E

S CH( ||wH%2(G><I,H1(S)) + ||Q(x’w’E’D)¢H22(GX1,H—1(S)) ) (106)

This completes the claim for y_. The boundedness of 4 is similarly shown. This
finishes the proof. O

Let P* be the formal adjoint operator of P(z,w, E, D)

ov da

P (l’,UJME,D)’U:—aaiE—@iE

v+ 0" (z,w, E,0,)v —w - Vv
where

b (z,w, E,0,)v = c(x, E)Agv + d* (z,w, E,0,,)v.
For U € L*(G x I, H7Y(S)), v € L*(G x I, H'(S)) we define

(U,v) ::/G I(U(m,‘,E),v(:c,.,E))dxdE
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where (U(z, ., E),v(z, ., E)) is the canonical duality between H~1(S) and H*(S). We
have the following extended Green’s formula

LEMMA 6.11. Suppose that (67), (100) hold and that ¢ € Hp(G x S x I°) N
L3(G x I, HY(S)) and v € H for which (supp(v)) N (G x S x I) is a compact subset
of T_UTL U (G X S x{Ey,})U(G xS x{Ey}). Then

<fxx,w,E,zn¢uv>—<fﬂwm,w,E,an,w>::/QG )y dodudE

+/ (a(-,Em)z/J(-,-,Em)v(-,-,Em) —a(-,EO)w(-,-,Eo)v(-,-,Eo))dxdw. (107)
GxS

The proof follows from a density argument and applying standard Green’s for-
mula. Theorem 6.10 on the continuity of the trace operator then guarantee that the
Green’s formula also holds in the limit.

REMARK 6.12. The Green formula has some additional generalizations. Espe-
cially, (107) holds for 1) = v in the case when ¢p € Hp(Gx SxI°)NL*(Gx I, H'(S))
such that v4 (v) € T?(T+) and v (), Y0(¥) € L*(G x S) (cf. [7], p. 225).

Under the assumption (100) the weak solution ¢ of the equation (96) obtained in
Theorem 6.8 can be shown to be a solution of the initial and inflow boundary value
problem. We have

THEOREM 6.13. Suppose that the assumptions of Theorem 6.6 are valid and that
(100) holds that is,

la(x, E)| > ¢>0in G x I. (108)
Let f € L?(G x S xI) and g € T*(T'_). Then the transport problem

a(a, E) 98 4 b0, B, )b+ 0 Vo £ 50— Ko = |

?ﬁ\l—‘, =9 ¢(aaEm) =0 (109)
has a unique solution ¢ € HNHp(G x S x I°).

Proof. The proof is analogous to the proof of Theorem 5.7, [33] (items (ii)-(iii) of
the proof) and we omit detailed treatments. O

In addition, the solution 1 obeys the apriori estimate

19l < CUI N L2(axsxry + 9ll2_y)- (110)

REMARK 6.14. Let T be the above transport operator T' = P(z,w, F, D)+~ —K,
and let 7% = P*(z,w, E, D) + ¥* — K be the formal transpose of T. Furthermore,
let the assumptions of Theorem 6.8 be valid, and let 1) € H be the weak solution of
(95) guaranteed by the Theorem 6.8. By (91), we find that for any v € C}(G x S x I)
for which the homogeneous adjoint boundary conditions v(-,-, Ey) = 0 and v4(v) =0
hold, we have

(W, T*0) = B, v) = (£,0) g2 + (97~ @)gar_y - (111)
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that is

(¥, T"v) — <T¢7U>L2(stx1) = (9,7- (U)>T2(F,) : (112)

This means that ¢ € H is a weak solution of the inflow boundary and initial value
problem

T1/’:f7 /lz[}\l—‘, =9, ¢(77Em) :07 (1]‘3)

a terminology which goes back to [19]. The validity of the trace theorems and the
Green formula (107) with v(¢) € T%(T), ¥(-,-, Eo), ¥(-,-,Em) € L*(G x S) are
keys for obtaining well-defined solutions that is, solutions for which the boundary
and initial values hold strongly, as in Theorem 6.13. Trace theorems always demand
geometrical treatments where the smoothness of the boundary dG is essential.

7. Summary and Conclusion. The paper considers an approximation of an
exact linear Boltzmann transport operator related to the charged particle transport.
The hyper-singularities in the differential cross-sections for certain charged particle
collisions lead to partial hyper-singular integral terms in kinematic equations. Hyper-
singular integral terms can be approximated by partial differential and non-singular
integral operators. These approximations are essentially founded on Taylor’s formulas
and angular approximations of (new) primary particles. The resulting approximation
contains the first-order partial derivatives with respect to energy E. With respect to
angle w also second-order partial derivatives appear that is, the operator contains the
term b(x,w, E,d,, )1 which is corresponding to the second order partial differential
term (e.g. Laplace-Beltrami operator, as in the case treated in this paper) with
respect to angular variables appearing in various variants of Fokker-Planck equations.
In many cases this term turns out to be an elliptic operator (on S) which helps the
analysis and which should also improve the numerical treatments due to stabilization
properties.

We derived and studied an approximation of an exact transport operator which
is more simple at least from numerical point of view than the exact one. In [36]
we considered details of the exact equation and the related variational problem. In
principle, the obtained variational problem therein can be solved numerically by ap-
plying e.g. Galerkin finite element methods (FEM). In fact, numerical computations
and approximations of (hyper)-singular integrals have been studied by various meth-
ods for various needs. However, these methods may be too time-consuming and so
approximations (as here) which have solid foundations are necessary.

The well-posedness of the transport problems that is, existence and uniqueness
of solutions together with pertinent a priori estimates is a central importance. In
this paper we applied a Lax-Milgram type Theorem. Other successful methods might
be e.g. semigroup-dissipativity-perturbation methods and fixed-point (contraction)
methods. Higher regularity of solutions remains so far an open problem. It is known
that the transport problems have a limited Sobolev regularity. We remark that the
initial inflow boundary value problems related to transport problems have the so
called variable boundary value multiplicity that is, the dimension of the kernel of the
boundary operator is not constant (e.g. [26], [30]). This makes the inflow boundary
value transport problems more subtle independently of the applied methods.

Acknowledgement. The authors thank Dr. Petri Kokkonen for useful discus-
sions and help in differential geometry while preparing the paper.
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